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This technical report contains the proofs of the technical Lemmas B.1-B.8, C.1-C.4,
and D.1-D.3 in the paper entitled “A Specification Test for Nonparametric Instrumental
Variable Regression” and written by P. Gagliardini and O. Scaillet. Equations labelled as
(n) refer to the paper, and Equations labelled as (TR.n) refer to the technical report. To
simplify the proofs, we adopt a product kernel in the estimation of the density of (Y, X, 7).
We use the generic notation K for both the 3-dimensional product kernel and each of its
components.

1 Proof of Lemma B.1

The result follows from (see decomposition (12)):
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2 Proof of Lemma B.2

We get from decomposition (12):
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We consider in details the first three terms (the bounds for the remaining terms are similar).

The term &3 p corresponds to statistic Tél) of TK, p. 2082 (multiplied by T~! and
for a given weighting function). Along the lines of Lemma A.4 in TK, we have {3, p =
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density estimator (Assumptions A.1, A.3, A.4) and hy = ¢~ with 77 < 2/3 (Assumption
3), we get &ay.r = 0p((Thyl”) ™).

Let us now consider the second term, 35 1. Define 1, := Br (X;) — E [Br (X) | Z,] and
bs := E [Br (Xs)|Zs] = (ABr) (Zs). Then:
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By the uniform convergence of the kernel density estimator, the dominant term in {39, p is
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where a;s = KisIs. Using that E [n,|Z] = 0 and E [n,n,]|Z] = 0 for
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conditional independence property of the 7, variables. Then, we get £ [J3221 T] =0 (TQhT)
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Let us finally consider the third term, {33 7. We have
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Applying the Cauchy-Schwarz inequality twice, we deduce:
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3 Proof of Lemma B.3
Define 1, := Br (X5) — E [Br (Xs) |Zs] and bs := E [Br (Xs) |Zs] = (ABr) (Zs). Split
Kr (Br(X),Br(X)) = K7 (b,b) + 2K7 (b,n) + K7 (n,1) =: Ju,r + Jizr + Jiz -

Then, term Jy; 7 can be written as
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Terms Ji2 7 and Ji3 7 can be analyzed similarly, and we consider only Ji3 7 in details.
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Note that E[n,|Z] = 0 and E [n4n,|Z] = 0 for s # u, from the independence of the ob-
servations. Along the lines of Lemma A.7 in TK, using Assumptions A.1-A.4 and 3 we

can prove that Jizor = op((Thl/Q)*l). Moreover, we have Jiz117 = T T2h2 Jik,Ta where
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where I'(Z,) := E [n?|Zs] = V [Br(Xs)|Zs), and the cross-terms vanish because of the
conditional independence property of the 7, variables. To compute E chuF(Zs)F(Zu)],
we can use an argument similar to that in Lemma A.8 of TK, to get E [c;,I'(Z,)T'(Z,)] =

Qo(Z)], 2
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duce that Ji31,7 = o, ((T th/ 2)_1). The conclusion follows.
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4 Proof of Lemma B.4
With the notation in the proof of Lemma B.3 we have
Kr (U, BT(X)) =Kr (U, b) + Kr (U, 77) =: J21,T + J227T.

Let us first consider Jo; 7. By assumptions A.1-A.4, 3, and an argument similar to Lemma
A.7 of TK, we have
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The second term Jos v can be analyzed along the same lines as term Ji3 7 in the proof
of Lemma B.3, using E [n,|Z,W,] = 0, for u # s, and E (n2) = o(1). Hence Joor =

op((T h%p/ 2)_1), and the conclusion follows.
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5 Proof of Lemma B.5

We give details for the bounds of terms KCr (7.4 (X), Erk(X)), k = 1,2. The term KCr (E7,1(X), Er2(X))
is bounded similarly.

5.1 Bound of ICT (€T71(X>, 5T71(X))
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We consider first term J311,7. By the uniform convergence of the kernel density estimator
and arguments similar to Lemmas A.6 and A.7 in TK, we have
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By using that variables U,, and U, are uncorrelated conditional on Z, we have
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To compute the expectation, we use an argument similar to Lemma A.8 in TK. To simplify
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independence of observations, we get
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To compute expectations involving @y, we use a development of (Ap + A*A)_1 A*wy, w.r.t.
the basis of eigenfunctions ¢; of A*A to eigenvalues v;:
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Vi 2 .
et B [E in| 2ty Z } g g FEcpicn]”, for t # i. Moreover,
g [Qtn@m| t pariran )\T + I/] /\T Ty )2 [ nj nl] 7&

from Assumptions A.4 (i)-(ii) and A.7 (ii) we have

Elenjeu] = B [A6;(Za)A0y(Zn)] + Oh%) (B [A6;(Za)"]"? + B [A0y(Z0)]"?) + O(hd)

