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This technical report contains the proofs of the technical Lemmas B.1-B.8, C.1-C.4,
and D.1-D.3 in the paper entitled �A Speci�cation Test for Nonparametric Instrumental
Variable Regression�and written by P. Gagliardini and O. Scaillet. Equations labelled as
(n) refer to the paper, and Equations labelled as (TR:n) refer to the technical report. To
simplify the proofs, we adopt a product kernel in the estimation of the density of (Y;X;Z).
We use the generic notation K for both the 3-dimensional product kernel and each of its
components.

1 Proof of Lemma B.1

The result follows from (see decomposition (12)):
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2 Proof of Lemma B.2

We get from decomposition (12):

�3;T =
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

UtUsKstIt +
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

BT (Xt)BT (Xs)KstIt

+
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

ET (Xt) ET (Xs)KstIt � 2
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

UtBT (Xs)KstIt

�2 1
T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

UtET (Xs)KstIt + 2
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

BT (Xt)ET (Xs)KstIt

=: �31;T + �32;T + �33;T � 2�34;T � 2�35;T � 2�36;T :

We consider in details the �rst three terms (the bounds for the remaining terms are similar).
The term �31;T corresponds to statistic T̂

(1)
3 of TK, p. 2082 (multiplied by T�1 and
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Let us now consider the second term, �32;T . De�ne �s := BT (Xs)�E [BT (Xs) jZs] and
bs := E [BT (Xs) jZs] = (ABT ) (Zs). Then:
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=: �321;T + �322;T + �323;T + �324;T :

By the uniform convergence of the kernel density estimator, the dominant term in �321;T is

�3211;T =
1

T 3h2T

X
t

X
s 6=t


tK(0)

f(Zt)2
btbsKstIt =

K(0)

T 2hT

X
t


t
f(Zt)2

Itbt

0@ 1

ThT

X
s 6=t

bsKst

1A :

Using that E

24 
t
f(Zt)2

Itbt

0@ 1

ThT

X
s 6=t

bsKst

1A35 = E

�

t

f(Zt)
Itb

2
t

�
(1 + o(1)) =

O
�
E
h

tIt (ABT ) (Zt)2

i�
, E
h

tIt (ABT ) (Zt)2

i
= Q�T = O

�
�1+�T

�
(see Appendix A.2.3),

and Assumption 3, it follows that �321;T = Op

�
1

ThT
Q�T

�
= op

��
Th

1=2
T

��1�
. The domi-

nant term in �322;T is

�3221;T =
1

T 3h2T

X
t

X
s 6=t


tK(0)

f(Zt)2
�t�sKstIt =

1

T 3h2T

X
t

X
s>t

ats�t�s =:
1

T 3h2T
J3221;T ;

where ats =

tK(0)

f(Zt)2
KstIt +


sK(0)

f(Zs)2
KtsIs. Using that E [�tjI] = 0 and E [�t�sjI] = 0 for

t 6= s, from the independence of the observations, we have:

E
�
J23221;T

�
=
X
t

X
s>t

E
�
a2ts�

2
t �
2
s

�
=
X
t

X
s>t

E
�
a2ts�(Zt)�(Zs)

�
;

where �(Zt) := E
�
�2t jZt

�
= V [BT (Xt) jZt], and the cross-terms vanish because of the

conditional independence property of the �t variables. Then, we get E
h
J23221;T

i
= O

�
T 2hT

�
and thus �322;T = Op

 
1

T 2h
3=2
T

E
�
�2t
�!

= op

��
Th

1=2
T

��1�
. The argument is similar for

�323;T and �324;T , and we deduce �32;T = op

��
Th

1=2
T

��1�
:

2



Let us �nally consider the third term, �33;T . We have
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Applying the Cauchy-Schwarz inequality twice, we deduce:

1

T 2hT

X
t

X
s 6=t

jET (Xt)ET (Xs)jKstIt �
1

T

X
t

jET (Xt)j2
s

1

T 2h2T

X
t

X
s 6=t

K2
stIt:

From E

24 1

T 2h2T

X
t

X
s 6=t

K2
stIt

35 = O(h�1T ) we get �33;T = Op

 
1

Th
1=2
T

1

hT

 
1

T

X
t

��'̂(Xt)� '�T (Xt)��2
!!

