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Spread Term Structure and Default Correlation

Abstract

The aim of this paper is to analyse default correlation and its implications
for the term structures of corporate bonds and credit derivatives, extending in
particular the results of Jarrow, Yu (2001) and the related literature. We first
consider different characterisations of spread term structures, when the available
information corresponds to the default histories of the firms. The approach is
then extended to factor models, both in a static and in a dynamic framework.
We discuss in details the links between default correlation and jumps in short
term spreads, and how these phenomenons depend on the available information.
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tensities, Copula, Credit Derivatives
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Structure par terme et corrélation de défaut

Résumé

Le but de cet article est d’analyser la corrélation de défaut et ses implica-
tions pour les structures par terme des obligations d’entreprises et des dérivés
de crédit, en étendant en particulier les résultats obtenus par Jarrow, Yu (2001).
Nous commencons par donner diverses caractérisations des structures par terme
de différentiels de taux, lorsque l'information disponible correspond aux his-
toriques de défaillance. L’approche est ensuite étendue & des modeéles de dé-
faillances & facteurs, ceux-ci pouvant ou non varier dans le temps. Nous dis-
cutons particuliérment les liens entre la corrélation de défaut et les sauts dans
I’évolution des différentiels de taux a court terme, et comment ces phénomeénes
dependent de 'information disponible.

Mots clefs: Obligations d’entreprises, risque de crédit, corrélation de défaut,
saut des intensités, copule, dérivés de crédit

Classification JEL: C41, G12, G21



1 Introduction

Traditionally the analysis of credit risk has focused on the valuation of de-
faultable bonds and, more recently, of more complex and more exotic credit
derivatives. These applications require the specification of the joint distribution
of corporate times to default. In order to illustrate the main features involved
in these problems, let us first consider a portfolio of corporate bonds. This
portfolio includes fixed income bonds corresponding to N firms i =1, ..., N. For
firm ¢ the contractual pattern of payoffs at date ¢ is:

Fi,t+h7 h:]-v"'7H7

where Fj ;41 has to be paid at ¢t + h by firm ¢. However these payments are not
certain since firm ¢ can default before. If we assume for instance a zero-recovery
rate the cash-flows which will be actually received are:

Fi i inlly, > i1,

where Y; denotes the time to default for firm ¢ and I the indicator function.
Therefore they are stochastic at date t. A value at ¢ of the whole portfolio can
be derived by discounting and by predicting default. More precisely a value of
the credit portfolio at date ¢ is:

N H

Wi => > FunB(th) P (Yi>t+h), (1)
i=1 h=1

where B (t, h) denotes the price at ¢ of the riskfree zero-coupon bond with resid-
ual maturity h, and P; a risk neutral distribution conditionally to the informa-
tion available at date t.

The value at a future date t + k < ¢t + 1, say!, is:

H
Wt-‘rk: Z ZFz7t+hB(t+k7h_k)Pt+k)(E>t+h’)a
i€Jipr h=1

where Jy; denotes the set of firms which are still alive at ¢ + k. The portfolio
value is modified for three reasons:

i) the riskfree term structure varies in time;

ii) the structure of the population of firms included in the portfolio can change
with observed default;

iii) the information is modified.

lt+k is assumed smaller than t+1 to avoid the possibility of intermediate payment between
t and t + k, and the choice of a strategy to reinvest this payment.



Clearly the determination of the current portfolio value, or of the distribu-
tion of a future portfolio value, requires some knowledge about the distribution
of times to default of the different firms. This knowledge concerns not only
the marginal distribution of times to default, but also their dependence, called
default correlation in the literature [see e.g. Duffie, Singleton (1998), Li (2000),
Gouriéroux, Monfort (2002)]. Indeed defaults can arise by cluster, which in-
duces very special dynamics of the remaining population Jy;. Moreover the
default of some firms can modify our beliefs on default of the other firms [an
effect of the information set on the conditional probability Py (Y; >t + h)].

The need for a joint analysis of default is even increased when the portfolio
includes also credit derivatives written on several default times, such as first-
to-default baskets. In particular, default correlation has an effect on the term
structures of prices of such credit derivatives.

The aim of this paper is to analyse the joint distribution of corporate times to
default, focusing in particular on default correlation and on its implications for
the term structure of corporate bonds and credit derivatives. It is an extension of
the analysis performed by Jarrow, Yu (2001), and Schonbucher, Schubert (2001)
2. Section 2 is concerned with the patterns of the term structures of corporate
bonds according to the firms, which are still alive. The term structures can be
written in terms of the joint survivor function of times to default, or in terms
of default intensities. It is proved that they are sufficient to recover the price
of any credit derivative, even with a payoff written jointly on several times to
default. Moreover it is proved that the term structure of corporate interest rate
will feature jumps whenever default correlation exists. Section 3 is concerned
with factor models. We first consider models with a single time invariant factor.
This factor represents unobserved individual heterogeneity and creates a default
correlation characterized by an Archimedean copula. In this framework the
corporate bond prices, the spreads of interest rates and the jump in intensities
can be interpreted from the heterogeneity (factor) distribution. The analysis is
successively extended to dynamic factor models. We discuss especially the role
of the information set, and explain how intensities, jumps in the intensity, and
default correlation depend on the selected information set. Section 4 concludes.

2 Characterisations of the spread term struc-
tures.

Let us consider two firms, with times to default Y7 and Y5, respectively. The
joint survivor function of durations Y7, Y5 under the risk neutral distribution is
denoted by:

S(y1,y2) = P[Y1 > y1,Y2 > 4] .

2See also Yu (2003), who provides an algorithm for simulating correlated defaults with
general dependence structure.




If default is independent of the riskfree term structure under the risk neutral
probability, the price at ¢ of a zero-coupon bond with residual maturity A asso-
ciated with firm 1 is:

Bi(t,h) =B(tLA)P (Y >t+h| 1), 2)

where B (t,h) is the price of the riskfree zero-coupon bond and I; denotes the
information available at ¢. Formula (2) allows for a separate analysis of default
and riskfree term structure [see e.g. Fons (1994)]. It is important to keep in
mind that the conditional default probability P (Y7 > ¢t + h | I;) can be generally
interpreted as a ratio of two prices of zero-coupon bonds. Similarly:

1 By (t,h) 1

——log—="2,=—>logP (Y1 >t+h]|I

R B - noel >tk
is the spread of interest rates at term h. Without loss of generality, we assume a
zero riskfree rate: B (t,h) = 1,Vt, h, and thus systematically interpret By (¢, h)
as a spread of prices.

2.1 The term structures of corporate bonds.

In this section we make the following assumption on the information set I;.

Assumption A.1l: The information I; available to price future default includes
the default history of the firms only.

This assumption has been adopted in several studies in the literature [see e.g.
Bremaud (1981), Duffie, Singleton (1998), Jarrow, Yu (2001), Yu (2003)]. It is
implicitly assumed that additional macrofactors, such as the short term riskfree
interest rate or the market return, have no influence on default prices. This
assumption will be relaxed in Section 3 concerning factor models.

To derive the prices of zero-coupon bonds issued by the two firms, we dis-
tinguish two cases according to the available information I;. Indeed at date t
both firms can be still alive, or one firm can have defaulted earlier.

i) Both firms are still alive

Let us consider the zero-coupon bonds issued by firm 1. At time ¢ the price of
this bond with residual maturity h when both firms are still alive is given by:
S(t+h,t)

By (t,h) =PY1 >t+h|Y1 >t, Yo > 1] = ST

, Vhhe o (3)

ii) One firm defaulted earlier

If firm 2 defaulted at a previous date, t — k, say, the price at time ¢ of the same



bond is given by [see Appendix 1]:

25 (t+ h,t — k)
By (t,h,k)=P[Y1 >t+h|Y1>t,Yo=t— k] ==L

a8 ’
25 (1.t — k)

(4)

Similarly, the prices of zero coupon bonds issued by firm 2 are given by:

S(t,t+h
By (t,h) = Eth_))a (5)
if firm 1 is still alive at ¢,
I8 (t — k,t + h)
By (t,hk) = & : (6)
g_; (t - k7 t)

if firm 1 defaulted at time ¢t — k.

Thus at time ¢ the term structure associated with firm 1 depends on the situation
of the second firm. If firm 2 is still alive it is given by h — By (¢, h). If firm
2 defaulted at ¢ — k, it is given by: h — Bj (¢, h,k). Generally there exists
a discontinuity of the term structure of interest rate spread according to the
situation of firm 2, since:

llln%] ™ (ta h7 k) =T (tv ha O+) ?é 1 (t7 h) )

where:

1
h

1

T1 (t7 h) = h

log By (t,h), 71 (t,h, k)= log By (t, h, k),

denote the geometric interest rate spreads. This discontinuity originates from
the effect of default of firm 2 on the information set which is relevant for predict-
ing default of firm 1. Under default independence the term structures feature
no discontinuity.

When the two curves h — 71 (t,h,07) 71 (¢, h) are different, they can differ
for all terms [see Figure 1, Panel A], or simply for some terms. For instance they
can differ in the long term, but coincide in the short term: rq (¢,0,07) = ry (¢,0);
in this case default of the second firm as no immediate effect on default intensity
of firm 1 [see Figure 1, Panel B]. Alternatively, the two curves can differ in the
short term, but can coincide in the long term: 71 (¢,00,0%) = ry (¢, 00); it will
arise if the effect of default of firm 2 vanishes asymptotically [see Figure 1, Panel
C].

Insert Figure 1A: Discontinuity of term structures
Insert Figure 1B: Continuity in the short term
Insert Figure 1C: Continuity in the long term

Finally the term structures coincide everywhere if and only if:

Vi, h, k<t



S(t+ht) F=(t+ht)

= Vt,h >0
8S b ) P )
dlog S dlog S
— E(t+ht)= t,t), VYt h>0,
1 ( ) D0 (t,7)
dlog S
— aoyg (y1,y2) is independent of y;, when y; > yo,
2
<= the joint survivor function can be decomposed as a product:

S(y1,y2) = a(y1)b(y2), say, for y1 > ya. (7)

This condition can be seen as a type of independence condition on the cone

{y1 > 9} °.
It is interesting to compare the term structures when condition (7) is satisfied

[see Gouriéroux, Monfort (2003)]. We get:

S (t+ht—k)  a(t+h)

E(tt—k)  alt)

By(t,h, k) = =Bi(t,h) Vi hk,

and deduce the proposition below.

Proposition 1 The term structure of firm 1 is continuous when firm 2 defaults
if and only if it is independent of the situation of firm 2:

Bl(tyha0+) = Bl(t7h)a Vtvh’ )
—  Bi(t,h,k) = Bi(t,h), Vi, h,k.

In fact condition (7) can be seen as a noncausality condition from Y5 to
Y1 [see Florens, Fougere (1996) for causality analysis of point processes], which
explains the result of Proposition 1.

2.2 Equivalence between the marginal term structures and
the joint distribution of default.

Equations (3)-(6) explain how to derive the marginal term structures from the
joint survivor function of default. In this section we show that the marginal
term structures actually provide an information equivalent to the joint survivor
function. Note that generally it is not possible to deduce the price of a derivative
with payoff written on two assets Y7, Ya, from the price of derivatives written
on Y7 only and of derivatives written on Y3 only. In the case of default risk the
situation can be different since the default of a firm can imply a jump in the
derivative prices written on default of the other firm (due to the jump in the
information set), revealing the dependence structure.