= 0+ Oh7) (V75 + Vi) + O(h7), (TR.5)



uniformly in j,l, where d; is the Kronecker delta. Thus we get
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Let us now consider J312 7 in (TR.1). By the uniform convergence of the kernel density
estimator and arguments similar to Lemmas A.6 and A.7 in TK, we have
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5.2 Bound of Kr (E72(X),Er2(X))
We have
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From the uniform convergence of the kernel density estimator on S*, and using the de-
composition f(z,z) = f(z,2) + b(x, 2) + f(x, z), where f(z,2) := f(z,2) — E [f(x,z)] and
b(z,z) = E [f(a:, z)} — f(z, 2), the dominant term in Ip(x,§) is:
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Using (TR.6) and (TR.7), we get the decomposition E72( Z Er2i(x). We focus on the

contribution of 791 to Kr (Er2(X), Er2(X)) (the other terms can be bounded similarly).
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for n # t. The contribution to Kr (E72(X), Er2(X)) is
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Consider first the terms such that ni, my, ng, mg # s1,u1, S2, u2. From (TR.8),

E [aslul a’52“277n178177m17m 77712,52777712,71/2] =FE [a31“1a52u2E [7777»1751 nm17U177n2,8277m27u2‘X31’ Zsl’ Tt X“2’ ZUZH

is different from zero only if the indices n1, m1, ng, mo are either all equal, or such that there

exist two pairs of equal indices. Let us for instance consider the term with ni = no =: n,
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Let us bound this term. Then,
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from Assumption A.7 (iii) and Appendix A.2.3. Thus we get:
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using an argument as in Section B.5.1. We deduce
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The conclusion follows.

6 Proof of Lemma B.6

We provide a detailed proof for the bound of K¢ (U — Br(X),Er1(X)) . Using the notation
in the proof of Lemma B.3, we have

Kr (U — BT(X), 5T71(X)) =-—Kr (b, 5T71(X)) + Kr (U -, 5T71(X)) =: —J417T + J427T.

Let us first consider J41 7. Similar arguments as in the proof of Lemma B.5, Section B.5.1,
show that
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ymptotically equivalent to Z Z E [L1;bibi E [QniQnil Zt, Zi]]. Using (TR.4), (TR.5) and
t#n i#£t,n
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Cauchy-Schwarz inequality, for t # i we get
E [I11ibibi B [Qnt Qnil Zt, Zi]

2
[e'e) 2 [ee) [ee) [ee)

Vi 2 Vj VYL 4 VVi 2

< {22 +0(hT>; s lz; g, T oM (Z ATHj) }E [1:b7]

o A +vy)
=: S1(Ar)E [1,b7] .

1
Thus, FE [(JILT)ﬂ = O (T?S1(M\r)E [I,b}]) and ﬁJL,T =0p | —F7———
VThi?

Similarly, writing Jijp = >on anG 7 and using a, = O, <T Si(A\p)E [IJ)%]), Gnr =
Op(h2), uniformly in n, we get J41T =0, (h% Si1(Ar)E [1b}] 1/2>. Now, using that

0o 1/2 1/2
v 12 1 1
< L A— — = 0| —=log(1/\ under Assump-
Lt s (Barer) (&r) -olgmeeom) p

=1
tion B.7 (i) (see Lemma A.6 is GS) we get Si(Ar) = O (log (1/)\T)2) from Assumption 4.

1 1
Thus, h%\/sl(AT) =0 s from Assumption 3, and J41. 7 = o, ﬁQif
VThY Thy
1/2\—
op(Thy!*)7).

Let us now consider Jyo 7. By similar arguments as above we have

_ 1/2
sF#t n#£s,t u;ét s
1 1/2
= T%<mT+%«wﬂ> D,
where Jiy 7 = Y Y dns (Us — 1) Up and dps := > Ho(Ze)~ Z KoKy Qun
S n#s t#s,n u;ét s

Using that E [Us|Z, W,] = E[nS|I W] =0 for s # u, we get
[ l]42 T } Z Z E Zs)] + Z Z E [dnsdsn‘lj2 (Zs) Uy (Zn)] )
S n#s S n#s
where Uy (Z,) := E [(Us —n,)? |Zs}, Uy (Zs) = E[(Us — 1,) Us| Z]. Then, E [d2, 0 (Z)]
is asymptotically equivalent to Z Z EL1;V, (Zs) Kst KsiQniQni). Using (TR.4), (TR.5),
t#s,n i#t,s,n
EW (Zs) KaKi|Zi, Zs) = O, <hTK* K f(Zt)\Ill(Zt)> and Cauchy-Schwarz
inequality, we get E [d2,¥1(Z,)] = O (T?h3S1(Ar)). A similar bound holds for
Edpsden Vo (Zs) Vo (Zy,)]. Then, Joor = op((Th%Fm)_l) using the same arguments as for
Ja,r-

Zi — Zy

13



7 Proof of Lemma B.7

We have:
Kr (Rr(X),Rr(X)) = = Ly~ Bl SOSS KR (X R (Xo)
t (Z : Kjt) s#t uFt
1 O 1
- Z t4t Z K? RT
T t (E K]t> st t
=Lt —1Ir.

