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This technical report contains the proofs of the technical Lemmas A.1-A.8 in the paper
entitled “Tikhonov Regularization for Nonparametric Instrumental Variable Estimators”
and written by P. Gagliardini and O. Scaillet. We gather these proofs in Sections 1-8.
Section 9 contains further proofs of technical lemmas B and C used in Sections 1-8. Finally,
in Section 10 we discuss the characterization of operator £ when [, dx, > 1 and the Sobolev
embedding condition 2/ > dy, is satisfied. Equations labelled as (n) refer to the paper, and
Equations labelled as (TR.n) refer to the technical report.

1 Proof of Lemma A.1

(i) Consider the function
1
w= 2 g 0 X (TR-1)
jenixp
Then, u € Hgl (Xs) and Du = ¢, that is, u solves the PDE. Let us now show uniqueness

of the solution. Suppose that u; and ug are two solutions in Hgl (Xs), and let us show that
u1 = ug. For this purpose, we use that for any ¢, py € H3' (X3) we have:

<9017D902>L2(X2) = Z <901> (—Vg)a@2>Lz(;{2)

<t

= Z (V% VQSO2>L2(X2) = (1, @2>HZ(X2)7 (TR.2)

laf<l
from partial integration and the boundary conditions. Setting ¢; = ¢y = u1 —ug in (TR.2)
yields [Ju1 — uz| gi(x,) = 0, which implies uy = us.
(ii) From (TR.2) we have (X, X3) 1 )= (Xj>DxXk) 1> () = &k Then, from (TR.1)
we get for ¢ € L? (Xy) and u = D~ ¢

(X2

2
HDil(bH?g = HuH?S' = Z |:€j <U, Xj>L2(X2):| = Z <¢7X]>i2(x2) = H(ZSH%2(X2) .

jENX2 JENIX2

Thus, operator D~ is bounded and hence continuous.
(iii) For given u € H' (Ay), let us consider the linear functional 7, (p) = (Du, D) L2(x2)>

2
for ¢ € H' (X). By using [Dullfay = D [& (X)) agay] = |
jeNdXz

|u||?s and the Cauchy-

Schwartz inequality, we have

1T ()] < 1Dull 2y ol 2y < Ml e -



Thus, 7, is continuous, with norm bounded by ||u||g. From the Rietz representation theo-
rem, for any u € HZ! (A) there exists € (u) € H' (&) such that 7, () = (€ (u) P H ()
for any ¢ € H!(Ay), and ||€ (Wl gy < llulls. From the definition of 7, the mapping

u — & (u) is linear. Hence, this mapping defines a bounded linear operator £ from HZ! (X)
to H' (X), with norm bounded by 1.

(iv) Let ¢ € L2 (21) and ¢ € H'(X2). Define f = Ay ¢ € L?(Xp) and u = D' f €
HZ (X,) from (i). Thus, we have from (iii):

<w7A$1¢>L%1(Zl) = <A$1w7 ¢>L2(X2 = <Du7 ¢>L2(_X2) = <EU, ¢>HZ(X2) = <8D71A$1¢7¢>H1(X2)'

)

Then, we deduce Ay = ED'A,,.

2 Proof of Lemma A.2

(i) Let ¢ € H' (X,) and ¢ € L2 (Z;). Then / Q. (21) (flzlgo) (z1) ¥ (21) fZl|X1 (z1|x1) dz =

/@@2) </ Qay (2’1)fxg,zl|xl($27z1|$1)¢(21)d21> dvy = (p, Ag,¥)12(x,), Where A, is

defined in (10). From Lemma A.1 (iii), /Qxl (21) (flxlg0> (Zl)¢(21)le|xl (z1]x1)dzy =

<90,€D_1/1$11p>HZ(X ) P-a.s.. Then, the linear operator A;l =: SD_lfAlzl is well-defined,
2
P-a.s., and has the desired properties.

(ii) Let us prove that operator fl;lflml = ED ' A,, A,, is a compact operator from H' (X)
in itself. From Lemma A.1 (ii)-(iii), operator ED~! : L2 (X)) — H'(X») is bounded. Thus,

it is sufficient to prove that A, A,, : H' (X2) — L? (X) is compact. To this aim, write

() @) = [ ([ 1) Ptz (0219 Fraz €12 Fr, (o) 80 ) (62
= /04(332752)<P(52)d§2, (TR.3)

for ¢ € H' (A3). Since /Qxl (1) fX2|Z (2]2)? le|X1 (z1]x1) dxodz) < 0o, P-a.s, for almost
any x1 € X1, from Assumptions B.2 and B.7 (i), and by using the Cauchy-Schwarz inequal-
ity, it follows that /a(x2,§2)2 drodé, < 0o, P-a.s.. Thus, operator A, Ay, : L? (Xp) —

L? (&) is compact w.r.t. the norm -l £2(x,), P-a-s.. It follows that it is also a compact

operator on H'(X,) w.r.t. the norm |-l 72 (,)> since bounded sets w.r.t. [|.|| g4, are also
bounded w.r.t. ||.|[ ,2(x,)- This concludes the proof of Lemma A.2.



3 Proof of Lemma A.3

Write
Ror = |(ir A5 An) A dn = O+ 43,40) ™ 42,40
T [(AM F AL AL) T = Q4 A3, 4,) ‘1} A5, (o, + €2
(et A5 A (A - 43,) (G
(e + A A) AL,
= Rioy1 + Rowyw + Rae 1 + Rawy 1 (TR.4)

We bound in probability the Sobolev norms of the terms R; ,, 7, ¢ = 1, ..., 4, separately.
i) Bound of R ,, 7. We have:

AL oA -1 .. . _
(Aowsr + A Au ) A3, Auy = (ayr + A7, 40) 71 AL, AL,

A~

= (her A A (A3 A - 43, 4,,)

+ |:<)\x1T+A A, )_1 B ()‘zl,T+A:;1Axl)_1:| A5 A,
= (x1T+A ) ( A A, )
_ (AIIT+A A, ) 1 (A;Azl _A%Axl) vz + A5 Ag) 4 A% A,

_ ()\zl,T + A;lAm) (A* Ag, — A;lel) [()\xl,T AR AL TR AL A, — 1} .

. . . NN |
Thus, we get Rz, = —Sa, (Aeyr) Usy B, 7 where Sy, (Agyr) = (AMJFA;AM)
and ﬁxl = A;IAM — A}, Ay, . Moreover, using

~ ~ -1 ~
Sx1 ()‘11,T) - le (ACUl;T) = - (1 + le (ACUl;T) Um) Sm ()‘m,T) Ux1Sx1 ()‘m,T) )
where Sy, (Mg, 1) := ()\-TI,T + A;lAm)_l, we get:

N -1 N N
Rl,m,T = [(1 + S:m ()\$17T) Uzl) Szl (/\w17T> U:v1 - 1] Sm O‘th) UmB;l,T- (TR-5)

Thus:
~ -1 ~
HRl,xl,T ’HZ(XQ) § H (1 + Sa:1 ()\131,T) Um) Hl(Xz) ‘ le (>‘:131,T) Uzl Hl(XQ) + 1
: ‘ Sml (/\:L’l,T) Uz, HY() HBGZLT ‘Hl(/’\’g) ’




where |[S| g1, = HSHL(HZ(X )) denotes the operator norm of operator S on H'(A3).

Then, ||R; z1,T||Hl () = Op (HB ) uniformly in z; € A} follows if we show:

9617THH1 Xa)

(i) sup ||(14 So, Osr) Ui ) = 0,(1),
T1€AL H(X2)
(i) ;16112)(1 Szy (Azy,1) Uzy (%) = op(1).