:

It follows �33;T = op((Th
1=2
T )�1) from Assumptions A.5 (i) and 3.

3 Proof of Lemma B.3

De�ne �s := BT (Xs)� E [BT (Xs) jZs] and bs := E [BT (Xs) jZs] = (ABT ) (Zs). Split
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Terms J12;T and J13;T can be analyzed similarly, and we consider only J13;T in details.
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By using that variables Un and Um are uncorrelated conditional on I, we have
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uniformly in j; l, where �jl is the Kronecker delta. Thus we get
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1

T 3
J��3;T +

op((Th
1=2
T )�1), where J��3;T =

X
n

X
m6=n


nmGn;TGm;T . From the above arguments we have


nm = Op

�
T
p
S(�T )

�
uniformly in n;m. Moreover, from Assumption A.8, Gn;T =

Op(h
2
T ) uniformly in n. Thus, J32;T = Op(h

4
T

p
S(�T )) + op((Th

1=2
T )�1). Since S(�T ) =

O (log(1=�T )) (see above), J32;T = op((Th
1=2
T )�1) follows from Assumptions 3 and 4. Simi-

lar arguments apply to J33;T , and the proof is concluded.
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5.2 Bound of KT (ET;2(X); ET;2(X))
We have

ET;2(x) = (�T +A
�A)�1

�
Â�Â�A�A

�
BT (x)

=
1X
j=1

1

�T + �j

D
�j ;
�
Â�Â�A�A

�
BT
E
H
�j(x)

=
1X
j=1

1

�T + �j

D
�j ;
�b~AA� ~AA

�
BT
E
L2(X )

�j(x), (TR.6)

and
�b~AA� ~AA

�
BT (x)

=

Z "
1

T

TX
t=1

f̂(xjZt)It
tf̂(�jZt)�
Z
f(xjz)I (z 2 S�) 
0(z)f(�jz)f(z)dz

#
BT (�)d�

=:

Z
IT (x; �)BT (�)d�. (TR.7)

From the uniform convergence of the kernel density estimator on S�, and using the de-

composition f̂(x; z) = �f(x; z) + �b(x; z) + f(x; z), where �f(x; z) := f̂(x; z)�E
h
f̂(x; z)

i
and

�b(x; z) = E
h
f̂(x; z)

i
� f(x; z), the dominant term in IT (x; �) is:

IT;1(x; �) =

Z
f̂(x; z)I(z 2 S�)
0(z)f̂(�; z)

f(z)
dz �

Z
f(xjz)I (z 2 S�) 
0(z)f(�jz)f(z)dz

=

Z
�f(x; z)I(z 2 S�)
0(z)f (�jz) dz +

Z
�b(x; z)I(z 2 S�)
0(z)f (�jz) dz

+

Z
f(xjz)I(z 2 S�)
0(z) �f(�; z)dz +

Z
f(xjz)I(z 2 S�)
0(z)�b(�; z)dz

+

Z
�f̂(x; z)I(z 2 S�)
0(z)�f̂(�; z)

f(z)
dz

=: IT;11(x; �) + IT;12(x; �) + IT;13(x; �) + IT;14(x; �) + IT;15(x; �):

Using (TR.6) and (TR.7), we get the decomposition ET;2(x) =
5X
i=1

ET;2i(x). We focus on the

contribution of ET;21 to KT (ET;2(X); ET;2(X)) (the other terms can be bounded similarly).
UsingZ