Let us first consider I; 7. We have:

2 2
1 1 Thr)?Q 1 Zs— 2
Il,T _ f Z tit (Z KstRT ) < 1{2%—}5 (Ti)g sup (T’hT ZK ( hT ) RT(XS)> .
t (Z ) st > s

Thr)?Q
Since max &

teT* 2
(%2 )

Let us now consider Io 7. We have:

(Thy)? Q1 1 1 Zy— 2 )
L < o K K X% .
Yo (Z K; )2 (O)ThT zséls Thr Z hr Rr(X.)
it

We get Inr =0, (1 / (Th%/ 2)) from Assumptions A.6 (ii) and 3. The conclusion follows.

= 0y(1), we get I1 7 = 0, (1/ (Th;ﬂ)) from Assumption A.6 (i).

8 Proof of Lemma B.8
We provide detailed proofs for the bounds of K (R7(X),U — Br(X)) and K7 (R7(X), E71(X)).
8.1 Bound of K1 (Rp(X),U — Br(X))

1 Q1
Write Kp (Rp(X),U — Bp(X)) = TZ%ZKSJRT(XS)Q)@S, where we set
t (Z] Kjt> s#t
Q5 = Z Ky (U, — Br(Xy,)). By applying twice the Cauchy-Schwarz inequality, we

u#t,s
get
K (Rr(X),U — Br(X))|
9 1/2 1/2
(Thr)*y )
< max KaRr( I Ku®2 1
= YT (ZjKjt) T3h2 ;; t T ) t Zt:; t*t sdt
2 1/2 1/2
(ThT) Qt ]. 9 1 )
= K Xs)°I = Kyu®2,1,
= e (5, K| 7r3 i 4 ThTZ R (Xs)" Iy TQZ:; 7 Iy

14



(Thy)*Qy
(>, Kjit)?
Op (1/(Th;/2)) follows if we can show that E [Kstq)?,s]t] =0 (ThQT), uniformly in s # t.
By using the notation in the proof of Lemma B.3 we have
Oy =Y Kyt (Uu—=n,) = Y Kutby = @145 — .

utt,s uFt,s

Using max

max = Oy(1) and Assumption A.6 (ii), K7 (Rr(X),U — Br(X)) =

Since variables U, — n, are uncorrelated conditionally on Z, F [K st‘I)%,tsIt] =
Z E [Ithtth (U, — nu)Q] = O (Th%) , uniformly in s # ¢. Furthermore, E [Kst@%tslt]
u#t,s
(0] (TQh%E [Itbf]) =0 (TQhPZ’FQ)\T) =0 (Th%‘) by Assumptions 3 and 4 (see Appendix
A.2.3).

8.2 Bound of K7 (Rr(X),Er1(X))

By the same argument as in Section B.8.1, K¢ (R (X),Er1(X)) = op (1/(Th1T/2)> fol-

lows if we can show that E [Kstq)§7tsjt] =0 (Th%), uniformly in s # ¢, where ®3;, :=
> urzts Kut€r1(Xy). As in the proof of Lemma B.5 (see Section B.5.1) we have

1 1
(I)S,ts = hTZUn ﬁ Z Kthun + TZ Z KutUnVun
n T uFt,s N u#t,s
1
+hr Z GnT Thy Z KutVYun =1 O3y + P32, + P33 ¢s.
n u#t,s
2- 2
1 1
F TR.4 d (TR.5), E — Ky Qun dFE — KuVaun
rom (TR.4) and (TR.5), Thy U;S +Q an Thy ugt:s ¢ are
asymptotically equivalent to )
oy o o
ElQ2]=Y —2—+00%)Y —2——+0h1)Y —L—=507).
(@] JZ_; (Ar +v;)? g ; (Ar +v;)? 4 ]z_; (Ar +v;)?

Using Cauchy-Schwarz inequality, Assumptions A.7 and 4, and similar arguments as in the
proof of Lemma B.5 we get Sa (A7) = O (log (1/Ar)). Thus, E [(I)%l,tsKstIt] = O (Th}log (1/Ar))

and F [‘I)§37tsKstIt] = O, (Th% log (I/AT)) . Moreover, E [@%usKStLg} =0 (h%/)\T ).
From Assumptions 3 and 4, the conclusion follows.

9 Proof of Lemma C.1

1
The proof is similar to the one of Lemma B.1, by using the split (15) and T ZU? =
t

Op(E?), B2 < E[|Y = oy, (X)]"]Y™ + EIY = (2)"/™ = O(1) from Assump-
tion A.2 (ii).