To prove (i)-(ii), we first note that (i) is implied by (ii). Indeed, by (ii) we have that

‘Swl (Azy. 1) U”“HHz < 1/2 w.p.a. 1. When sup Hle Ay 1) Usy <

SUPg,ex
te (A2) T1EX] H(A2)

. -1 [e.9] N .
1/2, by the Neumann series we have (1 + Sz, (Azy1) Uml) = Z (le (A7) Uml)J.

j=0
~ o\ > . J
Hence, sup <1+S A TU) < {sup Sz, (Mg, ) U, ] <
LN (RTINS W 4 Lt
w.p.a. 1. Let us now prove (ii). From Lemma A.l we have ‘le ey1) Uny e =
2
. log T
o A Ay — Arya By usi h3m
T ~ , x x x T . Yy using + T +
T 1 HZ(XQ) :El 1 1 1 1 L2(X2) Th;li(lTth2\/dzl
h2mT =o0 ()‘il,T) uniformly in z; € A}, (ii) follows from the next Lemma.
logT

Lemma B. 1 Under Assumptions B.1, B.2, B.3 (i), B.6, B.7 (i)-(ii), and if

xl:

O(1) uniformly in x1 € X1, then uniformly in x1 € X;:

2 log T
=0, + W3+ B2
"2 (ay) ThiflTthQdel 1

|Au As, - A4,

ii) Bound of Rj,, 7. Similarly to previous lines, we have

o o -1 _
(A%T n A;Aml) — ey + A3, Ag) 7

_ < Aoyt + A%, Axl) (A;;Axl — A;;;lel) Norr + A%, Auy) ™

Thus, we get

Rowrt = —8u Cert) Ui Sy () A3, (P, + G )

~ —1 N N
= [( J:1 :c1 T U ) Swl (ACUl;T) Um - 1] Sx1 O‘m,T) Ux1 (V:m,T + Bgl,T) .
(TR.6)

Then, |[Ra.er,7ll ) = 05 (IVerr

from the arguments in point (i) above and Lemma B.1.

‘HZ(XQ) + HB;LTHHZ(XQ)) uniformly in z; € &) follows

dx, hdzl+dx2 o



iii) Bound of R3,, 7. From Lemmas A.1 (ii) and A.2 (i) we have:

N o -1
||R3,:171,T||HI(XQ) S H()\l‘l,T +A;1A.’El) H

107 | (Ao = ) (B +€21)

H(A2) L2(X)
< Ol [[(An =4 ) (o + o)y, (TR.7)
where || S|4, = HS||£(L2(X2) HI(A)) for an operator S from L2 (X3) to H'(X,). Then,
1 logT 9 . .

R =0 h¥m.. 4 p2m forml X
|| 3,&71,T||HZ(X2) P )\zl?T Thif}rh;l—‘zl_i_d){? + x1,T + T , Unirormly 1n xj S 1,
follows from the next lemma.

. N . logT
Lemma B. 2 Under Assumptions B.1-B.3, B.6, B.7 (i)-(ii), and if — a4 = 0(1)
sl
uniformly in x1 € Xy, then
= logT
Agy — )( + )’ =0 +hIr +hgt |
H( = Var ¥ o || 2y = O Th) hy T a
uniformly in 1 € X.
iv) Bound of R4, 7. Similarly to previous lines, we have:
—1 =
||R4,m1,T |Hl(;(2) < C)\;,;I,T Ay Gay 2% (TR.8)
1 logT
Then, ||R4.z,.7]l =0 + B2 + b3 | |, uniformly in z; € A,
IR G DV ThiflThdzl meh
follows from the next lemma.
. N . logT
Lemma B. 3 Under Assumptions B.1-B.3, B.6, B.7 (i)-(ii), and if — a4 = 0(1)
1 h 1
T1,
uniformly in x1 € Xy, then o
= logT
|Avida =0, | —— 4 B2 2|

uniformly in 1 € X.



4 Proof of Lemma A.4

Let us first define:

Uy (21) = /gmho(w)Af(w,z)dw, (TR.9)

for z1 € 2y, 71 € X1, where g, o(w) 1=y —p,, o(z2). The next Lemma C.1 gives a uniform

bound for W, (z1) and its expectation (see e.g. Newey (1994), Bosq (1998), and Hansen
(2008) for similar results). Lemma C.1 will be used in the proofs of Lemma A.4 and other
results.

LEMMA C.1: Let Assumptions B.1-B.3 hold. (1) Uniformly in x1 € X

2?16121 E [\Ijxl (Zl)} =0 ( * hzl T)

(2) Uniformly in x; € X:

. N logT
sup Wy (21) — E [‘I’xl(a)ﬂ =0p ﬁ
z1€21 Thzl 1Th '

(3) If function g on Z x Xy is such that ||Dg||,, < oo, then uniformly in x € X:

logT

dx,
Thzl ™

/g(z,xg) (@wl(zl) - F [\f/zl(zl)D dz1 = Oy

4.1 Proof of Part (i)
< sup

Pl y oy = 50 fi(o0)] and D) = (B (o1) = [ B 0)]) /20,

uniformly in x; E Xl. From Assumptions B.1 (ii)-(iii) and B.3 (ii), and by using Lemma
C.1 (2), the conclusion follows.

We have ‘

4.2 Proof of Part (ii)

< sup

From Lemma A.1 (ii)-(iv), we have HA;I{%I L)
2 T2 EX,

C||As i,

Ay, (@)

Hl(Xz)
uniformly in z; € A, and

Aoy, (22) = / ﬂm,o<z1>f<m2,zﬂxlwm(zodzl

= le( // 21,0(21) [ x5 2(22]2) gy 0(w )(fmz(w,z) ) [fmz(w,z)D dwdz;
1

= i [ R ztenls) (8 (2) = B[ ()] ) da.



From Assumptions B.1-B.3 and B.6, and Lemma C.1 (3), we have sup

logT

dx,
Th, T

4.3 Proof of Part (iii)

, uniformly in x; € Aj.

Ay, (2)|
T2EX,

The conclusion follows.

We have ||(,, HL21(21) < Sug Cay (21)| and ¢y, (21) = E [\i/xl(zl)} /fz(z). From Assumptions
® z€

B.1 (ii)-(iii) and B.3 (ii), and by applying Lemma C.1 (1), the conclusion follows.

5 Proof of Lemma A.5
From (TR.4)-(TR.8), we get:

HRM,TH[;(XQ) <

IN

Sac1 ()‘xLT) le

|

+ON H (Zizl

+OA L p || Ass

~An) (B4 )|

HRl,th + RQ,w1,T”L2(){2) + ||R3,x1,THL2()(2) + ||R47331,T||L2(X2)

QK1+S@(MmTﬂEJ_1

Sﬂ?l (>‘CE1,T) Um

L2(X>)

| +1)
L2(X2)

ey (Ver sy + 1B, + Bl o)

L2(X>)

L2(X>)

Then, by the triangular and Cauchy-Schwarz inequalities, we get:

E

o]
o]

-1
+O&mIE[

1/2
F HR§U17TH%2(X2):|

So, U,

+CA ! E { A

H (1 + leffxl)_l

~ 8
Sz Usy

H (1 + Smlffm)fl

16 1/16 6

A~

1/16
Sz Uz, ] +1

Jng[maﬂﬂﬁ%&J

1/8
4

1/4
mm] 1207+ Br ll ey

2 1/2
LQ(/"@]

L2(X) L2(X2)
1/4
L2(X,

8 8

1/8
:| +1
L2(Xs)

~

Sz,.Us,

N——

L2(A2)

(Zizl - Azl) (&xl + Cm)

2 1/2
LQ(X2):| ’

x19x,



where Sy, := Sz, (Ag,,7). Thus, the conclusion follows, if we show:

1|16

08 || (1450 (s 02) = o),
L2(X)

.o 2 16

(11) E |:‘ le (>\:p1,T) Ux1 LZ(XQ)] = O(]‘)?