IT;11(x; �)BT (�)d�

=
1

T

TX
n=1

Z
(KhT (x�Xn)KhT (z � Zn)� E [KhT (x�Xn)KhT (z � Zn)]) I (z 2 S�) 
0(z) (ABT ) (z)dz;

9



the dominant term in ET;21(Xt) is

1

T

TX
n=1

1X
j=1

1

�T + �j

�
�j(Xn)In
n (ABT ) (Zn)� E

�
�j(X)I (Z 2 S�) 
0(Z) (ABT ) (Z)

��
�j(Xt)

=:
1

T

TX
n=1

�n;t:

Variable �n;t is such that
E
�
�n;tjXt; Zt

�
= 0 (TR.8)

for n 6= t. The contribution to KT (ET;2(X); ET;2(X)) is

1

T

X
t


tIt�P
jKjt

�2X
s 6=t

X
u 6=s;t

KstKut

 
1

T

X
n

�n;s

! 
1

T

X
m

�m;u

!
:

The dominant term is

1

T 3h2T

X
t


tIt
f(Zt)2

X
s 6=t

X
u 6=s;t

KstKut

 
1

T

X
n

�n;s

! 
1

T

X
m

�m;u

!

=
1

T 5h2T

X
n

X
m

X
s

X
u 6=s

asu�n;s�m;u =: I

where

asu =
X
t6=s;u


tIt
f(Zt)2

KstKut:

To bound term I, let us compute

E[I2] =
1

T 10h4T

X
n1

X
m1

X
s1

X
u1 6=s1

X
n2

X
m2

X
s2

X
u2 6=s2

E
�
as1u1as2u2�n1;s1�m1;u1�n2;s2�m2;u2

�
:

Consider �rst the terms such that n1;m1; n2;m2 6= s1; u1; s2; u2. From (TR.8),

E
�
as1u1as2u2�n1;s1�m1;u1�n2;s2�m2;u2

�
= E

�
as1u1as2u2E

�
�n1;s1�m1;u1�n2;s2�m2;u2 jXs1 ; Zs1 ; :::; Xu2 ; Zu2

��
is di¤erent from zero only if the indices n1;m1; n2;m2 are either all equal, or such that there
exist two pairs of equal indices. Let us for instance consider the term with n1 = n2 =: n,
m1 = m2 =: m and n 6= m:

E
�
as1u1as2u2E

�
�n;s1�n;s2�m;u1�m;u2 jXs1 ; Zs1 ; :::; Xu2 ; Zu2

��
= E

�
as1u1as2u2E

�
�n;s1�n;s2 jXs1 ; Zs1 ; Xs2 ; Zs2

�
E
�
�m;u1�m;u2 jXu1 ; Zu1 ; Xu2 ; Zu2

��
:

The contribution to E[I2] is

J =
1

T 10h4T

X
n

X
m

X
s1

X
u1 6=s1

X
s2

X
u2 6=s2

E
�
as1u1as2u2E

�
�n;s1�n;s2 jXs1 ; Zs1 ; Xs2 ; Zs2

�
E
�
�m;u1�m;u2 jXu1 ; Zu1 ; Xu2 ; Zu2

��
:

10



Let us bound this term. Then,

E
�
�n;s1�n;s2 jXs1 ; Zs1 ; Xs2 ; Zs2

�
=

1X
j=1

1X
l=1

1

�T + �j

1

�T + �l
cjl�j(Xs1)�l(Xs2);

where

cjl = E
�
�j(Xn)�l(Xn)In


2
n (ABT ) (Zn)2

�
�E

�
�j(Xn)In
n (ABT ) (Zn)

�
E [�l(Xn)In
n (ABT ) (Zn)] :

We get:

E
�
as1u1as2u2E

�
�n;s1�n;s2 jXs1 ; Zs1 ; Xs2 ; Zs2

�
E
�
�m;u1�m;u2 jXu1 ; Zu1 ; Xu2 ; Zu2

��
=

1X
j=1

1X
l=1

1X
k=1

1X
p=1

1

�T + �j

1

�T + �l
cjl

1

�T + �k

1

�T + �p
ckp

X
t1 6=s1;u1

X
t2 6=s2;u2;t1

E

�

t1It1
f(Zt1)