3More precisely the times to default are independent conditionally to Y1 > y1, Y2 < y2, for
any y1,y2 with y1 > y.



We can deduce from the term structure of firm 1 the following default in-
tensities [see Cox, Oakes (1984) chap. 10] *:

M) = (}tigloép[yl U dt Y >4 Ye > ]
o (bt—k) = (}tigloép[yl Cl4dt|Yi >t Ye =t — K]
= (}gino 1= Bt dt k) Bl;tt’ dt, k) = —aiyllog [—g—yi (t,t — k)} . (9

Function ) is the default intensity for firm 1 at time ¢ when both firms are still
alive, and function ¢ — ~y, (¢,¢ — k) when firm 2 has defaulted at the previous
date t—k. Function A\; corresponds to the short term spread at time ¢ associated
to firm 1 when both firms are still alive, since this short term spread is:

. 1 . 1
dltlg() % log [B1(t,dt)/B (t,dt)] = dltlg() 7 log By (t, dt)
~ lim 1-— Bl(t7dt).
dt—0 dt

Similarly 7, (¢,t — k) is the short term spread of firm 1 when the second firm
defaulted earlier.

The intensity can feature a jump when one firm defaults. Let us assume that
the joint survivor function admits a cross second order derivative on the diago-
nal. The sign and size of the jump are obtained by considering the difference:

_ dlog S 0 [ oS ]
6t ) =\ (f) = tt) — — log | ——— (¢, ¢
71 ( ) 1( ) 8y1 ( ) ayl g p) 9 ( )
0 dlog S
= ——1 —— (t,t)] .
8y1 Og|: 8 ( Y >:|
In particular the jump is always positive if and only if:
0 dlog S ]
——log |- tt)| >0, vt
o 8 [ 0y ( )

4Intensities A2 (t) and v, (t,t — k) for firm 2 are defined similarly:

1
Ao (t = li — P Y5 t+dt|Y; t,Y: t
2(®) dm, g P2 <tHdt[Yi>t1s >4
1— By (t,dt Olog S
= lim 2(7 ):_ o8 (tvt)7
dt—0 dt Oy2
1
t,t —k = li — P Y5 t+dt|Ys t,Yy,=t—k
vz (¢ ) Am [Ya <t+dt|Ya >t Y1 ]
1— By (t,dt, k 0 oS
S el XL N - A
dt—0 dt Ay2 Oy



This condition is equivalent to:

0%log S
Z 980 14y >0, Vi,
59182/2( )

or to:

! ﬂ(tt—;@(tt)ﬁ(tt)
S(t,t) dyrdy2 " S (t,t)* Oy yz

. 1
= C}tlgloﬁcov (Li<vy <ttt Li<vo<trar | Y1 > ¢, Y2 > 1) >0, Vt. (10)
Proposition 2 If S is twice differentiable on the diagonal, the intensity jump
is always monnegative if and only if the infinitesimal default occurrences are
positively correlated.

Thus jumps in the term structure of credit spreads could be explained by
default correlation®.

The existence of the cross derivative of the joint survivor function implies
restrictions on the intensity functions. More precisely it is easily checked that the
cross derivative 62 (t,t) /Oy Oys exists if and only if Ay (£) /71 (¢, t) = A2(t) /v (t, 1).
Thus under this condition the jumps in intensity have the same relative sizes
for both firms. When the cross order derivative does not exist, it is necessary
to introduce two definitions of infinitesimal default covariance [see Appendix 2

i)]:

. 1

(}tlino ﬁCOU (Lewcyy<ttdt, L—dtayoct | Y1 > 8, Yo >t —dt), (11)
. 1

dltlglo @COU (Li—aravi<t> Licvoctqar | Y1 >t —dt, Yo > t), (12)

to point out the asymmetric reaction of default intensity of firm 1 to default of
firm 2, and of default of firm 2 to default of firm 1, respectively. In this case
the intensity jump of firm 1 [of firm 2, respectively] is always positive if and
only if the instantaneous default correlation in expression (11) [expression (12),
respectively] is positive.

The next proposition® is proved in Section 2.5.2, where its pricing interpre-
tation is also discussed.

Proposition 3 The knowledge of the intensities A1,vq, A2,7vy 1S equivalent to

5See Zhou (2001) for term structure models with jumps, and Schonbucher, Schubert (2001)
for an analysis of intensity jumps in a specific model of correlated defaults.

6See also Cox (1972), Cox, Lewis (1972), Griffiths, Milne (1978), Cox, Oakes (1984) chap.
10 for general presentations of bivariate duration models.



the knowledge of the joint survivor function. More precisely we have:

Y1
S(yl’w) = exp [_Al (yl) — Ay (yl)] _|_/ Ao (y) e—Al(y)—Az(y)e—Fl(yl,y)d%
Y2
if y1 > y2, and
Y2
S(yl,m) = exp [—A1 (yz) — Ay (yg)] +/ A\ (y) e_Al(y)_A2(y)e—F2(y27y)dy’
Y1

ifyr <y,

where A1, Ay, T'1, s denote the integrated intensities:
Yy z
MW = [ Ads T = [ uwds i-12
0 Y

Therefore the knowledge of the marginal term structures is equivalent to the
knowledge of the joint survivor function S. This implies that the marginal term
structures provide full information not only on the marginal distribution of the
times to default Y7, Y5, but also on their dependence structure, that is default
correlation. In particular we deduce the following corollary.

Corollary 4 Under default correlation, there is a one-to-one relationship be-
tween the term structures of zero-coupon bonds, the short term spreads, and the
joint survivor function.

In fact it is possible to improve the equivalence given in Corollary 4. In-
deed from equation (8), we can derive default intensities A, Ay from the term
structures By (t, h), Ba2(t, h), Vt, h. Moreover we have:

Olog S
MO+ de(t) =~

B Olog S
Y2

(¢,2)
d
= —ElOgS(t,t),

and by integration:
S(t1) = exp [~ Ay () — As(1)]. (13)

)
Thus S(¢,t) can be computed from Bi(t,h), Ba(t,h), and also S(t + h,t) =
By (t,h)S(t,t) and S(t,t + h) = Ba(t, h)S(t,t) can be:
S(t+h,t) = Bi(t,h)exp[—Ai(t) — Aa(t)], (14)
S(t,t+h) = Ba(t,h)exp[—A1(t) — Aa(t)]. (15)

We deduce the following Corollary.

Corollary 5 Under default correlation, there is a one-to-one relationship be-
tween the term structures of zero-coupon bonds computed when both firms are
still alive, the short term spreads, and the joint survivor function.



Finally from Proposition 3 and equations (3)-(6) we deduce the prices of
bonds in terms of the intensities.

Corollary 6 The prices of bonds issued by firm 1 are given by:
Bi(t,h) = e~ M (t+h)—AL ()] —[A2 (t+h)— Az (t)]

t+h
+/ Az (y) e M@ =M@= [A2(y) = Ao (O] -Ta (t+h=y.) gy
t

t+h
Bi(t,h,k) = exp l—/ vy (s,t — k)ds] .
t

When both firms are still alive, the price of the bond admits an exponential
expression:

t+h
Ba(t.h) =exp— [ u(s,t)ds,
t

where: u(s,t) =limgo P[Y1 >t+s+dt| Y, >t+s,Ys > t] /dt depends gen-
erally on ¢, and in particular does not coincide with A (s).

2.3 Comparison with the approach by Jarrow, Yu (2001).

In Section 2.2 the bivariate duration model has been defined by means of the
intensities A1, A2, y1,79. Jarrow, Yu (2001), Section I, proposed to define the
distribution by means of conditional intensities. Typically they consider the
conditional distribution of Y7 given Y3 (resp. Y3 given Y7) and the associated
hazard functions A (y1 | y2) [resp. A(y2 | y1)]:

1
Ay | y2) = Jim d—P[Y1 <y +dt| Yy >y, Y =)

These intensities differ from Ay or v; by the information set. Note in particular
that y5 can be larger than y;.

Of course the conditional distribution can be derived from the conditional
intensity:

PYi >y | Ya=yo] = S(y1|y2) =exp—A(y1 | y2),

where the cumulated conditional hazard is A (y1 | y2) fo (y | y2) dy. More-
over the knowledge of both conditional survivor functions S (y; | y2) and S (y2 | y1)
define unambiguously the joint distribution of (Y7,Y3) [see Gouriéroux, Mon-
fort (1979)]. However it is also known that both conditional distributions cannot
be chosen arbitrarily. They have to satisfy some compatibility restrictions [see
Gouriéroux, Monfort (1979)]. More precisely the joint pdf can be compute from
the conditional pdf by:

Sy ly)

f (1, = T Hwhig,
) H(y Ty2) 092
f(y |y2)
T ily2)
Flyzly1)

y1ly2)
f v2lyn) Y1

(16)



The second equality, which has to be satisfied for any ¥, yo, defines the compat-
ibility restrictions. Therefore the conditional intensities are compatible if and
only if:

exp—A(y2 | 1)

Alya [91) Ik Ay2|y1) exp —A(ya|y1) (17)
Ny1ly2) exp —A(y1lyz) Y2
_ exp —A (y1 | y2)
= Ay lye) | Ay1ly2) exp —A(y1ly2) 4. VY12
A(yzly1) exp —A(yz]y1)
Jarrow, Yu (2001) proposed a specification of the type (p 1772):
A ly2) = a1+ asly >y,
Ay lyn) = bi+ bally, >y, - (18)

Their justification is "when firm 2 defaults, firm 1’s default probability will
jump and vice-versa”. In fact this idea has to be written on A1, v, as described
in previous sections, not on the conditional intensities. As a consequence the
parameters in (18) cannot be chosen arbitrarily. It is easy (but cumbersome) to
check that the compatibility restriction implies:

CLQZO OI'bQZO,

that is a recursive specification. In fact this is essentially the case completely
studied by Jarrow, Yu (2001). Finally note that, under the compatibility re-
striction, the joint distribution is easily derived from (16), (17).

2.4 Examples

In order to illustrate the results above, let us discuss several examples.
Example 1: Constant intensities.

Let us assume constant intensities given by:
M) =7r, 1@t —=Fk)=r], X(t)=re, 79(t,t —k)=r3.
The joint survivor function becomes:
* yl *
S (y1,y2) = exp[= (r1 +72) y1] + 726”1 / e iy, iy > .
Y2

i) If r5 # 1 + 1o, we get:
ry—r}

_ T2 —ry - —ry
e (T1+T2)y1+—€ 1Yo (ritrs Tl)y27 for Y1 > Y2.

S (y1 o) = ——1—
(y1,92) PRI— T +re— 17

10



The prices of bonds issued by firm 1 are given by:

By (t,h) = Lrl*e_“’ﬁ”)h + 7"72*6—@%7 if firm 2 is still alive at ¢,
r1+re —1] r1+re—1]
By (t,h,k) = e it if firm 2 defaulted at ¢ — k.