- 1/4 1/2

(111) E |:HV:C1,TH%2(X2)1| =0 <E |:”VIL'1,T||%2(X2):| )’

2 1/2
L2(X2):| :0<H896617T+B;1,THL2(X2))’
)

1/2
) (I B
S:c1 ()\x1,T) Uatl L2(2) < ‘

Using |5z, (/\xl,T)”Hl(Xg) < 1/Az,r and

(iv) AL B [H (Zixl . Axl) (%1 + qm)

2

) X428 | [Ana

Let us first prove (i) and (ii). We have ) <

le ()‘Il,T) USL‘1 HL
U,

<

Uz,
HL

||S€B1 ()‘ml,T)”Hl(Xg)
ng— HALB1A11 - Avl'lAml

Moreover, from a similar argument as in Hall and Horowitz (2005) on p. 2925, we have
o1

1 ) <c(14+-—1 . P-as., f _

( + Sz Az 1) Uy L) <C < + T (& (Ax1,T)UI1|L2(X2)>§)’ a.s., for a con

stant C. As in the argument of Hall and Horowitz (2005) in their Inequality (6.27), from
Markov inequality it follows

21

L%»@)] ’

(TR.11)
for any [ € N, for a constant C' depending on [ but not on T. From (TR.10)-(TR.11), and

1
— + h3m —i—hi?j‘T =0 <)‘iﬁ“) , € > 0, points (i)-(ii) follow from the next
Th, X1 h Xo )
x1, 1T
Lemma.

HL

, P-a.s., we deduce

1HHL L2(X2)

~ ~

|ED™ .
< Ag Ay, — Ag A,

i

R P

) P-as.. (TR.10)
2

16

E le (/\9617T) le

H (1 + 82y (Aay,1) ﬁxl) -

. 1
| =¢ (1 B U
L2(X2) x1,T

using vz,

log T')?
Lemma B. 4 Under Assumptions 5, B.1-B.3 (i), B.6, B.7 (iii) and condition d( ogd ) T =
Th,zXlThTZ1+ Xo
1,

2¢

L2(Xy

O(1), it follows E [HAmAxl ~ Ay Ay,

J =0 (a%), for any ¢ € N, where ar :=

+ h3" + B2

Xm dX2VdZ1
Thxl,ThT

Point (iii) follows from the next Lemma B.5.



Lemma B. 5 Under Assumptions 5, B.1-B.4 and B.8:

B [H(AM Az ) A

L2 (X,

1/4 1 .
)] -9 (E [H ()‘wl,T + A:mAIl) Ao,

2 1/2
L2(X2):| ) ’

= bz 75 hay 1) (1 4+ 0(1)) from Lemma

e T
Bazl,T + Brl,T‘

Finally, by using that (
inally, by using tha L)

A7, and the condition + hiTT + 3™ = 0 Mgy 7 (Nay 7, hay 7)), POINtS

dx, ,dz,+d
Thy phy '
(iv)-(v) follow from the next Lemmas.

1
Lemma B. 6 Under Assumptions 5, B.1-B.3, B.5, B.6 and B.7 (iii) and if ———— =

d d
Thy phy!
O(1), then

B[ (e~ n) (i 62|

2 1/2 1 9 9
—0 p2m 2|
L2(X2):| Thz—iﬁ h;Z1+dX2 + z1,T + nr

1
Lemma B. 7 Under Assumptions 5, B.1-B.3, B.5, B.6 and B.7 (iii) and if ——— =

Th™Lh?
X1,
O(1), then

2 1

1/2
—of——
LQ(XQ):| ThiflTh;ZI

~

E[Z

6 Proof of Lemma A.6

+ h2p + R

1492

Let us first expand the function (g, 7 + A;lel)_l A;‘Clﬂ;xl w.r.t. the basis of eigenfunctions
{¢w17j} of operator A7 A;,, with eigenvalues v, ;. We have

o

* -1 4% 5 * =1 4% 5
()\zl,T + A:ltlel) Aazll/}xl = Z<¢x1,j’ (>\$17T + AzlAml) Arlwa}l)Hl(Xg)qbl‘Lj
7j=1
- * -1 *
= Z<()\11’T+Ax1A-T1) ¢I1,j7A.’L'1wI1>Hl(X2)¢CE1,j
7j=1
= i;@ AL V) E () B
= )\xl,T+Vz1,j x1,)7 "X I ( 2) x1,)

Define the variables for j € N:

1 [ dx, x5 1 dx, A
Ly §T = m<¢w17j’ Thx1,lTAﬂc1¢fB1>Hl(X2) = W<Axl¢xl,j’ Tha:1,1Tw$1>La2c1(Zl)
1, 1,

Th;lilT //’(val,j (21) QILO (Zl)gcpo (’U)) [fVV,Z(w, Z) — EfW7Z(U), Z):| dwdzl, (TR12)

9



1

where gz, 0(w) = y — ¢, o(z2) and ¥, ; = ——A;,¢, ;. Then, we can write
1,]
oo
* -1 * 1 V Vﬂ?l,j
(Nerr + A3 Ary ) AL Yy, = ” Z S Ly, ,j, 79z, ;- We deduce
Thm}l“ i1 'L, Z1,)
F |:H(>\x1,T "‘A;lel) 1%1 12 Xz):|
1 - Vi VvVl
B Thdxl Z )\z1 T+ Vg J Azl T+ Vg <¢$1’j’ ¢$1J>L2(X2) E [le,ijle,l,T] : (TRl?’)
$17T _],l:1 ’ ’ ’ ’

To derive the asymptotic behaviour of the RHS, we need Lemmas B.10 and B.11. The
proof of Lemma B.10 builds on the next Lemmas B.8 and B.9.
Lemma B. 8 Let g be a function with support SC R, S convez, and such that g € L*(F),
where the distribution F has density f. Let k(.) be a function in R? such that / k(y)dy =1,

wy = /|k‘(y)|dy < 00, and wy = /|y\2\k(y)\dy < o0. Define the function Agp(z) =

/ hldk: (%) [g(x —y) —g(x)] 1s(z —y)dy, =z €S, for any h > 0. Then

HAth%?(F) < wiwzh’ ”VQH%%F

+w2h/yv9 (/ /k: WIf(y +tz) — (y)|dzdt) dy.

Lemma B. 9 Let {U; = (U1, Uzy) : t =1,...,T} be i.i.d. variables, with value in a convex
setS = S1x8Ss, S; CR%, i = 1,2, and density f satisfying Assumptions B.1 (ii)-(iii). Let f
denote the kernel estimator of f, with product kernel using K1 on R and Ko on R% satisfy-
ing Assumption B.2, and bandwidths hir, hor — 0. For given x1 € 81, let G denote the set of

functions G = {g € L2 (F) : Elg(U)|U1 = 21) = 0, llgllyz () < o0, [Vgllzz () < o0},

where L?El (F') denotes the space of functions of Uy which are square integrable w.r.t. density

Joao (lz1), and |||l 2 (p-y denotes the L?-norm w.r.t. the density f7 defined by [ (u2) ==
T

q(z1,u2)/ [ q(x1,u2)dus, with q as in Assumption B.4. Further, for g € G and h > 0
denote p,, (g,h)* = /9(“2)21 (uz € 0S82(h)) fu,v, (U2\fﬂ1)du2, where 0S3(h) = {uz € Sy

dist(ug,S§) < h}. Define Vp(g,x1) = 4/ h‘f}/ ug) xl,uQ) Ef(xl,uz)] dus, T €
N, for g € G. Then

E Vrlg, e1)Vr(e,z)] = w2 fu (e1)Cov [g(Ua), e(Ua)|Us = 1) + O (gllz, () P, e o) )

3/2
+0 <h2T ||9||L§1(F) ”V€HL§1(F) + hz/T ||g||L:2c1(F) ||V€HL§1(F*)
+ (har +har) [|9llz, (o)

\GHLgl(F*)

|V€”L51(F*)> )

+ hor (hr + hor) ll9ll 2 (i)

10



uniformly in g,e € G, for w® = [ Ky(u1)?duy and a constant k> 0.