2


t2It2
f(Zt2)

2
Ks1t1Ku1t1Ks2t2Ku2t2�j(Xs1)�l(Xs2)�k(Xu1)�p(Xu2)

�
:

Now, for a term with s1 6= s2 6= u1 6= u2 we have:

E

�

t1It1
f(Zt1)

2


t2It2
f(Zt2)

2
Ks1t1Ku1t1Ks2t2Ku2t2�j(Xs1)�l(Xs2)�k(Xu1)�p(Xu2)

�
= E

�

t1It1
f(Zt1)

2


t2It2
f(Zt2)

2
Ks1t1Ku1t1Ks2t2Ku2t2

�
A�j

�
(Zs1) (A�l) (Zs2) (A�k) (Zu1)

�
A�p

�
(Zu2)

�
= O

�
h4TE

�

t1It1
t2It2A�j(Zt1)A�k(Zt1)A�l(Zt2)A�p(Zt2)

��
;

and

E
�

t1It1
t2It2A�j(Zt1)A�k(Zt1)A�l(Zt2)A�p(Zt2)

�
= E

�

t1It1A�j(Zt1)A�k(Zt1)

�
E
�

t2It2A�l(Zt2)A�p(Zt2)

�
= �j�l�jk�lp:

Therefore we get:

J = O

0@T 2h4T 1X
j=1

1X
l=1

�j

(�T + �j)
2

�l

(�T + �l)
2 c
2
jl

1A :

By similar arguments for the other contributions to E[I2], we get:

E[I2] = O

0@ 1

T 2

1X
j=1

1X
l=1

�j

(�T + �j)
2

�l

(�T + �l)
2 c
2
jl

1A :

To bound the term in the RHS, we use that:

jcjlj � sup
j;l2N

sup
z2S�

E
����j(X)�l(X)�� jZ = z

�
sup
z2S�


(z)E
�
In
n (ABT ) (Zn)2

�
+

 
sup
j2N

sup
z2S�

E
����j(X)�� jZ = z

�
sup
z2S�


(z)1=2E
h
In


1=2
n j(ABT ) (Zn)j

i!2
� 2 sup

j2N
sup
z2S�

E
�
�j(X)

2jZ = z
�
sup
z2S�


(z)Q�T = O
�
�1+�T

�
= O (�T ) ;

11



from Assumption A.7 (iii) and Appendix A.2.3. Thus we get:

E[I2] = O

0@�2T
T 2

0@ 1X
j=1

�j

(�T + �j)
2

1A21A = O

0@ 1

T 2

0@ 1X
j=1

�j
(�T + �j)

1A21A
= O

�
1

T 2
log (1=�T )

2

�
;

using an argument as in Section B.5.1. We deduce

I = Op

�
1

T
log (1=�T )

�
= op

 
1

Th
1=2
T

!
.

The conclusion follows.

6 Proof of Lemma B.6

We provide a detailed proof for the bound of KT (U � BT (X); ET;1(X)) : Using the notation
in the proof of Lemma B.3, we have

KT (U � BT (X); ET;1(X)) = �KT (b; ET;1(X)) +KT (U � �; ET;1(X)) =: �J41;T + J42;T :

Let us �rst consider J41;T . Similar arguments as in the proof of Lemma B.5, Section B.5.1,
show that

J41;T =
1

T 2

X
t

H0(Zt)
�1It

X
n6=t

Un

0@ 1

T 2h2T

X
s 6=t

X
u 6=t;s

KstKutbsQun

1A
+
1

T 2

X
t

H0(Zt)
�1It

X
n6=t

Gn;T

0@ 1

T 2h2T

X
s 6=t

X
u 6=t;s

KstKutbsQun

1A+ op((Th1=2T )�1)