This term structure is meaningful only when firm 1 is still alive at date ¢. This
explains why the zero-coupon prices are independent of r5. Moreover the long
term spread is given by min{r; + rq, 77}

We provide in Figure 2, Panel A, the term structure associated with firm 1
when both firms are still alive, for parameters r; = 0.01, ro = 0.02, and different
values of r}.

Insert Figure 2A: constant intensities: term structure when both firms are still alive

This term structure is constant in time. Moreover it is increasing (decreasing)
in the maturity when v} > r1 [r7 < r1], that is when the occurrence of default
of the second firm increases (decreases, respectively) the default intensity of
the first firm. When r} = rq, default intensity of firm 1 is independent of the
situation of firm 2, and the term structure is flat. In Panel B we provide the
term structure of firm 1 when the second firm defaulted earlier.

Insert Figure 2B: constant intensities: term structure when firm 2 defaulted earlier

This term structure is flat at level 7 = 0.05, and constant in time. The short
term spreads for firm 1 are reported in Panels C and D.

Insert Figure 2C: constant intensities: short term spread when Y5 > V)

Insert Figure 2D: constant intensities: short term spread when Y, < Y

In Panel C the second firm defaults after firm 1 [Y2 > Y7 = 7], and the short
term spread is constant at 7. In Panel D, the default of firm 2 occurs before,
Y5 = 4, and at that date the short term spread of firm 1 jumps at r§ = 0.05.
Finally, the interest rate spreads for a zero-coupon bond issued by firm 1 and
with given maturity ¢t = H = 10 are reported in Figure 3, Panels A and B, in the
case where firm 2 defaults after maturity H [respectively, before with Ys = 7].

Insert Figure 3A: constant intensities: spread for a fixed maturity H when Y3 > H

Insert Figure 3B: constant intensities: spread for a fixed maturity H when Y < H

In the first case the spread is decreasing in time, and takes the value r; = 0.01
at maturity; in the second case it features a jump at time to default of firm 2,
and is constant at ri = 0.05 afterwards.

ii) If r§ = r1 + ro, the two possible values of the long term spread coincide. The
joint survivor function becomes:

S (y1,y2) = [L+72 (g1 —yo)] e 20 for g >y,

11



and the prices of bonds issued by firm 1 are given by:

By (t,h) = [L+4roh]le " F2R if firm 2 is still alive at ¢,
By (t,h, k) = e Tl if firm 2 defaulted at t — k.

The marginal survivor function of y; becomes:

T —T] T9

e~ (r1+r2)y1 +

——— 76_T)1ky1
T+ 1o — 77 T+ 1o — 717

Si(y1) =

Y

which is a mixture of two exponential distributions, with parameters r| + o
and r7; they correspond to the intensity of min (Y7,Y2) and to the intensity of
Y7 given Yo =y, Y7 > vy, respectively.

The conditional hazard function of Y; given Y5 = y9 is given by:

T3

A =r
1(v1 | y2) 1T2€,(r1+r27r§)(yzfy1) + rl-:;’?—r; (1— ef(r1+rzfr§)(y2*y1))v
if y1 < yo, and:
My [ y2) =17,

if y1 > ya.

Contrary to a natural belief the conditional hazard function A (y1 | y2) is not
a stepwise function: A1 (y1 | y2) = My, <y, +A1Ly, >y, , say, when the underlying
intensities are constant. This type of condition has been introduced for instance
in Jarrow, Yu (2001), Section I. The stepwise condition on the conditional haz-
ard function is satisfied if and only if ro = 3. This condition is a noncausality
condition from Y7 to Ya [see Florens, Fougere (1996)]. The term structures of
the corporate bonds have been studied analytically by Jarrow, Yu (2001) in this
special case only [see the discussion in Section 2.3; see also Bielecki, Rutkowski
(2002), Chapter 10, and Yu (2003).].

Example 2: Model with proportional hazard

Let us consider the extension of Example 1 characterized by the following in-
tensities:

A(t) = rio(t), Az (t) = r2X0(2)
Vl(tvt_k) = TT/\O (t>7 Y2 (tvt—k) :T;AO(O;

where )\ is a positive function. Thus all intensities are proportional to a same
baseline hazard function. In particular, the intensities can depend on the default
occurrence of the other firm, but the intensities v; and -, are independent of the
date of default of the other firm. In fact this model is equivalent to the model
of Example 1 after applying an appropriate time deformation. More precisely it
is easily checked that the transformed variables Ag (Y1), Ag (Y2) admit constant
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intensities. The survivor function is deduced from the survivor function of
Example 1 by replacing y; by Ag(y;), ¢ = 1,2. For instance if r] # r1 + ra, we
get:

S (y1,92) = LTT*G*(HJrTz)AO(yl)+T72*6*TTAO(H1)e*(TlJrTz*TT)AO(yZ),
r1+re—r] ri+re—r]
for y1 > y2, and:
Bi(t,h) = Lr_l*e—(rﬁ-rz)[Ao(t+h)—Ao(t)] n %G—TT[AD(HM_/\O@)L
r1+re—r] ri+reo—r]
if firm 2 is still alive at ¢,
By (t,h,k) = e iRt =AoO] if firm 2 defaulted at t — k.

The price of the zero-coupon bond now depends on both date ¢ and residual ma-
turity h, contrary to the special case described in Example 1. Moreover the price
specification is semi-nonparametric, with functional parameter Ag and scalar
parameters 71, 72,77, 75. In particular, by appropriate choices of the time trans-
formation, we can reproduce the spread patterns observed in practice, which are
typically hump-shaped. We provide in Figure 4, Panel A, the term structure
associated with firm 1 at time ¢ = 1, when both firms are still alive, for the
parameters r; = 0.01,7, = 0.02, a baseline hazard Ao (t) = 1/ (1 +1)*?, and
different values of r7.

Insert Figure 4A: proportional hazard: term structure when both firms are still alive

The pattern of the term structure is affected both by the jump in the intensity
according to the situation of firm 2 and by the shape of the baseline hazard Aq.
For our parameter choice the latter is decreasing, and when r} is sufficiently
larger than 71, the term structure is hump-shaped. The hump arises when the
jump of the intensity is sufficiently large compared to the decreasing effect of
the baseline hazard function. Of course there exist other ways for creating such
a hump, for instance by selecting a baseline hazard with hump. In Panel B we
provide the term structure associated with firm 1 at time ¢ = 1 when firm 2
defaulted earlier.

Insert Figure 4B: proportional hazard: term structure when firm 2 defaulted earlier

It is decreasing since the baseline hazard function A is. Finally, the short term
spreads for firm 1 are reported in Panels C and D, when firm 2 defaults after
firm 1 [Y2 > V3], and when firm 2 defaults before firm 1 [Y; = 7, Y2 = 4],
respectively.

Insert Figure 4C: proportional hazard: short term spread when Y5 > Y

Insert Figure 4D: proportional hazard: short term spread when Y> < Y3

In the second case the short term spread features a jump at the time firm 2
defaults.
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Example 3: Flat term structures

The term structures are flat when both firms are still alive, if:
Bi(t, h) =exp[-Ai(t)h],  Ba(t.h) =exp[—A2(t)h].

The corporate interest rate spreads r;(t,h) = X; (t), ¢ = 1,2, are independent
of the maturity h, but they can depend on date t. From (14), (15) the joint
survivor function becomes:

S (y1,12) = exp [=A1(y2) (y1 — y2) — A1 (y2) — A2 (y2)], if y1 > yo,
and:
S(y1,y2) = exp [~ Aa(y1) (y2 —v1) — A1 (y1) — A2 (y1)], if y1 < v

The short term spreads A; (t), A2 (t) cannot be chosen arbitrarily [see Appendix
3]:

Proposition 7 The joint survivor function is well-defined if and only if:

0 < A<y o,
0 < d)\2(t)§)\1(t))\2(t).

dt

Thus the intensities A\; and Ay have to be increasing functions and their rate
of increase cannot be too large. The condition for the joint survivor function
to be well-defined is essentially:

A = Sy +dy,y2 +dy2) — S (y1,y2 +dy2) — S (y1 +dyr,y2) + S (y1,92) > 0,
vy17y2a dyla dy2

Since A is the price of a credit derivative paying 1, if y; < Y7 < y1 + dy; and
Y2 < Yo < ya+dys (when the interest rate is zero), this condition is necessary for
the absence of arbitrage opportunity among credit derivatives. This condition
can be compared to the necessary condition on the long run riskfree interest rate
implied by no arbitrage [El Karoui, Frachot, Geman (1998)]. Indeed the long
run riskfree interest rate has to be an increasing function of time. Since A;(¢)
is in particular the corporate long run interest rate, when the term structure is
flat, it is not surprising to get the same type of conditions [d);/dt > 0], even
for credit risky interest rates.

The intensity restrictions given in Proposition 7 are rather strong. Let us
assume for instance that firm 1 is AAA with a constant intensity Ai(t) = Aq,
close to zero. The set of restrictions reduces to 0 < dlog\o(t)/dt < A1, Vi,
which limits the time dependence of As.

Let us now derive the intensities when one firm has defaulted. We have [see
Appendix 3]:

aS !

5 192) = 5 (,92) (N2 (1~ 92) + M)
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and thus:

o oS AL(t— k)
tt—k)=—— |log——| (t,t — k) =\ (t — k) — — L .
m ) oy [Og 5yz]( ) =M (E=h) M (= Kk + Xo(t — k)

When the time to default ¢ — &k of firm 2 is given, the intensity v, is an increas-
ing function of k. The intensity takes value Ay (t — k) just before default of firm
2, value A\ (t — k) — )\,l(t — k)/A2(t — k) just after default of firm 2, and value
A1 (t — k) when k is infinite. In particular the conditions of Proposition 7 en-
sure the positivity of intensity v;, and imply that the intensity jump at default
time is necessarily nonpositive, which correspond to negative default correla-
tion. The term structures when both firms are still alive are flat since the effect
of increasing default intensity and negative default correlation exactly compen-
sate. Finally, the asymptotic behaviour corresponds to an intensity reverting
phenomenon: the shock due to default of firm 2 has no persistent effect.

From Corollary 6 we deduce the term structure of firm 1 when the second
firm has defaulted at time ¢ — k [see Appendix 3]:

By (t,h, k) = exp (—h [)\1 (t—k)— %log (1 + 0 —21)5:2(15 - k)h)D .

As an illustration we provide the term structures and the short term spreads
when the intensities \; are given by X;(t) = r; exp (8,t), with r; = 0.01, 7o =
0.05, 8, = 0.05, 85 = 0.01. In Figure 5, Panel A, we report the term structure
of firm 1 at time ¢ = 4 when both firms are still alive. This term structure is
flat by assumption.

Insert Figure 5A: flat term structures: term structure when both firms are still alive

The term structure of firm 1 at date ¢ = 5 when the second firm has defaulted
at the previous date t — k = 4 is provided in Panel B.

Insert Figure 5B: flat term structures: term structure when firm 2 defaulted earlier

This term structure is increasing, and features a lower level compared to Panel
A. Finally the short term spreads of firm 1 are reported in Panel C and Panel
D, when the second firm defaults after, respectively before, t = 10.