Lemma B. 10 Under Assumptions B.1-B.4, B.8 (iii)-(iv) and 5, for any 1 € X1: (i)
E [Zﬁle} = w?fx,(z1) + o(1), uniformly in j € N, where w? = [K(z1)*dzy. (i)
EZy, jrZe 1) = 0(1), for any j # I, uniformly in j,0 € N.

Lemma B. 11 Let {Z; : j = 1,2,...} be a sequence of zero mean r.v.’s, and let (o), j,1 =

1,2,---, be an array of positive numbers. Denote the correlation p;; := corr (Zj, Z1) . Then
- - a2.l 1/2
2 ]?
E : IRV AVAIRS E :aJJ E :O‘J,J E lea' o
=1 gl=1, j#l 5,3 AL

Let us now conclude the proof of Lemma A.6. We apply Lemma B.11 to sequence

. . 1 \/V:m \J VVxi,l
Zi= Ly irin (TR.12) with a;; := . , It
J z1,5,T ( ) Jil ThiX}T )\1‘1 T+ Viy . )‘11 T+ Var <¢I1,] ¢x1, >L2(X2)

follows from (TR.13):

B || i+ 43,40) 7 12,8,

LQ(XQ):|

o0

1 .
= Z “od 2 ||¢x1,a

ThjilT j=1 ()‘wl,T +v l“l:])

2
LQ(XZ) [ZQ »] T] (1 + Rl,CCLT) ,(TR14)

1/2

2
<¢m1,j’ ¢zl,l>L2(X2)

o0
2
= > g

where |Rjz 1

) and p:m,jl,T

2
gl=1, j#l H%m‘HLz (Xo) Hgém,lHL?(Xg)
corr (Zy, i, Zzy01). From Lemma B.10 (i) it follows £ {Zgl g T} > w2 fx, (21)/2, for all j €

1/2 1/2
N, 21 € &y and large T. Then, we get py, 4.1 = E [Zay j0Zuy17) /(E [22, 2] B[22, 0]
< [2/(w?fx,(21))] E [Zsy,j;1 Zay 1.7) , for large T and any 21 € X;. Thus, from Lemma B.10
(ii) and Assumption B.8 (i) it follows R; ,, 7 = o(1) for any z; € &X). Furthermore, from

Lemma B.10 (i):

o0

1 Vay,j 2
10} E\Z% .
ThiilT ]z::l Aoy, + Vay ])2 H o HL2 (*2) [ xm’T]

o0

_ | 2 fx, (1) Z Vay,j - HQZ)m,JHIﬁ ) (1+ Razy 1), (TR.15)

dx
Thm1 Ue j:1 Azy, T+ Vay

with Ry 4, 7 = o(1) for any z; € X;. From (TR.14) and (TR.15), the conclusion follows.
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7 Proof of Lemma A.7

We  have o1 T = (Awl’T—i—A;Azl)*l A% Cays where  (,, (21) =

/( ( ))E |:fW,Z(waz):| - fW,Z(w7Z)d
- x w.

Yo Y0tz fz(2)

Lemma B. 12 Under Assumptions B.1, B.2, B.4 and B.6: (,, = hy, 12z, + T'sy, where
Iz, is such that ||FIIHL%1(31) = O(hThm + B).

: « -1 4
From Lemma B.12 and by using || (Ag,, 7 + A}, Az,) Al ||[;(L2 (21),02(x2)) = O(1/\/Auy 1)

* -1 *
we get || (Auyr + A%, Ary) T AT

x1,T
from definition HB o+ (A + A;lAml) A B 2 () = b(Azy 15 by ) and the

hThm + h
condition —————— =0 (b()\zl,% hxl,T))'

8 Proof of results in Section 6 and Appendix 4

hThm + hlt
) =0 | —==2=——— . The conclusion follows
L2(Xo) )\

8.1 Characterization of operator D in the Gaussian example

For ¢,y € H! (Xo):

(e = [ eieeaotdn+ [ V@) Ve (o) doy
— [ @pse)swdn - [ o)V (Veylaz)ola) dos
= <9017D902>L2(X2)

where the operator D is defined by D = 1 — V2 - (Viogp)V = 1 — V2 4+ 25V. Thus
A*A =D 1AA.

8.2 Proof of Lemma A.8

oo
When a4 > 2as, the quantity Z 7]2 converges to Za] < ooas A — 0. Let
1 ()\ + I/j) 1
j= j=
us now consider the case ay < 2ap. Without loss of generality, let v; = 77 e %/ and
= j~¢~%J, Then:

00 o) 2 0o )
S-S S
2 = 2 = 2
=1 (A +v;) j=1 (Aw; +1) j=1 (Aw; +1)
Q000 —
where w; :=1/v;, p:= ao az and 0 1= i B S (0,2).
a9 Q2

12



Define: - 5
s S\ P
)i= A3 z St ()
)‘+VJ) = (Aw; +1)7 \na
The conclusion follows if we show that J (\) =< 1. We give the proof when p > 0 (similar

arguments apply when p < 0). We split J (\) as

Ni(X) . Na(A . 0o .

SN owy <]) Ly _Ow) (y) by Owy (;)
2 2

= )\w] + 1 J=NT )+ ()\wj + 1) n F=Na(A)+1 ()ij + 1) ny

=: Ji(A) +J2(N) + I3 (),

5 2-6
where N1(\), N2(\) € N are such that Ni(\) < ny < No()), —2— = o(1), (NQ—(’\)Y (M) =

VNIV nx Uny
— N1 (A) Na(A) —
o(1) and ry := max{m‘ L ), 2(N) m‘} = o(1). First we show that J; (A) = o(1),

ny ny
for : = 1,3. We have

Ni(N) (\w;) ) N1i(N) y 5
Owy)’ D= ()
Z (Aw; + 1)2 Z:: M) <VN1(,\)

=1
= o(1), (TR.16)

Ji (N)

IN

/\

n

n
where we used Z w? =0 (w5> as n — 00. Similarly,
j=1

. (\w;)’ i\ AT & 2.5 .
B = 3 ) ST 2w (R
j=Na(A)+1 VT A j=Na(N)+1
)\72+5 o0 )
5 G_Tjjm, (TRlS)

"X jeNa ()41
where 7= (2 —§)ag > 0 and m = [p — a1(2 — §)]| < p. Now, by using:

- —T7J m d " -7 d " e m_—Tn
jgne 7 :<_d7> Ze ]:<_d7'> l—e—T:O(n e ™),

j=n

as n — 0o, we get:

)\—2-{-6 M\? /v : 2—6
J3(\) =0 (TLKA,NQ(A)PV?V—Z‘(SAJ -0 <<Ni(A )) ( zyvn(:)) ) =o(1).

Second we can write Jz (A) as

Na(N) ) Na(X) ) .
To (N) = m - (A(])l)z 1+ ~1|, (TR.19)
J=Ni()+1 NI J=N1 )41 MWT T A

13



and bound the second term in the RHS. For Nj(A)+1 < j < Na(\), the variable z := J
UDN

. P
<1+J ”/\> —1| = |(1+z)” —1] = O(ry), since the
nx

function # — (1 + z)” has bounded derivative around 0. We deduce that the second term

is such that |z| < ry. Thus,

NZ(A) ()\w)ts
in the RHS of (TR.19) is o Z m . Hence we get that the sum is such
W
J=N1(A)+1 2
NQ()‘) ()\w)ﬁ
that J(\) = Z m [1+4 o(1)] + o(1). Moreover, note that
J=Ni(A)+1 2
Y _Ow) s Ow) R 0w S Owy)’
o 1\2 N 1\2 N 1\2 N 402
J=NT ()41 ()\’w] + 1) = ()\wj + 1) = ()\U}j + 1) —Na(\) ()\w] + 1)
= Aw;)°
— ()\( : ])1 5 +0(1)7
=1 (Awj + )

from similar arguments as above and as in (TR.16), (TR.17). Thus, we have proved that