=:
1

T 2
J�41;T +

1

T 2
J��41;T + op((Th

1=2
T )�1):

Furthermore, J�41;T =
X
n

anUn where

an =
X
t6=n

H0(Zt)
�1It

0@ 1

T 2h2T

X
s 6=t

X
u 6=t;s

KstKutbsQun

1A :

We have E
h�
J�41;T

�2i
=
X
n

E
�
a2nU

2
n

�
=
X
n

E
�
a2nV0 (Zn)

�
. To simplify, let 
0(z) =

V0(z)
�1 = 1. Using an argument similar as for the derivation of (TR.3), E

�
a2n
�
is as-

ymptotically equivalent to
X
t6=n

X
i6=t;n

E [ItIibtbiE [QntQnijZt; Zi]]. Using (TR.4), (TR.5) and

12



Cauchy-Schwarz inequality, for t 6= i we get

E [ItIibtbiE [QntQnijZt; Zi]]

�

8<:
1X
j=1

�2j

(�T + �j)
2 +O(h

2
T )

1X
j=1

�j
�T + �j

1X
l=1

p
�l

�T + �l
+O(h4T )

0@ 1X
j=1

p
�j

�T + �j

1A29=;E
�
Itb

2
t

�
=: S1(�T )E

�
Itb

2
t

�
.

Thus, E
h�
J�41;T

�2i
= O

�
T 3S1(�T )E

�
Itb

2
t

��
and

1

T 2
J�41;T = Op

0@
q
h
1=2
T S1(�T )q
Th

1=2
T

E
�
Itb

2
t

�1=21A :

Similarly, writing J��41;T =
P
n anGn;T and using an = Op

�
T
q
S1(�T )E

�
Itb2t

��
, Gn;T =

Op(h
2
T ), uniformly in n, we get

1

T 2
J��41;T = Op

�
h2T
p
S1(�T )E

�
Itb

2
t

�1=2�
. Now, using that

1X
l=1

p
�l

�T + �l
�
 1X
l=1

�ll
2

(�T + �l)
2

!1=2 1X
l=1

1

l2

!1=2
= O

 
1

�
1=2
T

log (1=�T )

!
under Assump-

tion B.7 (i) (see Lemma A.6 is GS) we get S1(�T ) = O
�
log (1=�T )

2
�
from Assumption 4.

Thus, h2T
p
S1(�T ) = o

0@ 1q
Th

1=2
T

1A from Assumption 3, and J41;T = op

0@ 1q
Th

1=2
T

Q
1=2
�T

1A+
op((Th

1=2
T )�1).

Let us now consider J42;T . By similar arguments as above we have

J42;T =
1

T 3hT

X
t

H0(Zt)
�1It

X
s 6=t

X
n6=s;t

(Us � �s)Un

0@ 1

ThT

X
u 6=t;s

KstKutQun

1A+ op((Th1=2T )�1)

=:
1

T 3hT
J�42;T + op((Th

1=2
T )�1),

where J�42;T =
X
s

X
n6=s

dns (Us � �s)Un and dns :=
X
t6=s;n

H0(Zt)
�1It

0@ 1

ThT

X
u 6=t;s

KstKutQun

1A.
Using that E [UsjI;Wu] = E [�sjI;Wu] = 0 for s 6= u, we get

E
h�
J�42;T

�2i
=
X
s

X
n6=s

E
�
d2ns	1 (Zs)

�
+
X
s

X
n6=s

E [dnsdsn	2 (Zs)	2 (Zn)] ;

where 	1 (Zs) := E
h
(Us � �s)2 jZs

i
, 	2 (Zs) := E [(Us � �s)UsjZs]. Then, E

�
d2ns	1 (Zs)

�
is asymptotically equivalent to

X
t6=s;n

X
i6=t;s;n

E [ItIi	1 (Zs)KstKsiQntQni]. Using (TR.4), (TR.5),

E [	1 (Zs)KstKsijZi; Zt] = Op

�
hTK �K

�
Zi � Zt
hT

�
f(Zt)	1(Zt)