15



10 Proof of Lemma C.2

By a similar argument as in the proof of Lemma B.2 and using the split (15), the dominant
contribution in {3 7 is given by

E0m = Z Z UtUsKstIt-

t s;ét
Define 7, := vs — bs and by := F [US\ZS] = bs. Then:
. W K(0) _
or = 720 oKl 1 303 S K
S#t t 75 Z_] ]t)
0)
+= ZZ btﬁsKstIt + = ZZ 2K (0) 277tb K1y

t s;ét T st (225 Kie)

= {31+ 5322,T + 5323,T + &304

1
From the proof of Lemma B.2, &3 7 = &301.7 = Op <T

; Q/\T>. Similarly, €350 7 =
T

1 =21\ _ 1 2 : 211/2 211/2

O, <T2h?%/2E [m]) =0p <T2hi}/2E[%T(Xt) ])- Using Elpy, (X)?]V/2 < Elpg(X)*)'/2 +

E[lY — ch(X)|m]1/m +E[lY - @AT(X)’m]l/m = O(1) from Assumptions A.1 and A.2 (ii),

we get 3907 = Op <T223/2> . The other terms are bounded similarly, and the conclusion
T

follows.

11 Proof of Lemma C.3
By using the split (15) and the definitions 7, := vs — bs and bs := E [v4]|Zs] = bs, we have:

Kr (v,v) = K (b,b) +2K7 (b,7) + Kz (11,7) = Ji1 1 + Jior + Jis -

From the proof of Lemma B.3, Jijr = Jur = Qx(1 + op(1)) and
. 1 1 1 .
‘]13,T = Op (]WE [7]?]) = Op (/IV}Z;/QE[QOAT (Xt)2]> = O (Th1/2> . Term JIQ,T 1S

bounded similarly, and the conclusion follows.

12 Proof of Lemma C.4

Using the same notation as in the proof of Lemma C.3, we have:
Kr (U*,v) = Kp (U*,b) + Ko (U*,7) =: J3y 7+ J3o -
By the same argument as for term Jo; 7 in the proof of Lemma B.4, we have J3; ; =

1
O, (\/TQAT) The term J3, - can be bounded by a similar argument as term Jjs 1 in the

16



1 1
proof of Lemma C.3. We get Jis1 = O, 71/2E[90>\T(Xt)2}1/2 =0, —7 | The
ThY ThY

conclusion follows.

13 Proof of Lemma D.1

From Cauchy-Schwarz inequality,

[V(2) Vol Z0)| < | wiUF —VolZ0)| +24(Z) + B (2,
J
1/2 1/2

where A (Z;) = Zwt] > wy [AG(X)IP |, B(Z) =) wiy |AB(X))[?, and
J J

Ap =p—¢gy. Asin the proof of Lemma C.2 in TK and using hy = ¢TI~ with ) < 1—4/m,

logT
sup ZthU —W(Zy)| = Oy ( ;i + hzT) Further, from Lemma C.6 of TK and
ZtESx j T

Assumption A.2 (i), sup Z wtjU =0 (TQ/ m) Then, (i) follows from Assumption A.10
Z1€Sx

and uniform convergence of f(2) over S,. Points (ii) and (iii) follow from (i), Assumption
A.9, and uniform convergence of f(z) over S.

14 Proof of Lemma D.2

The structure of the proof is the same as for the proof of Proposition 2 in Appendix
3. We highlight the major changes. Let us first consider the asymptotic behavior of

- 1 01 . . 1 _
& = TZ%Z 3" KuKuUIU;. We have & = WZH/\T(Zt) 'L
t (Z . Kjt) s#t u#t,s Tt

S Y KyKuUrU+0, (
s#t uF#t,s ThT ZGS
The first term is O, <(Tth/ 2)_ ) from Assumption A.11. Using the uniform conver-

p Bz HAT(Z)_lD,Where Hyp(2) = Vag (2)f(2)2.

gence of the kernel estimator f, Assumptions A.11 and A.13, and iél*f Qo > 0, we get

- logT _
sup |H(2)™' — Hy, (2 ‘ =0, (U;i —|—h%~) + o (T_I/G). Then, from hp = ¢I'™"
2€8x T

with 2/9 < 7 < min{1 —4/m,1/3}, we get Th1/2§5T = Op(1). Let us now consider the
proof of the technical Lemmas C.1-C.4. These proofs are virtually unchanged, and rely
on the uniform convergence of Q(2) to Qy,(z) (Assumptions A.11 and A.13), and on the
uniform bound Q),(z) < c2Q0(2) (Assumption A.13).
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15 Proof of Lemma D.3

Since ker (A*)* = Range(A), and the norms L2(Z) and LiT (Z) are equivalent under As-
sumption A.11, the conclusion follows.
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