> ()’
J(N) = ——— 14 0(1)] + o(1). TR.20
=3 G L o0l o) (TR.20)
The conclusion follows if we show that:
i (\wy)° _
= ()\wj + 1)2

This follows by using that:

S Qw) R Ow)’ L Owa)’ s Owy)’
; (Mwj +1)° 2 (Aw; +1)° " (Awp, + 1) +j:%:+1 (w; +1)%
and:
(Awp, )° .
(Awy, + 1) '
nx—1 ()\ A)(S ny—1
0< L< ()\w])(s_o ()\wn,\)é :()(1)7
gz; (Aw; + 1) ]Z:; ( )
[e'e) ()\U)]) 246 Uny 2—6 _
0 <\~ 28 _ — 01
< g%:“ (Mw; + 1)2 ; %:H ( ) (1)
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8.3 Asymptotic expansion of b,, (\y, 1, hey1)°

In this subsection, we show that:

by (Vo 7 g 1) = A2 ol 007 o W N 3, (TR.21)

7517 1, T )\xl T

For this purpose, write:

o0

: V&,
ba:1 ()‘m,thmT 2 = ILTZ xl, 1U1+JVJ 2 H¢ HL2 (Xs) +h:25717?Tj:1 ﬁ H¢JHL2(X2)

TZ mfﬁm,

—2Xg ThY
1’1,T +v

T,

2 qujHLQ (X2) = Bl,T + BQ,T — 2Bg7T.

From Lemma A.8, we have:

26 2a15 B 2p—1 2a1p 8
Bl T = A:l?l,T )‘Tl T 5 BQT —~ h$1 T>\,1‘1 T ATl T .

Moreover, by the Cauchy-Schwarz inequality, |Bsr| < Bl/ 2B1/ > We distinguish three
cases. (i) When A, 7 and hy, r are such that Bo /By = 0( ) then it follows that:

bey Ney. s hoy ) = Bir <1 +O(y/ B2,T/Bl,T)) + By = Bir(14+0(1)) + Bar

- 26 15 16} 2p—1 2a1p 8
= )‘11, nA +h21T)‘a:1T vz

which yields (TR.21). (ii) When Bl,T/B2,T = 0(1) a similar argument shows that (TR.21)
holds.
(iii) Let us now consider the case where 31 1 < By 7. We have:

b i ey = K 3 et (1 RV ) o

= 9017T+VJ)2 Aoy 1 oy,
> Z 961731
= :vl,T Aeyr +7j,) 2 H‘%HB (X))

where j;, [ € N, denotes the sequence of indices such that £, ;d., ; < 0 (see Condition (b)
in Proposition 4). Now, let N := sup(ji+1 — ji) < oo. Then, for any A;, 7, there exists {
leN

such that ‘jl — N, p

2

T1,m) 2

bxl (Al‘l,T, hIl, ) > C)\Z z1,T ‘ (Z)nA

z1,T 2
()\ml,T + Vn)\.q,T)

for some constant C'. By the arguments in the proof of Lemma A.8, we know that:

1, T L2(Xy) ’

2
T1,T)
2 zq,T 20415 8 _
>\$17T 2 ‘ gbn)\w T 5 /\a:1 TN )\x T - BLT'
Ag, T+ V p LA ()
1, OV

Since By 7 =< Bar, we get by, (Agy 15 haoy1)° > C (Bir + Bar). Since by, (Agy 15 hay 1) <

Bir+ Bar + QBi/j%B;/; = Bi1 + By, (TR.21) follows.
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9 Proofs of Lemmas B and C

As explained in Appendix A.1, the estimator of the density fy x, 7 is fy7 Xo,Z = fy7 Xo, 2% /@,
where fy, x, z+ is the kernel estimator computed on the sample {(Y;, Xo¢, Z;), t =1,...,T*}

and & = / fz*,T(z)dz, with fz*,T = max{fz*, (log T)_l}. The trimmed normalization
z

factor @ is such that @ > (log7")~! a.s., and converges in probability to w = [ fz+(2)dz > 0
at a parametric rate. Similarly, thAe estimator of fz is fZ = fZ* /@, W}}ile the estimator 9f
the conditional density fy x,|z i fy,x,|z = fv,Xs,2%/ 2+ Note that fy x, 1z # fv,x,,2/fz
although both sides are consistent estimators of fy x, 7. We prefer to work with the former
because of trimming.

Estimator fZ = fz* /& admits the same asymptotic properties as the unfeasible estima-
tor fz = fz* Jw, both in probability and in mean square sense. Indeed, we have:

o) = 122) = o)~ 1200 + (3 - ) e )
Then, we get:
Pl 50)] " =8 [(B0-n@)] vo (ML), ana)

uniformly in z € Z, by using the triangular inequality, the Cauchy-Schwartz inequality and:

(- 2)] < sl -0 ()

Equation (TR.22) means that we can derive the asymptotic properties of f 7 in mean square
sense from those of kernel estimator fz«. We deduce from assumptions B.1 (i)-(ii) and B.2,
and uniform convergence results similar to Hansen (2008):

logT

2m 2m
Thdz1 hdx1 + hT + hIhT ’
T z1, T

swp £ |(F2(:) - 1)) | =0

21€2,

uniformly on z; € Xj. In particular, estimator fZ does not feature a boundary bias on Z.
A similar result holds in probability.

By similar arguments, it is possible to show that the asymptotic properties of fy, X,,7 Can
be deduced from those of fy, X,,z+ in a similar vein as above. In order to avoid a very lengthy
exposition, in the proofs of Lemmas B.1-B.12 and C.1-C.2 we omit the normalization factor
w in fy, X,,7z and fZ, and write T' = T, Z = Z*. Moreover, we adopt a product kernel in
the estimation of the density of (Y, X2, Z) in RY. We use the generic notation K for both
the d-dimensional product kernel and each of its components.

9.1 Proof of Lemma B.1
We have:

(Andn) o) = [ ([ Frarlo) izl () Fapx ot ) o (€) dea
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and:

(Aana:l) @ (x2) = / </ Ixa12(222) fx3)2(§2]2) Qs 0 (Zl)le|X1(21|$1)d2’1> ¢ (&) d&s.

Thus:

2
N 2
Ny = [ [ 8 20)? daas (TR.23)
where:
o, (22,65) = / Frat2(212) Frat 2 Eal )0 (1) Fia s (21 ) s
—/fX2z(ﬂcz\Z)fX2|z(€2|Z)Qx1,o (21) fz,1x, (z1]21)d21 .

Let us decompose:

Gy (22,€9) = /Afxg|z($2|z)fx2z(§2|z)9x1,0 (21) fz,1x, (z1]21)d21
+/fx2|z(ﬂ?2!Z)Afxg|z(€z\2)9xl,o (21) fz11x, (21]z1)d21
+ [ Feiz(eale) i@l A, (1) Fzpx Gl

+/fx2|z($2|2)fx22(52\2)9x1 (21) Afz,x, (21]21)dz

+1s

=hai+hLho+Ls+1ia+ 1o, (TR.24)
where I contains higher-order terms. From results similar to Lemma C.1 and by using As-

logT
Th™L R

3317

sumptions B.1-B.3 (i) and B.6, we have sup I; = O,
12,£2€X2

+hy +hy |,

log T
Thx

1'17

i=1,2,and sup ILiy=0,

+ by + hy, ¢ |, uniformly in xy € X). Moreover,
mQ,EQGXZ

logT
Th™ L ha

xlv

formly in z; € &). Finally, from Assumptions B.1-B.3 (i), B.6 and B.7 (ii), and by using

from Assumption B.7 (ii) we have sup I;3 = O,
2,65 E€X2

+ by + hy, |, uni-

. logT A
sup Afx, z(x2]2)| = Op I e Td, +hy, p+hy |, sup [Afzx, (21]71)
To€EX2,21 €2, Thxl }Th 2 1 Z21€2,
log T log T
O ——— + A hT d = O(1), uniformly i € X,
p ThiflThdzl +hy, p+hy | an Th;lflThdzl+dX2 (1), uniformly in z; 1, we

17



logT log T
get sup IQZO _|_hm +hm 7_{_]1 +h
x2,£2€EX P Thiifl hdx2 +dz, T Th;lflThdZ1 T s

log T

dx; ,dz,
Thy ¥ phy

+ hy + hyt ¢ |, uniformly in 21 € &;. The conclusion follows.