Insert Figure 5C: flat term structures: short term spread when Yy > 10

Insert Figure 5D: flat term structures: short term spread when Y5 < 10

In the second case, the short term spread of firm 1 features a negative jump
at the date of default of the second firm [Y3 = 4], and increases afterwards,
reaching the pre-jump level asymptotically.
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2.5 Credit derivatives
2.5.1 First-to-default basket

The values of the survivor function S (y1,y2) can be considered as prices of
derivatives jointly written on both times to default. Let us assume y; > ys;
then the derivative pays 1$ at date y; if Y1 > y; and Y3 > yo. In particular
when y; = yo we get a first-to-default basket.

Let us first study the first-to-default term structure. The price at time ¢ of
a first-to-default basket with residual maturity h is given by [see (13)]:

C(t,h) = PYi>t+hYa>t+h|Y1>1tY2 >

S (t+4h,t+h) trh
= ——— 2 —exp— A1 (u) + Ao (u)] du
i b= [ ) de )
From Corollary 5 the first-to-default term structure is implied by the two mar-
ginal term structures of the firms computed when the two firms are alive. In
particular the instantaneous interest rate associated with the first-to-default
basket is:

1
Tc(t) = ilLlLI%)iE log C (t, h) =)\ (t) + A2 (t) .

Thus this instantaneous interest rate is the sum of the instantaneous rates cor-
responding to both firms [see also Duffie (1998)]. This result is a consequence of
an instantaneous independence between failures’ occurrences. Indeed between ¢
and t + dt, the default probabilities are:

PIY, <t+dt,Ya<t+dt|Yi>t,Yy>1t] = ol(dt),

PIY; >t+dt, Yo <t+dt | Yy >, Yy >t = M(t)dt+o(dt),
PIY, <t+dt,Yo>t+dt | Yy >t,Yy >t = M\(t)dt+o(dt),
Py ]

>t +dt, Y2>t+dt‘Y1>t Yo>t] = 1*)\1(t)dt*>\2(t)dt+0(dt).

These conditions are equivalent to:

Py <t+dt,Yo<t+dt| Yy >t,Ys >t = M(E)A(t) (dt)? + o (dt),
PIYi>t+dt,Yoa<t+dt|Yi>tYa>1 = [L—M\()dt]|\a(t)dt+o(dt),
PIYi<t+dt,Ya>t+dt|Vi>tYs>1 = [17A2(t)dt]>\1()dt+o(dt)
PIYy >t+dt,Ya>t+dt| Y, >t,Ys > ] )dt]

where the first components of the right hand side feature the independence

property’.
As an illustration, we provide below the term structure of the first-to-default

basket for the examples considered in section 2.4.

Example 2 (continued):

"The default occurrences are independent at first order in dt. However dependence at
second order in dt is introduced by default correlation, see equation (10).
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For a model with proportional hazard: S (¢,t) = exp[— (r1 + r2) Ag(t)], and the
term structure is given by ro(¢,h) = (r1 +r2) [Ao(t + k) — Ag(t)] /h, whereas
the first-to-default intensity is rc(t) = (r1 4 r2) Ao(t). Therefore this intensity
is also proportional to the baseline intensity.

Example 3 (continued):

For flat term structures we get: S (¢,t) = exp [—A1(t) — A(¢)]; the term struc-
ture of first-to-default prices is given by: ro(t,h) = [A1(t+h) — A1(¢)] /h +
[Az(t + h) — Aa(2)] /D

2.5.2 Pricing interpretation of the joint survivor function

The interpretation in terms of first-to-default basket can be used to understand
the expression of the survivor function in the general framework given in Propo-
sition 3. Indeed let us assume y; > ys; then:

HY1>y1,Y2>y2 = ]IY1>y1,Y2>y1 + HY1>y1Hy2<Y2<y1- (19)

The first term in the RHS of equation (19) is the payoff of a first-to-default
basket with maturity y;. Its current price is given by exp [—A1(y1) — A2(y1)].
Therefore the price of the digital option paying 1$ at date g; if Y7 > y; and
y2 < Yz < g1 [the second term in the RHS of equation (19)] must be equal to:

1

/ " e () e~ M ) =Da(0) =T (3. gy

Y2

_ /yl e Tama) 22 W) (), (e tin-nxigy,
v AL (y) + Az (y)

This decomposition is easily understood since®:

D) [HY1>y1]Iy2<Y2<y1]

[E [Ty, >y Iy >y, | min (Y1, Y2) = 9] Ly, <min(va,va) <u1 )
[P]Y] > y1 | min (Y7,Y2) = 9,Y7 > Y5

[Y1 > Y5 | min (Y, Y2) = 9] L, <min(vi,va) <u: )

[PY1 >y | Ya=y, Y1 >y|P[Y1 > Ys | min (Y7,Y2) =y

Ly, <min(¥1,Y2)<y1 ] »

E
= FE
P
E

and:
PYi>y |[Ya=yY1>y] = exp-T1(y1,9),

P[Y; > Yy | min(Y;,Y2)=y] = #@;2@)’

whereas the density of the min (Y3, Y2) is [A; () + Az (y)] e M1 (@) —A2(y)

8Note that the interpretation below provides a proof of Proposition 3.
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2.6 Extension to an arbitrary number of firms.

The previous results can be extended to an arbitrary number N of firms. Let
us denote by Y7,Ys, ..., Yy the times to default, and by S (y1, ..., yn) their joint
survivor function. Again we have to condition on past default occurrences of
the firms. For instance, the price at time t of a zero coupon bond of firm 1
with residual maturity h when firms 1 to m are still alive and firms m+1,...,n
defaulted at t — k41, ..., t — Ky, respectively, is given by:

By (t, hy kg ey ki)
= E []IY1>t+h | Yl > t, ,Ym > t, Ym+1 =1— km+1, ,Yn =1— kn]

gln—m)
B mS(t—Fh,t,...,t,t—]{Im+1,...,t—k‘n) (20)
- (n—m) :

m&’ (t,t, vy byt — km+1a vyt — kn)

The corresponding default intensities are given by:

vy (Gt — kg1, oyt — ki)
1
== lim d_P [Yl <t+ dt | Y1 > t7 7Ym > t, Ym+1 =t— km+17 7Yn =t— kn]

dt—0 dt
1— By (t,dt, kp1,.or kn
= lim 1 (bt K ). (21)
dt—0 dt

3 Heterogeneity, jumps in spreads and default
correlation

This section considers corporate bond pricing in factor models. In the first
subsection the underlying factors are time independent. We first consider a
model where the times to default depend on a single static factor, which allows
to study in detail a default correlation represented by an Archimedean copula
[see e.g. Genest, McKay (1986)]. The model is then extended to incorporate
idiosyncratic static factors. We discuss the associated copula which extends the
Archimedean copula and the associated corporate term structures. The second
subsection considers dynamic factor models. We focus on the dependence of
intensities, jumps in intensities and default correlations with respect to the
selected information set.

The factor models are especially useful for homogeneous portfolios. For
this reason we assume in this section the homogeneity condition, that is the
symmetry of the joint distribution of times to default?.

9Also called equidependence in the literature [see e.g. Frey, Mc Neil (2001), Gouriéroux,
Monfort (2002)].
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3.1 Static factor models.

3.1.1 A model with a common unobservable risk factor

i) Term structures

Let us assume that times to default Y7 and Y5 are independent conditionally to
a positive factor Z, and follow exponential distributions v (1, Z) with constant
intensity Z. By integrating factor Z, the joint survivor function of durations Y7,
Y, is given by:

Sy, 2)=E {e*(ylﬂm)z} = V(y1 + y2),

where ¥ = exp — denotes the Laplace transform of factor Z ' and is cross-
differentiable on the diagonal. This specification corresponds to the so-called
Multivariate Mixed Proportional Hazard (MMPH) model [see e.g. Van den
Berg (1997), (2001)], and to an Archimedean copula to characterize nonlinear
dependence!!. The factor Z can be seen as an unobserved heterogeneity factor
with identical effects on corporate default intensities. This factor is independent
of time.

Let us derive the term structure of corporate bonds [see Gouriéroux, Monfort
(2003)]. From equations (3), (4) we get:

Bi(t,h) = % Bi(t, k) = % (22)

From (8), (9) the intensities are given by:
M) = g =), (23)
vt —k) = %_wmk)%. (24)

Note that the intensities are positive, since the Laplace transform of the hetero-
geneity distribution is necessarily decreasing, convex. The formulas above are
easily interpreted. Indeed:

Bl(t,h) = E[P(Y1>t+h|yl>t,Y2>t,Z>|Y1>t,Y2>ﬂ
= FElexp(—hZ)| Y1 >t Yy > 1], (25)

0that is ¥(y) = E[exp(—yZ)]. Since Z is positive, the Laplace transform is defined for
any nonnegative argument y and characterizes the distribution of Z.

Tndeed the survivor copula of this distribution [see e.g.  Clayton (1978), Oakes
(1982), Genest, McKay (1986), Joe (1997), Gagliardini, Gouriéroux (2002)] is: C(u,v) =

S [Sl_l(u), S;l(v)] , where S1, S2 are the marginal survivor functions. Thus we get: C(u,v) =

W [U~1(u) + ¥~1(v)], that is an Archimedean copula.
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due to the lack of memory property of the exponential distribution, and simi-
larly:
Bi(t,h,k) = FElexp(=hZ) | Y1 > t, Yo =1t — K]. (26)

Thus the term structure coincides with the Laplace transform of the factor Z
conditionally to the available information I;. Similar interpretations can be
derived for default intensities. We get:

0B (t,h
Aﬂt):-M —E[Z|Y1>tY,>1], (27)
oh h—0
and similarly:
Nt t—k)=E[Z|Y1>tYy=t—k]; (28)

thus the intensity is the expectation of factor Z given the available information
I t 12 .

The interpretation of the term structure and intensities as conditional ex-
pectations with respect to the distribution of the factor Z given the available
information I; explains the patterns and the time evolution of the term struc-
ture and of the default intensities of a firm. For instance, since the zero-coupon
prices coincide with values of a Laplace transform of a positive variable, the term
structures of zero-coupon prices are decreasing, convex functions of h tending
to zero in the long run. The rate of decay to zero depends on the heterogeneity
distribution. The more concentrated the initial heterogeneity distribution, the
smaller the rate of decay. Moreover, when time increases we get more informa-
tion about default histories of both firms and we update our initial belief about
the heterogeneity factor. As a consequence the distribution of factor Z is more
concentrated, when t increases, at the lower bound of its support. In the long
run the term structures of interest rates become flat, and tends to the lower
bound of the support of the heterogeneity distribution. More precisely, we have
the following Proposition [see Appendix 4].

Proposition 8 Let times to default Y1,Ys follow a MMPH model with hetero-
geneity factor Z, and let z; > 0 be the lower bound in the support of Z. Then:

i) the term structures h — —+ log By (t, h), —+ log By (t, h, k) are decreasing;
1) the long term spreads are equal to z1, independent of time;

iti) for any term h > 0, the spreads —+ log By (t, h), —3 log Bi(t, h, k) are de-
creasing functions of time t, and converge to z; when t — oo.

In particular, as time increases, the discontinuity in the term structure of
firm 1 when firm 2 defaults becomes smaller. Asymptotically the default of firm
2 has no effect on the term structure of firm 1.