�
and Cauchy-Schwarz

inequality, we get E
�
d2ns	1 (Zs)

�
= O

�
T 2h2TS1(�T )

�
. A similar bound holds for

E [dnsdsn	2 (Zs)	2 (Zn)]. Then, J42;T = op((Th
1=2
T )�1) using the same arguments as for

J41;T .
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7 Proof of Lemma B.7

We have:

KT (RT (X);RT (X)) =
1

T

X
t


tIt�P
jKjt

�2X
s 6=t

X
u 6=t

KstKutRT (Xs)RT (Xu)

� 1
T

X
t


tIt�P
jKjt

�2X
s 6=t

K2
stRT (Xs)2

=: I1;T � I2;T :
Let us �rst consider I1;T . We have:

I1;T =
1

T

X
t


tIt�P
jKjt

�2
0@X
s 6=t

KstRT (Xs)

1A2 � max
t2T �

�������
(ThT )

2
t�P
jKjt

�2
������� supz2S�

 
1

ThT

X
s

K

�
Zs � z
hT

�
RT (Xs)

!2
:

Since max
t2T �

�������
(ThT )

2
t�P
jKjt

�2
������� = Op(1), we get I1;T = op

�
1=
�
Th

1=2
T

��
from Assumption A.6 (i).

Let us now consider I2;T : We have:

I2;T � max
t2T �

�������
(ThT )

2
tI�P
jKjt

�2
�������K(0)

1

ThT
sup
z2S�

0@ 1

ThT

X
s 6=t

K

�
Zs � z
hT

�
RT (Xs)2

1A :

We get I2;T = op

�
1=
�
Th

1=2
T

��
from Assumptions A.6 (ii) and 3. The conclusion follows.

8 Proof of Lemma B.8

We provide detailed proofs for the bounds ofKT (RT (X); U � BT (X)) andKT (RT (X); ET;1(X)).

8.1 Bound of KT (RT (X); U � BT (X))

Write KT (RT (X); U � BT (X)) =
1

T

X
t


tIt�P
jKjt

�2X
s 6=t

KstRT (Xs)�t;s, where we set

�t;s :=
X
u 6=t;s

Kut (Uu � BT (Xu)). By applying twice the Cauchy-Schwarz inequality, we

get

jKT (RT (X); U � BT (X))j

� max
t2T �

����� (ThT )2
t(
P
jKjt)2

����� 1

T 3h2T

0@X
t

X
s 6=t

KstRT (Xs)2It

1A1=20@X
t

X
s 6=t

Kst�
2
t;sIt

1A1=2

� max
t2T �

����� (ThT )2
t(
P
jKjt)2

����� 1

Th
3=2
T

0@ sup
z2S�

1

ThT

X
s 6=t

K

�
Zs � z
hT

�
RT (Xs)2It

1A1=20@ 1

T 2

X
t

X
s 6=t

Kst�
2
t;sIt

1A1=2

14



Using max
t2T �

����� (ThT )2
t(
P
jKjt)2

����� = Op(1) and Assumption A.6 (ii), KT (RT (X); U � BT (X)) =

op

�
1=(Th

1=2
T )

�
follows if we can show that E

�
Kst�

2
t;sIt

�
= O

�
Th2T

�
, uniformly in s 6= t.

By using the notation in the proof of Lemma B.3 we have

�t;s =
X
u 6=t;s

Kut (Uu � �u)�
X
u 6=t;s

Kutbu =: �1;ts � �2;ts:

Since variables Uu � �u are uncorrelated conditionally on I, E
�
Kst�

2
1;tsIt

�
=X

u 6=t;s
E
h
ItKstK

2
ut (Uu � �u)

2
i
= O

�
Th2T

�
; uniformly in s 6= t. Furthermore, E

�
Kst�

2
2;tsIt

�
=

O
�
T 2h3TE

�
Itb

2
t

��
= O

�
T 2h3TQ�T

�
= o

�
Th2T

�
by Assumptions 3 and 4 (see Appendix

A.2.3).