9.2 Proof of Lemma B.2
We have:

(;;m ) (s gl) (@2

= // 91,0( z1)fX2|Z(x2|z)fZl‘X1—(Zl|m (fW,Z(QU,Z) — fmz(w,z)) dwdz

le fzx: (21]71)

fX //gm 0(w) 2.0 (21) fx,)z(22]2) (]EW,Z(U),Z) - fW,Z(w7Z)) dwdz,

where gz, 0(w) := y — ¢, o(22). Then:

(A’“ - Awl) (Qz)xl + C:pl) (72)
N fxll(an// gzl,o(w)AQxl (21) fX2|Z(5U2|Z)AfWZ(w,z)dwdz1

fX11<1’1 // 9a1,0(w) 10 (1)le()Aszvz(@,Z)Afw,z(w,z)dwdzl

1 A
————Afx (21 // Ga1,0(W) 2y 0 (21) [y z(T2]2) A fw,z(w, 2)dwdz
fX1 (.’131
+1
= hi+La+ L3+ Do, (TR.25)

where I is a higher-order term.

i) Bound of I;;. Write I;; = / AQxl zl)fX2|Z(:L‘2|z) (z1)dz1, where

le

U, (z1) is defined in (TR.9). We have I} ; < ||fX2\ZHoo sup |AQy, (z1)] sup [¥y, (21) ],
f ( ) z1621 21621

uniformly in z; € X, zo2 € Xo. From Lemma C 1 (1), (2) and Assumptions B.3, B.7 (ii),
we get:

logT 9
Li1=0, ———— +h? h7™
1,1 p Thifl hdzl +hyr+hTt ]

uniformly in 1 € Xy, 22 € Xs.

1 R .
ii) Bound I 2. Write I1 2 = ) / Quy0(21) #@A fxy.z(w2, 2) Wy, (21)d21. Thus,

fX1 (xl

we have 11 < fx (xl ||Qo/fZH SUp,, ez, |AfX2,Z(x2,z)\ SUp,, ez, Wy, (1), uniformly in

18



x1 € Xy, x2 € AXy. By using Lemma C.1 (1)-(2), Assumptions B.1-B.3 and B.6, and

. logT
that sup |Afx, z(z2,2)] = O ix gdz oo T hyy p+ by |, uniformly in z; € &1,
Z1€E2, Thacll h 1 2
T9 € Xy, we get:
log T 9
'[172 = Op dX1 d21+dX2 hml T + hTm )
Thxl’ThT

uniformly in 1 € &7, 22 € Ab.
iii) Bound of I; 3. By similar arguments as in i) and ii) and using Lemma C.1 (3) we
get:

logT
Li3=0p %Xl +h3 + R |
Thxl’T

uniformly in x1 € Xy, 9 € X5. The conclusion follows.

9.3 Proof of Lemma B.3

We have:
‘thlqg:l
= fZl|X1< z) Afz(2) - . .
B le( // 910000 (2) frol (2212 )fleX (21]z1) fz(2) Bfwzlw, 2)dwdzn
1
- le(xl // Gu1,0(W)zy 0 (21) fxo)z(22]2) fZ(()) fwz(w,z)dwdzl

+fX (1) // G1,0(w) AQy, (21) fxz)z(72|2) (S)Afwz(w 2)dwdz;

+I37
=1+ I+ I3,

where I3 is a term of higher order. Let us first consider I;. Write:

Afz(z)
fz(2)

1

m Vs (Zl)dzl-

L = /Qxl,o (21) fxu)z(72]2)

Thus, we have [} < 1920 fx212/ f 2]l 00 sup IAfz(2)| sup |V, (21)], uniformly in

1
le(xl) 21€Z 21€21
x1 € Xy, v € Ao, From Lemma C.1 (1), (2) and Assumptions B.1-B.3, B.6 and B.7

(ii), we get:
logT
ThiX1 pio

-7:17

L =0, S S I

uniformly in 1 € Xy, 29 € X5. Let us now consider I5. Write:

B s [ A (20 Falaals) 5 A2 ().
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1 N A
T\\fxﬂz/fZHoo sup [AQ, (21)| sup |Afz(2)| sup [Wa, (21)],
z1€21 z1€21 21€2,
S

Xs. From Lemma C.1 (1), (2) and Assumptions B.1-B.3, B.6

Thus, we have I, <

uniformly in x1 € A7, x3
and B.7 (ii), we get:

3
logT
L=0p | ||| max, a0 Fher | ]
Th, rhet
: : : logT' :
uniformly in z1 € X}, x9 € As. By using — i = O(1), the conclusion follows.
Th, tnhy!

1'17

9.4 Proof of Lemma B.4

By using (TR.23) and (TR.24), the conclusion follows if we prove that sup FE [Il,i (22, 52)2]\1 =
:E2,£2€X2

O (ag), i=1,...,4, and sup,, ¢ cx, I |:IQ (.’E2,§2)2N} =0 (ay) for any N € N and z; € A}.
(i) Bound of E {Il,l (x2,§2)2N] The kernel estimator of fz in the denominator of

fXQ‘ 7 is replaced by the trimmed estimator fZJ = max{ fZ,TT}, where the trimming

sequence is 77 = (log 7). Write:

I (72,65) = fX /Afxg, T2, 2) [x,)2(§212) 1,0 (21) d21
le / Af () o 2(2212) f iy 260l 2) Q0 (1)
le /Afxz, 2.2 ffzz())fm@ﬂ )0 (21) d2

. NI

+fX1 (551) fZ,T(Z) fX2|Z($2|Z)fX2|Z(§2’Z)Qxho (Zl) le
= D11 (22,6) — 12 (12,€) — Iias (29,&) + 114 (29, &5)

Let us first consider I 11 (22,&,). We have:

E [11,1,1 ($2,§2)2N} =

le ;(;1 / /HfXQZ 52’21l7331) x1,0 (le)
E HAfX2,Z(CB27ZLl,ZE1)] Hdzl,la
! l

where the product H isover [ = 1,...,2N. Write AfX%Z = fXZ’Z + bx,,z, where fXQ,Z =
l
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fxoz — E |:fX27Z:| and bx, z = E [fxz,z} — fx,.z. Then:

E [11,1,1 (332,52)2]\/}

T @)™ Z <2N) (/ b

2N—J
: (/ bxy,z(22, 2) fxy2(§2l21, 1) 0 (21)d21> -

J

J J
1 Fx.z(2, 210, 21) ] 11 £x212 ol 21,0 21) 9, 0 (214 HdZu)

=1 =1

From Assumptions B.1, B.2, B.3 (i), B.6 and 5, /bX27z($2, 2) fx,)z(§2l21, 1)y 0 (21) d21 =

O (W + R} 1), uniformly in 9, &, € Xs. Furthermore, by writing fx, z (2, 2) = % ST ki, 2)

Where Iit(ﬂjg, 2) = K, (w9 — Xoy) Kny (21 — Z1y) Kn, r (1 — X1,t)
J

B [KhT (w2 — Xoy) Kpy (21 — Z1t) Khxl,T (x1 — X17t)} , we can write E fog,z(xg, 21,172?1)] =
=1

LJ/2] D

Z TTJn I (1,22, 211, ..., 21,7), Where Jy, (21, 22, 211, ..., 21,7) is a term splitted in a prod-

n=1

uct of n expectations, Dy, :==T (T —1)--- (T —n+1), and |.J/2| denotes the largest integer
which is smaller or equal to J/2. To derive the order of the term in E [1171,1 ($2,§2)2N]