12Equations (27) and (28) correspond in this framework to the general formulas for the
transformation of intensities under change of filtration in a point process [see e.g. Bremaud
(1981), chapter II, Theorem 14, page 32].
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In fact it is possible to say more on the term structure of the heterogene-
ity distribution [see Gouriéroux, Monfort (2003), Schonbucher (2003)]. Let us
denote by ¥, (y) [resp. ¥ x(y)] the Laplace transform of the distribution of Z
given Y7 > ¢,Y5 > ¢ [resp. Y1 > t, Yo =t — k]. From (22), (25), (26) we get:

(2t + h)
U (2t)

W' (2t +h—k)

Wy (h) = EACEDE

U, k(h) =

Example 4: Discrete heterogeneity distribution

For an heterogeneity factor Z with discrete distribution:

s Bt with prob. 7,
" | 29, with prob. 1—m,

where z1 < 29, the Laplace transform is given by:

U (y) =mexp(—z1y) + (1 — m) exp (—22y) ,

and the intensities of firm 1 are:

1 177re—2tAz

s
>\1 (t) = A 1+ 1*7”6—215Az + 221 + 1*7776—27&Az7

when both firms are still alive,

1+ 1*771' (2_2)2 67(2t7k)Az

Z1

71 (t’ t— k) £1 14 1=m 22— (2t-k)Az
™ Z1

when firm 2 defaulted at ¢t — k,

where Az = z9 — 23 > 0. Intensity A; is a weighted average of the two ba-
sic intensities z1, zo, with time varying weights. As time ¢ increases and both
firms are still alive, intensity A\; decreases at a geometric rate and converges
to the smallest value z; in the heterogeneity distribution. Similarly, intensity
1 (t,t — k) is decreasing in time ¢ (for given date of the default of firm 2) to
the same limiting value z1, but at a lower decay rate. The term structures of
firm 1 are given by:

1—7 —(2t+h)Az
721h1+ T €

Bi(t,h) = e T ey e when both firms are still alive,

1+ 1—7 Qef(QtJrhfk)Az

Bi(t,h,k) = e =t — T—;lgg G when firm 2 defaulted at t — k.
— e_ -
™ z21

These term structures are decreasing, with a long term spread equal to z;
and independent of ¢t. Moreover, as time ¢ increases, the short term spreads
A1(t), v, (¢,t — k) decrease, and the term structures become flatter, approach-
ing the level z;. These features of the term structures are explained by a greater
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concentration of the conditional heterogeneity distribution at the smallest value
z1 when time increases. For instance we get:

1
P [Z =z | It} W, when both firms are still alive at t,
1
= 1 n 1;”2—?6721%2’ when firm 2 defaulted at ¢t — k,

and this probability increases to one with time.
Example 5: Heterogeneity with gamma distribution

When the heterogeneity factor Z follows a gamma distribution with parameter

v
1

U (y) = aTro”

the Archimedean copula characterizing the dependence between times to default
reduces to a Clayton copula [see Clayton (1978), Oakes (1982)]. Note that the
gamma distribution is continuous in (0, c0); in particular the lower bound of its
support is zero. Thus there is a non-zero probability for the firms to be almost
without default. The intensities are given by:

v
M) = ——
1®) 142t
v+1
tt—k) = ———
71(7 ) 1+2t—]{,’,
and the term structures are:
1 v h
t,h) = —=logB =-1 14+ —
r(t:h) j, 108 Bi(t. h) h0g< +1+2z&)’
1 v+1 h
= ——logB =—1 14— ).
r1(t, h, k) hog 1(t, h, k) > og( +1+2t—k>

These term structures are decreasing, and converge to a zero long term spread.
Moreover, as time t increases, the short term spreads decrease, and the term
structures become flatter, converging to 0.

It is also interesting to discuss the discontinuity of the intensity of firm 1
when the second firm defaults.

Proposition 9 The jump in the intensity is given by:

' (2t)  V[Z|Yi>tYs >t

yl(t,t*)fx\l(t):*w/(%) T E[Z|Yi>tYs > 1]
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Thus the jump is nonnegative; in particular it is zero if and only if the
factor Z is constant, that is in the homogeneous case. This increase in the
short rate spread of firm 1 when the second firm defaults corresponds to the
positive default correlation induced by the common factor Z. Moreover, the
size of the jump at time ¢ is related to the dispersion of factor Z conditionally
to Y7 > t,Yy >t 13 14 Finally note that the knowledge of the jump magnitude
for any t is equivalent to the knowledge of v up to a multiplicative factor, that
is to the knowledge of the copula.

Example 5 (continued): For gamma heterogeneity the amplitude of the jump
in intensity is given by:

1

NE) = Mlt) =

and the relative amplitude is constant, equal to 1/v. More generally, default of
firm 2 has a multiplicative effect on the term structure of firm 1: 71 (¢, h,0") =
(1+1/v)ri(t, h).

ii) First-to-default basket

The first-to-default term structure is given by:

U (2t + 2h)

C(tv h) = T, (Qt) ,

and is deduced from the term structure Bj (¢, h) of the underlying corporate
bonds by a simple change of time unit: h — 2h.

iii) Extension to an arbitrary number of firms

The basic model is easily extended to an arbitrary number of firms [see section
2.6]. The joint survivor function becomes:

VU (y1,92,yn) =V (y1 +y2 + ... +yn). (29)

The expressions of prices of zero-coupon bonds are [see (20)]:

Bi(t, hy kg1, oo ki) = -
R e S Y S S—— s
whereas the intensity is:
W=D (Nt — Ky — . — k)
t,t—kmat,...,t —ky) =— .
Y1 (8 +1 N) P (N—m) (Nt — kg1 — .. — kn)

13 The dispersion of factor Z is also related to the strength of positive nonlinear dependence
between times to default Y7, Y2 [see e.g. Gagliardini, Gouriéroux (2002)].

M Proposition 9 is also a consequence of the general result proved in Appendix 2 ii) and is
deduced by taking Z = Z, A\j(t) = A5(t) = Z.
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Thus the term structures depend on defaulted firms by their number N —m
and their average date of default k, say:

y(N—m) (Nt +h—(N—-—m) E)
YN=m) (Nt — (N —m)k)
y(N—m) (Zfil min (Yza t) + h)
= (2, min (1;,0))

YWN=m+D) (Nt — (N —m) k)
U= (Nt — (N —m) k)

N (S min (%)
wV=m) (L min (¥;,0))

Bl(tvhakm+17"'7kN) =

This possibility of aggregating the times to default is a direct consequence of
the equidependence assumption.

Example 5 (continued): For an heterogeneity factor following a gamma
distribution with parameter v, the default intensity is given by:

v+ N-—-m+1
tkmat, .o ky) = ——m——,
Y1 ( +1 N) Nt— (N —m)k
and the term structures are:
v+ N—m h
r(t, h, k yosky) = ———log |1+ ————— .
18y B, o o) h g( Nt—(N—m)k)

These term structures are decreasing, and converge in the long run to zero.
Note that such a situation is observed in practice. A typical example is default
behaviour of firms with a low rating CCC, say, at a given date. The class
CCC is often very heterogeneous including some good risks which have not
been detected. After a large term h the firms from this class which are still
alive correspond in fact to firms with a small default probability [see e.g. Carty
(1997), Foulcher, Gouriéroux, Tiomo (2003)]. This change of default probability
is due to the positive effect of the no default observed for the firm between ¢
and t + h.

Furthermore, at each date of default of a firm, there is a multiplicative effect
on the term structure, which increases at all terms, and afterwards converges to
zero at a smaller rate. More precisely the jump of order N — m has a relative
effect on the intensity given by: (v + N —m + 1)_1 . It depends on the num-
ber N —m of defaulted firms only, not on times to default, and decreases with
N — m. Note finally that this jump in intensities arise for all remaining firms
simultaneously. The positive default correlation implies a correlation between
the jumps in intensity.
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iv) j"-to-default basket

It is also interesting to extend the result on credit derivatives to first-, second-,
third-to-default baskets. Indeed let us denote Y{(1) < Y{2) < ... < ¥(, the times
to default ranked in increasing order and Dy = Y(y), D2 = Y{2) — Y{(1), ..., Dn =
Y(n) — Y(n—1) the interdefault durations. Di, Do, ..., Dn are independent con-
ditional on Z, with exponential distributions v (1, NZ), v(1,(N —-1)Z2), ..,
v (1, Z), respectively. In particular their conditional survivor function is:

P[Dl >dy,....,Dny > dn | Z] = eprz[Ndl + (N* 1)d2 + ... +dN].
At date t = 0 the joint survivor function of Dy, ..., Dy is:
Sq(d1y....dn) =Y [Ndy + (N —1)da + ... + dn]. (30)

Example 6: Second-to-default basket

A second-to-default basket with residual maturity h pays 1% if the second default
occurs after ¢ + h. Its price at time ¢ is given by:

Co(t,h) =P [Yo) > t+h| L].

Different cases can be distinguished according to default histories of the firms
at time ¢.
i) The price is zero if the second default occurred before t.

ii) If only the first default occurred before ¢, at time ¢ — k, say, the price is given
by:

Co (t,h) = P[Y(g)>t+h|Y(1)=t—k]
= P[Dy>k+h|D =t—k|
954 (t — k, k + 1,0, ..., 0)

954 (t — k,0,0,...,0)

VINE-F)+(N-1)(k+h)
V[N (t = k)] '

iii) Finally, if no default occurred before date ¢, the price is given by:

Cy(t,h) = P[Yo >t+h|Yqy) >t
P[Dy >t,D1+ Dy >t+h]
P[D; > ]
_ P[Dy>t+h] Plt<Dy <t+h,Di+ Dy>t+h]
P[D1>t] P[D1>t] ’

By using the conditional independence of Dy, Dy given Z we have [see Appendix
6]:

Plt<Dy<t+hDi+Dy>t+h|=N{U[(N-1)(E+h)+t]—-T[N{E+h)]}.
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Thus:

NU[(N-=1)(t+h)+t]— (N —=1)U[N (t+h)
U (Nt) ’

Cy (t,h) = (31)

when no default occurs before ¢.

3.1.2 Models with common and idiosyncratic unobservable risk fac-
tors

The results above can be directly extended to distinguish between common and
idiosyncratic factors.

i) The factor model

Let Z,Z,...,Zn denote N + 1 mutually independent factors. Let us assume
that, conditionally to factors Z, Z1, ..., Zn, the times to default Y;, i = 1,..., N,
are independent, and follow exponential distributions with parameters \;, i =
1,...,N, given by:

N=2Z+Z, i=1,..N.

b

The factors Z and Zy, ..., Zn are interpreted as common and firm specific factors,
respectively, which are constant through time, and affect default intensities of
the firms. Default correlation is originated from the common factor Z.