8.2 Bound of KT (RT (X); ET;1(X))

By the same argument as in Section B.8.1, KT (RT (X); ET;1(X)) = op

�
1=(Th

1=2
T )

�
fol-

lows if we can show that E
�
Kst�

2
3;tsIt

�
= O

�
Th2T

�
, uniformly in s 6= t, where �3;t;s :=P

u 6=t;sKutET;1(Xu): As in the proof of Lemma B.5 (see Section B.5.1) we have

�3;ts = hT
X
n

Un

0@ 1

ThT

X
u 6=t;s

KutQun

1A+ 1

T

X
n

X
u 6=t;s

KutUnVun

+hT
X
n

Gn;T

0@ 1

ThT

X
u 6=t;s

Kut	un

1A =: �31;ts +�32;ts +�33;ts.

From (TR.4) and (TR.5), E

240@ 1

ThT

X
u 6=t;s

KutQun

1A235 and E
240@ 1

ThT

X
u 6=t;s

Kut	un

1A235 are
asymptotically equivalent to

E
�
Q2tn

�
=

1X
j=1

�2j

(�T + �j)
2 +O(h

2
T )

1X
j=1

�
3=2
j

(�T + �j)
2 +O(h

4
T )

1X
j=1

�j

(�T + �j)
2 =: S2 (�T ) :

Using Cauchy-Schwarz inequality, Assumptions A.7 and 4, and similar arguments as in the
proof of Lemma B.5 we get S2 (�T ) = O (log (1=�T )). Thus, E

�
�231;tsKstIt

�
= O

�
Th2T log (1=�T )

�
and E

�
�233;tsKstIt

�
= Op

�
Th3T

p
log (1=�T )

�
: Moreover, E

�
�232;tsKstIt

�
= O

�
h2T =�T

�
.

From Assumptions 3 and 4, the conclusion follows.

9 Proof of Lemma C.1

The proof is similar to the one of Lemma B.1, by using the split (15) and
1

T

X
t

�2t =

Op(E[�
2]), E[�2]1=2 � E

���Y � '�T (X)��m�1=m + E [jY � r(Z)jm]1=m = O(1) from Assump-
tion A.2 (ii).
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10 Proof of Lemma C.2

By a similar argument as in the proof of Lemma B.2 and using the split (15), the dominant
contribution in �3;T is given by

��32;T =
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

�t�sKstIt:

De�ne ��s := �s � �bs and �bs := E [�sjZs] = bs. Then:

��32;T =
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

�bt�bsKstIt +
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

��t��sKstIt

+
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

�bt��sKstIt +
1

T

X
t

X
s 6=t


tK(0)

(
P
jKjt)2

��t
�bsKstIt

=: ��321;T + �
�
322;T + �

�
323;T + �

�
324;T :

From the proof of Lemma B.2, ��321;T = �321;T = Op

�
1

ThT
Q�T

�
. Similarly, ��322;T =

Op

 
1

T 2h
3=2
T

E
�
��2t
�!
= Op

 
1

T 2h
3=2
T

E['�T (Xt)
2]

!
. Using E['�T (X)

2]1=2 � E['0(X)
2]1=2+

E [jY � '0(X)jm]
1=m +E

���Y � '�T (X)��m�1=m = O(1) from Assumptions A.1 and A.2 (ii),

we get ��322;T = Op

�
1

T 2h
3=2
T

�
: The other terms are bounded similarly, and the conclusion

follows.