. —d ..
corresponding to J,, (x1, %2, 21,1, ..., 21,7), note that all the powers h,, “1 can be eliminated

. . —dx, , —d . .
by a change of variable, while a power h A )721 hp *2 coming from variables X; and Xo

can be eliminated for each expectation term contained in J, (x1,22,21,1,...,21,7). Thus,

1
dx,(J—n),dx,(J—n) |’
K

J J
/Jn (@1, 22, 211, - 21,0) | [ fxaiz(Galzni 1) Q0 (210) [ [ dzra = O
=1 =1

uniformly in x2, {9 € Xa. This implies / E

J J J
1 7x.2(@2, 214, 961)] I 7xaiz(Ealz1n 20000 (210) [ [ d2
=1 =1

LJZ/%J 1 1 1
=0 =0 since ———— =o(1). We
J—n 721 |’ dx, . d
n=t (ThSyhe) (Theshy™) Thyirhy?
2N 1 N—J/2
get E {11,1,1 ($27§2)2N} = 0 i e\ [I/20 (™ + h37r)
=0 (ThG Y phg?)
al 1 ' k 1 !
O ——— | (RF"+ 12 m )N = 0| | ———— +h¥" + n2m, =
2\ s : T :

0] (ag), uniformly in xz9,&y € &b, for any ;1 € A].
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Let us now consider I 1 2 (x2,&,). Write:

I2 (22, &) /Afz 2) [xo)2(2|2) [ x5 2 (§2]2) Qs 0 (21) d21

le
1
o / |f2(2) = F2(2)] Pz (@212) fry 22l )20 (1) da
fX1 (1'1)

=: 11121 (22,82) + 11,122 (22,&9) -
We have E [11,172,1 (x2,£2)2N} =0 (ag), uniformly in z9,&, € Xy, for any 1 € ), by
a similar argument as above. To control I 122 (22,&5), we use that ‘fZ’T(z) - fZ(z)‘ <
Ch;ldéil h;dzl 1 {inleegl fz(z) < TT}, uniformly in 2; € Z;. Thus, from Assumptions B.3

21€2
formly in z9,&, € A, for any 1 € X). By setting ¢ := 1n£ fz(z) > 0, and using a covering
ze

(i) and B.6 we have E [11717272 (a:g,fQ)zN] < Chxf];dxlh 2Ndz p { inf fz(z) < TT:|, uni-

argument for compact set Z; similar to the proof of Theorem 2.2 in Bosq (1998), we have:

P [ inf fz(z) < TT:| < [sup fZ( ) — fz(z)‘ > 0/2] <P [ sup fz(z) —F [fz(z)H > c/4]
21€21 21€Z1 21€21
< nr sup P Hfz(z) —F [fz(z)” > c/4} +o(1),
z1€21
. . 1
where the sequence np is such that np = O (T°) for some ¢ > 0 and , ax. hdz+1 i / i =

x1,T
o((logT)™'). By using a large deviation approach based on Bernstein’s mequahty e.g.,
g y g

Bosq (1998), Theorem 1.2 (2)], we can show that P Hfz(z) - F [ ] ’ > 0/4} < 2exp ( clThxflThdZ) ,
uniformly in z; € Z1, for a constant ¢; > 0. It follows P [inleegl fZ( ) < TT:| =0 ( ),

for any b > 0. Thus, we get F [ILLQ (x2,§2)2N} =0 (a¥), uniformly in x9,§, € X», for any

T € X.

Let us now consider I 1 3 (z2,&,). We have:

E[ILLg (x2,£2)2N} = 2N/ /HfXQZ (€alz1,0, 1), 0 (21,1)

fX1 l’l

Afz(z10, 1)
fZT(Z1l,fE1)

H AfXQ, T2, 211, 71) H dz1,(TR.26)

22



Now we use fz,T(z) > 7p and the Cauchy-Schwarz inequality to get

HAfxg, <>Af<>”

fz+(z11,21)
1/2

IN

1/2
TEQNE E HAfZJ(Zl,lvxl)z]
l

} 1/(2M) 5 [Afz,T(Zu, :U1)2M} 1/(2M)

HAfxg,z(xz, 210, m1)>
!
9

g T;ZNHE |:AfX27Z($2,Zl7l,ZE1)2M
l

where M = 22N=1 Moreover, from ‘fz’f(z) - fZ(z)‘ < Ch;j;l h;dzl 1 {inleezl fz(z) < TT},

uniformly in z; € Z1, P [inleegl fz(z) < TT} =0 (T‘b), for any b > 0, we get:

HAfXQ z(x2, 21 l’:Cl)Asz(zlz,an)] ‘

fz: (210, 71)
—2N 2 on11/ (2M) . o] 1/ (2M)
< Tr HE[Asz,Z(l‘z,Zl,l,fEl) ] E[Afz(zu,ﬂn) }
!
_ _ 2Ndyx. , —2Nd A 1/(2M)
+OT N0 2N 2y PN T [AfXQ,Z(xQ,zu,xl)W} (TR.27)

l

Thus, from (TR.26), (TR.27) and Assumptions B.3 (i), B,6 (ii), we get:
E [11,1,3 (902,52)2]\[}

. N/M 2M N/M
= 0 T;QN sup FE |:AfX2’Z({E2,Zl,ZE1)2M] sup F [‘Afz 21,1) }
ro€EX9,21 €2, Z1€2,

_ . N/M
—QNb 72N —2Ndx 2Ndz
+0 | T hxlT "hy ! sup E AfX27Z(CU2,Zl,CL'1
r2€AX2,21€21

By standard kernel arguments and  Assumptions B.1-B.3, we  have
. 1/M 1
sup E [Afxz,z($27217$1)2M] = 0 dx dxids T W™+ hyl'r | and
To€EX2,21€2 Thxl lThT 2 1
. oM Y/M 1
sup E UAfZ(zl,xl)‘ ] =0 ——a- t h3m —i—hzl 7 |, for any x; € X;. Then,
n€Z4 Thxl 1ThT !
log T)*
from condition d( ogd )+d =0(1), we get:
Th ! mhp 2T
$17
N
1
B |Is(e2&)™ | = 0| | gt 42 || =0 (o),
Th, rhpt

23



uniformly in z3,&, € Ay, for any z1 € ;. The bound for term I; 1 4 (z2,§,) is similar, and
we conclude that F [Il,l (ajg,fz)?N] =0 (a?), uniformly in x9,&, € &>, for any 1 € Xj.

(ii) Bound for E {I173 (:cg,é“z)z]v] Write:

E [11,3 (562,52)2]\/} = /"'/HfX2|Z(x2|Zl,la$1)fX2|Z(§2|Zl,laxl)fZ1|X1(Zl,l|x1)
I

-BE HAQM (2171)] Hdzl,l‘
l !
A . 2N
From Assumption B.7 (iii), sup E HAQ’“ (z10)|| < sup E UAQzl (zl)‘ ] =
21,15.-21,2N €21 I 21€21
N
1
0 ——t R34 h?l’fT , for any x; € X;. Thus, from Assumptions B.3 (i),
Th, Yhyt

we get E {11,3 (w2,§2)2N} =0 (a?) , uniformly in z9, &y € Xy, for any x1 € Xj.
(iii) Bound of £ [1172 (2, 52)”} E [11,4 (2, 52)”} and E [12 (z2, §2)2N} . The bounds

for these terms are derived by similar arguments as in (i) and (ii).