Let us denote by ¥. = exp (—v,.) and ¥ = exp (—1) the real Laplace trans-
forms of factors Z and Z;, ¢ = 1, ..., N, respectively. The joint survivor function
of times to default Y7, ..., Yy becomes:

S(y1y.syn) = Fexp[—(Z+Z1)y1— ... — (Z+ ZNn) yN]

N
= FEexp[-Z (1 + .. +yn)] HEexp (—Ziyi)
N i=1
= Y. (y1+~~+yN)H‘I’(yi)- (32)
=1

The nonlinear dependence can be summarized by the associated N-variate sur-
vivor copula. The times to default admit identical marginal distributions with
survivor functions: S; (y;) = ¥, (y;) ¥ (y;). Thus the survivor copula is:

N

[Town) @], 63

=1

C(ul, ...,UN) = \I/(;

N
Z (UeW) ™ (u)

and provides a natural extension of the Archimedean copula of Section 3.1.1.

ii) The term structures
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Let us derive the term structures for N = 3 firms. From (32) we deduce [see
Appendix 5]:

S(t+ht,t) We(3t+h)U(t+h)

Bi(t,h) = Sttt U.(BH)w(E)
W (Bt h— ky) W (- h) W (3 h— ks) £ (k)
By (t,h,ks) = U, (3t — k3) U (£) W, (3t —k3) +0 (t —ks)

Do (3t +h— ks —ks) U (£ + )
e (3t — ko — k3) W (1)

Ao Bt =k —ke) =0 (¢~ ) ¥ (t— hs)
(3 b — k) [ (3t + b — kg) = (= ko) =0 (£ — k)| }
Ao Btk = k) = (= k)0 (¢~ ko)

(3t k) [0 (3t — k)~ (k) (- k)] )

Bl (tvha k27k3) =

The associated intensities are:

0B h / /
i = -2y ).
. OBitbhks)| . Fon b (3t — k)
)\1 (tvt k3) - Oh o - wc (St kS) +¢ (t) wlc (3t - ]C3) +¢/ (t - k3)7
N N R UL L G T SRR
h=0

= {¢c (8t — ko — k) — ) (t— ko) ¥ (t— ky)

(31— k) [ (31— k)~ (= ko)~ (1~ k)] }
v (3t — ke — k)

e (3t — ko) [20 (3t — ko) =¥ (¢ ko) =¥ (¢ — k)] }

As expected the intensity jump involves the common component V., but not the
idiosyncratic component v . Contrary to Section 3.1.1 iii) the effect of previous
default can no longer be summarized by the sum ks + k3.

iii) First-to-default

The first-to-default term structure is given by:

U, (Nt + Nh) U (t + b)Y

O k) = = Ny )~

(34)
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The associated term structure of interest rates is:

1. U.(Nt+Nh) N, U(t+h)
ron (t,h) = . log v, (VD) . log OB (35)

whereas the first-to-default intensity is:

row (1) = N [, (V) +4 (1)) (36)

The latter formula illustrates the effect of the portfolio size. If the times to

default are independent r¢ n (t) = N n (t), and the intensity is a linear function
of the size. Otherwise the default correlation effect is not negligible w.r.t. the
idiosyncratic effect.

Example 4 (continued): When the common heterogeneity factor takes two
values z1 < 29, we get:

Jim v (VE) = =1,

and for large portfolio size:
ron(t) =N {zl + w' (t)} .

Example 5 (continued): For a gamma common heterogeneity factor: ¥ .(y) =
1/ (1 +1y)", the intensity becomes:

B vN
14+ Nt

ron (1) + N (t);

the effect of default correlation vanishes for large size portfolios.

3.2 Dynamic factor models and information sets

The factor models can easily be extended to include time varying factors. The
aim of this section is to point out the importance of the information set, already
mentioned in the theoretical literature [see e.g. Elliot, Jeanblanc, Yor (2000),
Rutkowski (1999), Schonbucher, Schubert (2001)]. Indeed the intensities, inten-
sity jumps, term structures and default correlations depend heavily on this set.
The time varying factor is denoted by Z;, t € R*. The information set including
the current and lagged factor values at time ¢ is denoted by Z;. In particular
Z = Z is generated by the past, current and future values of the factor.
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3.2.1 Complete information on the factor process and default his-
tory.

If the factor trajectory is entirely known by the investors, the results of Section
2 can be applied conditionally to Z. With clear notation, we get:

S(t+ht|Z
Bi(th) = P[Y1>t+hY1>t,Y2>t,Z]_Eg(+|Z|)_),
Bi(t,h, k PlYi>t+h|Yi>tYo=1t—k Z by (LDt k| 2)
! 5 1ly = >1+ > ) =l—= R, 4] = )
1(t h, k) Y1 R 2 ] T K| 2)
1 1
ri(t,h) = ~ log By (t, h), ri(t, h, k) = ~% log By (t, h, k),
. OB: (¢, h) OB: (¢, h, k)
A = -2 yit—k) = - — =] .
! 8}7‘ h=0 ! 8}7‘ h=0

There is a jump in the intensities (conditionally to Z), if and only if the infini-
tesimal default occurrences are correlated (conditionally to Z):

Yi(E17) = AL(t) #0

. 1
A ¢11tlino @COU Micv, <ttdes Lecvoctrar | Y1 > 1, Y2 > 8, Z] # 0.

Thus both intensities and default correlations are computed from the same in-
formation set Z.

Example 6: Let us consider the static factor model introduced in Section
3.1.1. The factor Z; = Z is time independent and Z = Z. Conditionally to Z,
the times to default are independent. We get no default correlation, whereas
A1(t) = vi(t,t — k) = Z, Vi, k, which implies no jump in intensities.

3.2.2 Information on default history only.

This framework has been considered in Section 2. We get:

S(t+h,t
Bi(t,h) = P[Y1>t+hY1>t,Y2>t,}:%,
25 (t+ h,t — k)
Bi(t,hk) = PYist+h|Vi>t,Yo=t—kl=220 "
a_m(tatfk)
where
S(y1,y2) = PY1>uy1,Ys > yo]
= EPYi>uy,Ys >y | Z]
= ES(yl,y2|Z)
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Therefore the term structure By (¢, h) can be easily related to the term structure
B;(t,h). We get:

S(t+ht) ES({t+ht|Z)

Bi(t,h) = S (t,t) - ES (t,t] 2)
= E Bf(t,h)% ' 7

Thus the term structure Bj(t, h) corresponding to the smallest information is
deduced from the term structure Bj (¢, h) corresponding to the largest informa-
tion by averaging with respect to a modified probability for Z. The change of
probability is S (¢t,t | Z) /E[S (t,t | Z)].
Similarly the term structure Bji(t, h, k) after default of firm 2 is also deduced
by averaging Bj (¢, h, k) with a modified probability. But the change of proba-
bility is now: g_yi (tt—k|Z)/E [g—yi (t,t—Fk | Z)} . The difference in the two
changes of probability is due to the difference in the information sets.

The intensities A1, A2,7y,7, are computed as in Section 2, and there is a
jump in the intensities if and only if the infinitesimal default occurrences are
correlated conditional to the default history:

Yt t7) = Aa(t) #0

— dltiglo %COU Wicyy <ttdt, lecvoctqar | Y1 > 1, Y2 > t] #0.
Example 6 (continued): When the static factor is integrated out we have
noted in Section 3.1.1 that there is a jump in the intensities, whenever Z is not
constant. Thus no jump and no default correlation exist when Z is observed,
whereas jump in intensities and default correlation are spuriously created when
the information diminishes and reduces to default history.

Example 7: In the firm value approach [Merton (1974)], two latent processes
are introduced Z}, Z2, say, and the times to default are defined by:

leinf{t:Ztl<0}, Ygzinf{t:Zt2<0}.

Z!, i = 1,2, is usually interpreted as the difference between firm’s asset values
and liabilities.

i) If the trajectories of (Z}),(Z2) are known, the times to default become
deterministic. The intensities can be infinite and there is no default correlation
(conditionally to Z).

il) Without the observations of firms’s assets and liabilities, the default of the
firm appears as imperfectly expected news, which creates the jump in intensities
and the impression of default correlation. This discussion shows that the usual
distinction done in the literature between structural and intensity (or reduced
form) models is rather misleading. Indeed any (multivariate) duration model
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can be characterized by means of intensity functions (possibly infinite) and is
automatically an intensity model. In fact the main difference is the information
set, which is generally larger, including latent quantitative processes, in the
so-called structural models.

Another remark is also important to understand the effect of information
on jump intensities and default correlation. It is known by covariance analysis
equation that:

Cov [licyy <ttdts li<vy<trar | Y1 > 1, Y2 > 1]
= CO’U (E []It<Y1<t+dt | Yl > t, 3/2 > t, Z] ,E [Ht<Y2<t+dt ‘ Yi > t, 1/2 > t,Z] | Y1 > t,YQ > t)
+E (Cov [licy, <trdt, Licvyctqar | Y1 > 1, Yo >, Z] | Y1 > 1,Yo > 1).

Thus the sign of default correlation can be completely modified by the choice
of the information set. Examples 6 and 7 are special cases in which the second
component of the RHS is equal to zero. The absence of default correlation at
the informed level does not imply the absence of default correlation at the less
informed level due to the first component in the RHS.

A similar remark can be done on the jump in intensities. Indeed we have:

Wl(tvti)_Alt
25(t,t| 2) S(tt]2)
— E * t t_ Byz _E * t ) =

_ E([Vf(t’t)_AI(t)] S0t 2)
o Bt S(t,t|2)
71(t7t ) (Eg—ysg(tvt|2) a B S(t,t|Z)

_ E(h*{(t,t_)—)\i(t)] %)

a8
(), W;S(t,t\@ St 2)
Eg(tt|2) ES(tt]Z)

+E

+Cov

; (38)

since the two probability changes have the same unitary mean. In Example 6
and 7, the first component of the RHS is zero, but the second component does
not vanish. In fact we have to take into account the different probability changes
involved in the expression of the intensities.
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3.2.3 Information on default and factor history

Let us finally consider the intermediate case where the information includes
default history and Z;. The same arguments as above will apply. We get:

Bi(t,h,Zy) = PYi>t+h|Y1>8Ys >t 2],
1
Mt Zy) = dltlm d—P[Y1<t+dt\Y1>tY2>t Zy],
1
vt t—k, Zy) = dltlglod—P[Y1<t+dt‘Y1>t,Y'2:t*k',é},

and so on, where the information introduced in the different expressions corre-
sponds to date t. The remarks on jump intensities and default correlation of
Section 2.2 remain valid after conditioning on Z;. Moreover it is easy to char-
acterize the jump in intensities in terms of default correlation [see Appendix 2

if)].

Proposition 10 If the default risks are diversifiable (that is Y1 and Ys are
independent conditional on Z) *°:

Cov [\j(1),\5(t —dt) | Y1 >, Yo >t —dt, Z
(0 2) = 2t 2) = i SO ) T2 L T 4]
dt—0 E[X5(t—dt) | Y1 > Yy >t —dt, Zy]

However some other results of Section 2 are no longer valid for dynamic
factors. This is typically the case of Proposition 3 and its associated Corollaries.
For instance the term structures of zero-coupon bonds computed when both
firms are still alive no longer provide the same information as the short term
spreads. To illustrate this point, let us note that:

Bi(t,h,Zy) = E[Bi(t,h)|Y1>t,Ys >, Z],
MN(t Zy) = P\i )| Y1 >t Yo >, Zt],
Bi(t,h,k,Z) = [B;‘thk|Y1>tY2_t—/~c@,
Nt Z) = E[tt) | Yi>tYs=t2].

The dynamic factor models introduced in the literature generally satisfy the
following assumption [see e.g. Lando (1998), Duffie, Singleton (1999), Duffie,
Garleanu (2001), Jarrow, Lando, Yu (2001), Gouriéroux, Monfort, Polimenis
(2003)].