11 Proof of Lemma C.3

By using the split (15) and the de�nitions ��s := �s � �bs and �bs := E [�sjZs] = bs, we have:

KT (�; �) = KT
�
�b;�b
�
+ 2KT

�
�b; ��
�
+KT (��; ��) =: J�11;T + J�12;T + J�13;T :

From the proof of Lemma B.3, J�11;T = J11;T = Q�T (1 + op(1)) and

J�13;T = Op

 
1

Th
1=2
T

E
�
��2t
�!

= Op

 
1

Th
1=2
T

E['�T (Xt)
2]

!
= Op

 
1

Th
1=2
T

!
. Term J�12;T is

bounded similarly, and the conclusion follows.

12 Proof of Lemma C.4

Using the same notation as in the proof of Lemma C.3, we have:

KT (U�; �) = KT
�
U�;�b

�
+KT (U�; ��) =: J�21;T + J�22;T :

By the same argument as for term J21;T in the proof of Lemma B.4, we have J�21;T =

Op

�
1p
T
Q�T

�
. The term J�22;T can be bounded by a similar argument as term J�13;T in the

16



proof of Lemma C.3. We get J�13;T = Op

 
1

Th
1=2
T

E['�T (Xt)
2]1=2

!
= Op

 
1

Th
1=2
T

!
. The

conclusion follows.

13 Proof of Lemma D.1

From Cauchy-Schwarz inequality,

���V̂ (Zt)� V0(Zt)��� �
������
X
j

wtjU
2
j � V0(Zt)

������+ 2A (Zt) +B (Zt) ;

where A (Zt) =

0@X
j

wtjU
2
j

1A1=20@X
j

wtj j��'(Xj)j2
1A1=2, B (Zt) =X

j

wtj j��'(Xj)j2, and

��' = �'�'0. As in the proof of Lemma C.2 in TK and using hT = �cT��� with �� < 1�4=m,

sup
Zt2S�

������
X
j

wtjU
2
j � V0(Zt)

������ = Op

 r
log T

ThT
+ h2T

!
. Further, from Lemma C.6 of TK and

Assumption A.2 (i), sup
Zt2S�

X
j

wtjU
2
j = op

�
T 2=m

�
. Then, (i) follows from Assumption A.10

and uniform convergence of f̂(z) over S�. Points (ii) and (iii) follow from (i), Assumption
A.9, and uniform convergence of f̂(z) over S�.

14 Proof of Lemma D.2

The structure of the proof is the same as for the proof of Proposition 2 in Appendix
3. We highlight the major changes. Let us �rst consider the asymptotic behavior of

��
�
5;T =

1

T

X
t


̂tIt�P
jKjt

�2X
s 6=t

X
u 6=t;s

KstKutU
�
sU

�
u . We have ��5;T =

1

T 3h2T

X
t

H�T (Zt)
�1It

X
s 6=t

X
u 6=t;s

KstKutU
�
sU

�
u+Op

�
log T

ThT
sup
z2S�

���Ĥ(z)�1 �H�T (z)�1����, whereH�T (z) = V�T (z)f(z)
2.

The �rst term is Op

��
Th

1=2
T

��1�
from Assumption A.11. Using the uniform conver-

gence of the kernel estimator f̂ , Assumptions A.11 and A.13, and inf
S�

0 > 0, we get

sup
z2S�

���Ĥ(z)�1 �H�T (z)�1��� = Op

 r
log T

ThT
+ h2T

!
+ op

�
T�1=6

�
. Then, from hT = �cT���

with 2=9 < �� < min f1� 4=m; 1=3g, we get Th1=2T ��
�
5;T = Op(1). Let us now consider the

proof of the technical Lemmas C.1-C.4. These proofs are virtually unchanged, and rely
on the uniform convergence of 
̂(z) to 
�T (z) (Assumptions A.11 and A.13), and on the
uniform bound 
�T (z) � c2
0(z) (Assumption A.13).
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15 Proof of Lemma D.3

Since ker (A�)? = Range(A), and the norms L2(Z) and L2�T (Z) are equivalent under As-
sumption A.11, the conclusion follows.
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