Assumption A.2: For any ¢, (Y7 >t,Y5 > t) is independent of Z conditional
onZ;: WMi>t,Yo>t) LZ|Z.

15The diversifiability assumption is satisfied by several models proposed in the literature,
see e.g. Lando (1998), Duffie, Singleton (1999), Duffie, Garleanu (2001), Jarrow, Lando, Yu
(2001), Gouriéroux, Monfort, Polimenis (2003).
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Assumption A.2 is equivalent to:

P[Yl>t,Y2>t|Z]:P[Y1>t,Y2>t|é}

= o[- [ [ x| =8 (en[- [N - 0] 12).

It is satisfied if A7 (¢) and A5(t) are functions of Z;. Under Assumption A.2, we
get from Corollary 6:

Bi(t,h, Z;)

E[Bi(t.h) | Zi]

E [e—m(t+h>—At<t>]—[A;<t+h>—A3(t)]

t+h
+ / )\; (y) 6_[A1 (y)—AT (O] =[AT (y)—AT (#)]-T] (H’h—%y)dy ‘ é
t

)

which does not coincide with the expression of Corollary 6 after replacing the
intensities A\, v by A (.;é), ¥ (,é) .

Example 8: The model with common and idiosyncratic unobservable risk fac-
tors can be directly extended to the dynamic framework. Let us introduce
[Z1 ()], [Z=2(1)], [Z (t)], three independent factor processes, and assume that Y7,
Y, are independent conditionally to Z1, Z3, Z with conditional intensities:

M) =Z;t)+Z (), i=1,2.
The term structure of zero-coupon prices can be computed with different infor-

mation sets.
i) With complete information on factor processes, we get:

b

t+h t+h
B (t,h) = Bi(t,h,k)=exp l—/t Z1(s)ds —/t Z(s)ds

N0 = Ai(tt—k) =Z(0) + Z ().

ii) With partial information on all factor processes, we get:

Bl(tvha@a@aé) = Bl(ta h7k7@a@7é)
t+h t+h
= F exp—/ Zi(s)ds | Zy | E exp—/ Z(s)ds | Zi| ,
t i
Mt 2t Zor, Ze) = (6t 2w, Zow, Ze) = Za(t) + Z (1) -

The model admits no jump in intensity.
iii) With partial information on the common factor and no information on the
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idiosyncratic factors, we get:

Bt hZs) = E :expff:rh Zl(s)ds] .
s {exp—fot Zl(s)ds}

[ exp—fg Z1(s)ds 7
Eexp—f(;5 Zl(s)dsl TZ0.

t+h
exp—/ Z(s)ds | Z;
t

?

=

M, Z) = E|Zu(1)

The possible jump in intensities is given by [see Proposition 10]:

Y1687 Ze) = Mt Ze)
Cov [Z1(t) + Z(t), Zo(t) + Z(t) | Y1 > t,Y2 > t, Z4]
E[Zy(t)+ Z(t) | Y1 > t,Ys > t, Z4]
Cov [Z1(t), Za(t) | Y1 > t, Y2 > t, Z4]
E[Z:(t) | YA >t Yo > 8,2, + Z(t)
It is easily checked that the conditional distribution of [Z:(t), Z2(t)] given Y7 >

t,Ys > t, Z; is deduced from the risk neutral distribution of Z;(t), Z>(t) by the
change of density:

exp — fot Zy(s)ds exp— fot Zy(s)ds
Eexp— fot Z1(s)ds Eexp — fg Za(s)ds

Therefore Z31(t) and Z»(t) are also independent conditionally to ¥ > ¢, Y5 >
t, Zi, and there is no jump in the intensities. This independence is a consequence
of the additive decomposition of ] (¢) as Z1(t) + Z(t). The independence is no
longer satisfied if A] (t) = a(Z1(¢), Z(¢)) involves cross effects of common and
idiosyncratic factors.

iv) With the information on default histories only, we get:

Bith) — E :exp— g+h Zl(s)ds} E [exp -2 fot Z(s)ds — :*h Z(s)ds]
3 E [exp— fg Zl(S)dS} E {exp -2 f(f Z(S)d8:|
N = Bz exp — fot Z1(s)ds 2(t) exp —2 f(f Z(s)ds
Eexp— [y Z1(s)ds Eexp—2 [y Z(s)ds

In this case there is a jump in intensities:

) v 120)
R AL A0k

where @ is deduced from the risk neutral distribution of Z(t) by the change of
density:
t
exp —2 [, Z(s)ds
Eexp—2 fg Z(s)ds’
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and @3 is deduced from the risk neutral distribution of Z5(¢) by the change of
density:
t
exp — [y Za(s)ds
Eexp— fot Za(s)ds

Note that Assumption A.2 is not satisfied in the last two cases iii) and iv).

It is important to realize that the choice of the relevant information set
is not completely unambiguous. Indeed, even if the factors cannot be observed
directly, in affine models for instance they can be recovered from corporate bond
prices [see e.g. Duffie, Kan (1996), and Gouriéroux, Monfort, Polimenis (2003)],
with clear implications for the analysis of default correlation.

4 Concluding remarks

In this paper we provide different characterizations for the joint distribution
of corporate times to default with general dependence structure. We analyse
the implications of default correlation on the patterns of the term structures of
corporate bonds and credit derivatives.

A key feature is that the spread term structure of a firm generally admits
discontinuities at default dates of other firms. Similarly, the default intensity of
a firm features a jump at default dates of other firms. We discuss carefully the
links between intensity jumps and default correlation. Intensity jumps provide
an alternative measure of default correlation, with a clear financial interpreta-
tion.

Finally we emphasize the importance of the information set for the discussion
of default correlation. Indeed the sign and size of default correlation (or intensity
jumps) heavily depend on the selected information set. We point out that the
choice of the relevant information set is not completely unambiguous when the
unobservable factors can be recovered from corporate bond prices.

35



Appendix 1
Term structure of corporate bonds when one firm defaulted earlier

Let us consider the price at time ¢ of the zero-coupon bonds issued by firm
1. If firm 2 defaulted at the previous date t — k, the price at time ¢ of this bond
with residual maturity h is given by:

By (t,h,k) = P[Yi>t+h|Yi>tYs=1t—k]
PlYi>t+h|Ys=t—k]

PYy >t|Yy=1t—k
S fa [t =Ry [, Fyr,t — k)dy
I fn [ t=k)dyr [ f,t—k)dy
%(t—l—h,t—k;)

05 )
5o (Lt —F)

where f(y1 | y2) and f(y1,92) = 02S(y1,y2)/0y10y2 are the conditional density
of Y7 given Y3, and the joint density of Y7,Ys, respectively.
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Appendix 2
Default correlation and jumps in intensities

i) A general result

To prove the result, it is useful to introduce the associated counting processes
N1, Ny, where N;(t) =0, if Y; > t, N;(¢t) = 1, otherwise. Note that the process
increment dN;(t) is dichotomous with admissible values 0, 1. Let us rewrite the
expression of intensities in terms of the counting processes. We get:

1
M (62 = Jim — PYi <t+4dt|Y1>1,Ys >t Z]
1
= Jlm —F [AN:(t) | N1(t) = 0, Na(t) = 0, Z4]

1
= dltlglod_ [le( ) | Nl(t) = O,Ng(ﬁ_) = 07dN2(t_) = O,é] s

where dNy(t7) = Na(t) — Na(t — dt), and (Z;) is a factor. Similarly we have:

’71 (ta t_vé)

1
= ]lli%dltlinod—P[Y1<t+dt|Y1>t Yy =t—k,Z]

= Jim Jim B AN (0) | Ni(0) = 0, Naf(t = )7) = 0, dNa((t = K) ) = 1,2

.1 _ _
dltlgo EE [le(t) | Nl(t) = O,Ng(t ) = O,dNQ(t ) = 1,Zt .

Therefore both intensities admit interpretations in terms of conditional expec-
tations of dNNy(t) on dNa(t™), given Ni(t) = 0,Nz(t~) = 0,Z;. Since dNy(t)
and dN,(t™) are dichotomous qualitative variables, the conditional expectation
coincides with the linear regression. Thus we have:

E [dN:1(t) | N1(t) = 0,No(t) = 0,dNa(t7), Zi]
= E[dN:(t) | Ni(t) = 0,No(t7) = 0, Z]
Cov [dNy (t), dN(t7) | Ny (t) = 0, NQ( ) =0,2]
V[dNQ(t*)|N1()—O No(t —OE
(AN (1) — B [dNa(t7) | Na(t) = 0, Na(t7) = 0, Z4]).

We deduce that:
- iCOU [dN1(t)7dN2(t_) | Nl( ) =0, NQ( _) =0 é]
dt—0 dt V [dNa(t=) | Ni(t) = 0, Na(t=) = 0, Zy]
Cov [dNy(t),dNa(t7) | Ni(t) = 0, No(t™) = 0, Z,] /dt?
dtlglo FE I:dNQ(ti) | Nl(t) = OaNQ(t7> = 0’&] /dt

7 (B8 Z) =M (B 2) =
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since the expectation and the variance of dN5(¢t~) are equivalent. For instance,
when there is no factor, the numerator reduces to the expression in (10) in the
text.

ii) Diversifiable risk

Let us now assume that the default risks are diversifiable, that is the processes
N; and N, are independent conditionally to Z. The intensities with full informa-
tion on the factors are: \j (t) = limgs o E'[dN;(t) | N;(t) = 0,Z] /dt, j = 1,2.
By the covariance analysis equation:
Cov [dNy(t),dNa(t™) | Ni(t) = 0, Na(t7) =0, Z,] /dt?
= Cov {E [le(t) | Ni(t) =0,Ny(t7) = 07Z] /dt,
E [dN(t7) | N1(t) = 0, No(t7) = 0,Z] /dt | Ni(t) = 0,Na(t™) = 0,2 }
+E {Cov [dN1(t),dNa(t™) | Ni(t) = 0, No(t7) =0, Z] | N1(t) = 0,Na(t7) =0, Z, } /dt?
— Cov [A] (£), A5 (t7) | Ni(t) =0,N2(t7) =0, Zy]
(by the diversifiability assumption).
Similarly we get:
E [dNy(t™) | N1(t) = 0,Na(t7) =0,2Z] Jdt — E [X5 (¢7) | Na(t) = 0,No(t7) = 0,2 .

Thus the jump in intensities is given by:

Cov [N} (£), A3 (t7) | Ni(t) =0, No(t7) = 0, Z4]

NG Z) =M (b ) = = e e TN = 0.V ) = 0, 2]
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Appendix 3
Flat term structure

If the term structures are flat when both firms are still alive, the joint sur-
vivor function admits the representation:

S (y1,y2) = exp [—A1(y2) (y1 — y2) — A1 (y2) — A2 (y2)], for yi > yo,
and:
S (y1,y2) =exp[—X2(1) (y2 — 1) — A1 (y1) — A2 (1)), for y1 < yo.

Let us first derive the conditions on functions A1, Ay such that S is a well-defined
bivariate survivor function.

i) Conditions on \j, Ay

The survivor function is well-defined and corresponds to a continuous distribu-
tion iff:

a) S (y1,0) and S (0,y2) are univariate survivor functions;
b) the density associated to S is positive:

%S
6‘y1 8y2

(y1,y2) > 0, Yy1 # v,

that is the function is differentiable;
c¢) the probability mass on {(y1,92) : y1 = y=2} is equal to zero.

Let us consider condition a). We get:

S (ylv 0) = exp [—)\1(0)y1] )

which is the survivor function of an exponential distribution, if A;(0) > 0.
Similarly, we get the necessary condition A2(0) > 0. In particular S(0,0) = 1
and the total mass is equal to one.

Let us now consider condition b). For y; > yo we have:

g_yi (Y1, y2) = =5 (y1,92) {%(92) (Y1 —y2) + )\z(y2)} , (a.1)
3512;;2 (y1,92) = S(y1,92) Ai(y=2) {%(?ﬂ) (y1 —y2) + /\2(y2):| — S (y1,v2) %(yz)

S (y1,y2) {%(yg) Ai(y2) (y1 —y2) — 1] + A1(yz)>\z(yz)} .

39



Thus the nonnegativity condition of the second order cross derivative becomes:

d\

d—tl(yz) [A(y2) (y1 — y2) — 1 + A1 (y2)A2(y2) = 0, V1 > yo. (a.2)
We see that necessarily d\;/dt(y2) > 0 by letting y3 — oo. Moreover, we have
dA1/dt(y2) < A1(y2)A2(y2) by considering the limiting condition y; — y2. The
two inequalities are also sufficient for (a.2). Thus condition (a.2) is equivalent

to:
d\
0< —=(y2) < Mily2)Xa(ye), Vo > 0.

dt
Similarly, by considering the symmetric case y; < y2, we deduce the condition:

dXa

0< W(yl) < Ai(y)A2(y1), Yy > 0.

Finally, in order to verify that the distribution associated to S has no mass on the
diagonal {y; = y»}, let us prove that the integrals of the density 925/dy;0y- on
the two triangles {y; > y2} and {y; < y2} sum up to 1. Indeed, for the triangle
{y1 > y2} we get:

I = _— B d d = _— B
' /0 /yz 9y10y> (61, 92) e /0 Y2 (v1,92)

/000 A2(y2) exp [—A1 (y2) — Az (y2)] dyo.

Y1=00

dy2
Y1=Y2

Similarly the integral of the density over the triangle {y; < ya2} is given by:

I, = /OC A1(y1) exp [=A1 (y1) — Az (y1)] dy1-
0

Therefore:

h+b:AﬂM@+&@mmkm@wuxmw=L

ii) Intensities

Let us now derive the default intensity of firm 1 when the second firm has
defaulted at ¢t — k. From equations (9) and (a.1) we get:

I U PR N (t—k)
R = [ R e wrmret

iii) Term structure

Finally, let us derive from Corollary 6 the term structure of firm 1 when the
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second firm has defaulted at ¢ — k. We get:

t+h !
M=k
By (t,h, k) = e~ MR oxp / - 1 ) ds
t Al(t—k)(s—t+k)+>\2(t—k)

N Ny (t—k) (k+h) 1
= e MU exp / ——ds
N, (t—k)k s+ Ao(t — k)

i ALt = k) (B R) + ot — k)
Ay (t— k)k + Aot — k)
A (t — k) .
Nt —E)E+Xa(t—k) |

e~ MR [ 4

In particular if )\,1(1& —k) =0, we get:

t+h
By (t, h, k) = exp [—/ v, (s,t — k) ds] — e~ M(t=k)h
t

Thus the term structure of firm 1 is flat even after the default of firm 2, and it
depends only on its date of occurrence.
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Appendix 4
MMPH model

The aim of this Appendix is to prove Proposition 8. Before we need the
following Lemma.

Lemma A.1: Let ¢ be the log-Laplace transform of a positive variable Z:
Y(y) = —log F [exp (—yZ)] . Let z1 > 0 be the smallest value in the support of
Z. Then function:

O
Yy
is decreasing, and:
lim M = 2.
Yy—00 y
Proof: We have:
d (y) Vy -ty _ 1 :
_— frd - = - + .
Wy 2 " Y (y)+ (=) ¢ (v)
>9(0)=0
< 0,

since 1) is concave. Let us now compute the limit of ¢ (y) /y when y — co. We
have Z > z; with probability 1 [resp. Z < 2§ with probability P (Z < z7) > 0,
for any 27 > z1]. We deduce that:

P(Z < z7)exp (—yz1) < Elexp (—yZ)] < exp (—y21),

and:

z1 < lim infM < lim supM < zy, Vi > 2.

Q.E.D.
Let us now prove Proposition 8. Since:
1
ri(t,h) = 7 log E lexp (—hZ) | Y1 > t,Y2 > 1],

1
ri(t,h k) = —ElogE[exp (—h2) | Y1 >t Yo =t —kK],
i) and ii) follow immediately from Lemma A.l since the lowest point in the
support of the distribution of Z given I; is z;. Let us now consider iii). From
(22) we have:

27“1 (t, h) =

" [ (2t + 1) - p(20)

0
o
v (2t +h) =20 <o,

S =
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since 1 is concave.
Moreover:

5 9 E [Ze~ (1017
~Bi(t,h k) = a1 E [Ze(-h)Z]

ot
E [72e~(2t+h=0Z] B [7e-(@t-WZ] _ | [ge~(2tth=-R2Z] | [ 72¢~(2t-0)2]
-2
E [Ze—(Zt—k)Z]Q

= 2 [Z,exp (—hZ)] >0,

where @ is the distribution with density ze~ (%)% / B [Ze=(=%)7] G(dz), and
G is the distribution of Z.
Finally from Lemma A.1:

U (2t + h)

Bilt.h) = =555

~ exp (—z1h),

for t — oo, and similarly for By (¢, h, k).
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Appendix 5
Model with idiosyncratic factors
The joint survivor function of Y7, Y3, Ys is given by:

S(y1,y2,93) = Ve (y1 +y2 +y3) ¥ (y1) ¥ (y2) ¥ (y3) -

Their derivatives with respect to ys and yo, y3 are given by:

0S8 /
o (Y1,92,93) = Yo(yi+y2+uy3) Y (y1) ¥ (y2) ¥ (y3)
FU (g1 Yo +ys) P (1) U (y2) O (y3)
v, (y1 +y2 + y3) v’ (y3)
= S(y1,¥2, < +
(192, ys) Ue(yr +y2+ys) P(ys)
= —S(y1,92,93) [w; (1 +y2 +ys) + ¢ (93)] ,
and:
O ys) = U (vt ) W () (52) W (35)
By30ys Y1,Y2,Y3 e \Y1 TY2 T Y3 U1 Y2 Y3

U, (g1 +y2 +3) U (1) U (y2) ¥ (1)
+, (g1 + g2+ ys) U (y1) U ( 2) T (ys)
W (g1 + 12 +93) U (y1) T (12) T (y3)
‘I’c (y1 +y2 +y3)
U (y1 +y2 + y3)

Y1+ y2 +y3) (‘I’l (y2) v (?Jz))

v +
Ve(yr +y2+ys) \ Y(y2)  Y(ys)
v (yz) ( 3)

i (y2) ¥ (y3)
= —S(y1,y2,v3) {wc (Y1 + 2 + y3) — Vo (1 + y2 + y3)°
e (1 + y2 + ) [0 (02) + e ()] = 0 (02) s (1)}

Thus the term structure is given by:

S{t+htt) W (3t+h)V(t+h)
S(t,t,t) U, (3)W(t)

= S(y1,y2,y3)

Bl (ta h) =

S (£ 4 h,t,t — ks)
By (t,h, k3) = Buc
I Es) D55 (t,t,t — ks)
U (3t+h—ks)W(t+h) o, (3t+h—ks)+1 (t—ks)
U, (3t — k3) U (t) Vo, (3t — k) 4+ (t — k3)

)
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Bl (t7 h7 k?a kS)

SZES (L + hyt — kb — ky)

925
S5 (bt — kot — k)

o (3t +h—ky—ks) U (t+ h)

U, (3t — ks — k3) VU (1)
W, (3 +h — s — ks) — ' (t— ko) (t — Ks)

e (3t h— ko) [1, (3t +h — ko) = (= ko) — ¥ (¢ — k)]

e (3t ka — k3) = v (t = k2) v (t ~ ks)
e (3t — k) [ (3 = ka) = (t = ha) =¥ (t — ko)
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Appendix 6
Second-to-default in a MMPH model with N firms

‘We have:

P[t<D1<t+h,D1+D2>t+h}
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E

NE

NE

NE

€

e

t+h
/ e(Nl)Z(t+hy)NZeNZydy]
t

t+h
67(N71)z(t+h)Z/ eZydy]
t

—(N=1)Z(t+h) (e—Zt _ e—Z(t-&-h))}

[ —Z(N=1)(t+h)+t] _ efNZ(tJrh)}

N(U[(N 1) (t+h)+t — W[N (t+h).
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Figure 1: Term structure of interest rates associated with firm 1 when the second
firm is still alive (solid line), and when the second firm defaulted earlier (dashed
line). In Panel A the two curves differ at all term, in Panel B they differ in the
long term, finally in panel C they differ in the short term but coincide in the
long term.
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Figure 2: Constant intensities. In the upper panels we report the term structure
associated with firm 1: when both firms are still alive, for the parameters r; =
0.01, ro = 0.02 and different values of r; (Panel A), and when firm 2 has
defaulted earlier, for the parameters r; = 0.01, 72 = 0.02, rj = 0.05 (Panel B).
In the lower panels we report the short term spreads of firm 1 for the parameters
r1 = 0.01, ro = 0.02, r; = 0.05: when firm 2 defaults after firm 1 [Yo > Y] = 7]
in Panel C, respectively before [Yo = 4,Y; = 7] in Panel D.
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Figure 3: Constant intensities. Interest rate spread for a zero-coupon bond with
maturity ¢ = H = 10 issued by firm 1, for the parameters r; = 0.01, ro = 0.02,
r; = 0.05: when both firms default after H in Panel A, and when firm 2 defaults
before H [Y2 = 7] in Panel B.
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Figure 4: Model with proportional hazard for the parameters r; = 0.01, ro =
0.02, and a baseline hazard \o(t) = 1/(1 +¢)°3. In the upper panels we report
the term structure associated with firm 1 at time £ = 1: when both firms are still
alive, for different values of 7}, in Panel A, and when firm 2 defaulted earlier,
for the parameter 77 = 0.05, in Panel B. In the lower panels we report the short
term spread associated with firm 1 for the parameter rj = 0.05: when firm 2
defaults after firm 1 [Y5 > Yy = 7] in Panel C, respectively before [Y; = 7,
Y2 = 4] in Panel D.
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Figure 5: Flat term structures with intensities \;(t) = r;exp (8;1), ¢ = 1,2,
ry = 0.01, ro = 0.05, 5; = 0.05, 85 = 0.01. In Panels A and B we report the
term structure associated with firm 1 at time ¢ = 4 when both firms are still
alive, and at time ¢ = 5 when firm 2 has defaulted at ¢t — k = 4, respectively. In
Panels C and D we report the short term spread of firm 1 when both firms are
still alive, and when firm 2 defaults at t — k = 4, respectively.
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