9.5 Proof of Lemma B.5

From the proof of Lemma A.6, we have ()\xl,T + A;;lel)‘l A;ﬁLxl = Z cm’j’Tle’j’Tgbml’j,

j=1
1 V le)j

[ dx) Agy T+ Vay g
2 7]
Th T

where ¢z, j7 =

and Z,, jr are defined in (TR.12). For expository

purpose, let us omit the index x1 in ¢z, 51, Zz, j7 and ¢,, ;. By using H (Aarr + A% Ag)) -1 ALQZ}II

00

* -1 4% 3
Z Cj,TCl,TZj,TZl,T <¢ja ¢Z>L2(X2)’ we get E |:H ()‘ILT + Aa:1A931) Aa:1wl"1
jl=1

]
= Z ;1. 1Cm, 17, E 2512110 Zm 17 20,1 <¢j7¢l>L2(X2) (Pms Pn)r2(ay)-  Let us now

j,l,m,n:1

bound the expectation terms. By applying twice the Cauchy-Schwarz inequality,
1/2 1/2 .
\EZ;0 210 Zmr Znr)| < E 220202 B [22.0227)7 < sup B [Z47]. By similar ar-
je

24
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guments as in Lemma B.10, C := supjen B [Z;%T] < 00. Then, we get

_ NETE! -
E |:H (Axl,T + Azl Aarl) ! Azl 1%1 :| <C Z C;TCl.TCm,TCn, T ‘<¢j7 ¢Z>L2(X2) ‘<¢m7 ¢n>L2(X2)

Jlmmn=1

= 4 2
= C ZC?7TH¢J'HL2(X2)+4 Z C?aTcl7TH¢jHL2(X2) <¢j’¢l>L2(X2)

jeN (5,1)eD?
2
+ > Apdyp (H¢j}|iz(x2) 1172 ) + 2 ‘<¢j: A1) 12(2) >
(G:)ed?

—|—2 Z C?’TCLTCm,T H¢] HiQ(XQ) <¢l? ¢m>L2(X2)

(4,l,m)eD3
+4 Z C?,Tcl,Tcm,T ‘<¢j’¢l>L2(X2) ’<¢j’¢m>L2(X2)

(j,1,m)eD3

+ Z Ci, TClL, TCm, TCn, T ‘ <¢j) ¢l>L2(X2) ‘ <¢m’ ¢n>L2 (X2)
(4,l,m,n)eD*

= C_'{J1+4J2+J3+2J4+4J5+J6},

where D? denotes the set of d-tuples, which consist of d different natural numbers. Let us
now bound separately the different terms.
(i) Bound of J;. We have

2
00 [e.e]
N <Y a6l 191l 20 = | Do Gr 16l e, | = g0
gl=1 J=1
e 9 1 > Vg, 2
h d 2r=> Sl = > 2 : .
where we denote g ¢ 2 Cir H%Hm(;{z) ThZiIT pt Doy + le’j)g Hﬁbxw HL2(X2)

.. . 2 .
(ii) Bound of Js. Using ciTchij(Xz) < qzl’T, j € N, we get Jo < qihT

Z ciranr [(@;, ¢l>L2(X2) . Let us consider the term
(.)eD?

‘<¢ja ¢Z>L2(X2)

Z c;TCT <¢j7¢l>L2(X2) :ch,TqujHLQ(XQ) ZCZ,T||¢Z”L2(X2)
=

(7,1)€D? L:1#5 H%HL?(;{Z) ”d’lHLQ(Xz)
(95,0
Using Cauchy-Schwarz inequality, for any j we have Z ar “¢l‘|L2(X2) H¢ A ‘T J l>HL;(‘T2) <
L] I L2(xp) WPIIL2 (Xz)
1/2 2 1/2 9 1/2
Z 02 ||¢ ”2 Z <¢j7¢l>L2(X2) <1 Z <¢ja ¢l>L2(X2)
LT NPUNL2 () 2 = G, o)
L:l#] ’ L] H%HLQ(XQ) H‘PZH%%XQ) Ll#] H‘ijp(xg) H‘bl”%Q(«Yz)
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Thus, we get again by Cauchy-Schwarz inequality,
Z C5TClL,T ’<¢]) ¢l>L2(X2)

(4:)eD?

1/2
0 <¢ja ¢l>iz(;(2)
qu,TZCj’T H¢J‘HL2(X2) Z 2 2

<
j=1 L] H¢j”L2(X2 ||¢l||L2(X2)
. 1/2 ¢ ¢>2 1/2
» Pl
< QuT ZCJZ,T H¢]Hi2(‘,\/2) Z Z ’ LAx) = Qil,Tpv
j=1 J=1LI#j ’¢]HL2 (Xy) Hd)lHLQ(Xz

(TR.28)

o <¢ ¢>2 1/2
-
where p := Z 2J Lz(X;) < oo by Assumption B.8 (i). We deduce
Gl=1:1#] H@HB(;@) ||¢l||L2(X2)

Ja < Q§17Tp-

2

(iii) Bound of J3. We have J3 < 3 Z c?chl?’T HQSJ»HLQ(XQ) H¢ZH%2(XQ) < 3q§17T.

(4,1)eD?

(iv) Bound of J;. We have Jy < (Z T Hgb]HL2 XQ)) Z CLTCm,T ‘<¢l,¢m>L2(X2) <
(

l,m)eD?
qs, P, using (TR.28).
(v) Bound of Js5. We have

Js < Z G H%‘Hizm)
J

<¢j’¢l>L2(X) ’<¢j>¢m>L2(X)
: > arlal | o7 [ :
(l%é:jm:myéj P 16,11 2y 191l 2 FEM 0, 2y 192 )

2

<¢j’¢l>L2 X

e cur bl | = -
; 3,1 H JHL2(X2) (l% U2 () HgijH(XQ) ||¢l||L2(X2)

) ‘<¢j’¢l>L2(X)
Using ¢ H¢1HL2(X2) Gz for all j € N, and zzz;;. ar 0l 1651l L2 H¢z|l;(x2)
RES] 2

<¢j>¢l>iz<X2) i <¢j>¢l>iz(/y2)
QT Z 5 5 , we get Jy < qleZZ 5 5 =

iy H¢jHL2(X2) 1611172 x) 7 liAj \¢jHLz(X2) é1ll72x0)
4 2
qxl,Tp .

(vi) Bound of Js. Finally, Js < Z Cj, TClL,TCm,TCn,T ’<¢j7 ¢l>L2(X2)
(4,1)eD2,(m,n)€D?

(B 6 2220

2
< 4 -2 .
) < gy, rP", using (TR.28).

= ( Z Cj,TCl,T’<¢j’¢l>L2(X2)
(

7,1)eD?
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To summarize, we have proved E [H()\zl’T +A;‘1Ax1)_1 A;I@le

4
] < C’*qihT, for a

constant C* < co. Since in Lemma A.6 we prove that £ [H Aoy + AL Ag) Al by,

qgl’T (14 o0(1)), the conclusion follows.

9.6 Proof of Lemma B.6
By (TR.25) we have:

(] (e = ) (5 42

) 1/2
< Blhallaw,|  + B[N

2 1/2
LQ(XQ):|

2 1/2 2
Bae] B [Mralifaca)

1/2 1/2
+ B 1B 2] -

We bound separately the four terms.
Let us first bound E [HIMH%Q(XQ)]. We have

1 ~
K [Hh,l”iz(;@)} = W///fX2Z($2\Z17w1)fX2Z(€E2\Z1,w1)
-E [AQM (21) Aer (21) \i/ml (Zl) \ifml (51):| d21d§1d£€2,

where W,, (z1) is defined in (TR.9). Thus, by Assumption B.3 (i) and the Cauchy-Schwarz

) 1/2 . 4] 1/4 . 471/4
inequality, we get E [||I171||L2(X2)} =0O| sup E “AQII (21)‘ } sup F [ Y, (zl)‘ ] .
21€21 Z1€2,

LEMMA C.2: Let Assumptions B.1-B.3 hold. (1) Uniformly in x1 € Xy:

- 1
sup Vv |:\IJ (Zl)i| =0 ————-+—
Z21EZ " Thii(}fh;l121

(2) If in addition Assumption B.5 holds, then uniformly in x1 € X :

A N 4 1 1
sup E [(\IJ (21) - E [\1: (Zl)D ] —0 n
aez [V " TR R ey 2

From Lemmas C.1 (1) and C.2 (2), Assumptions B.1-B.3, B.5 and B.7 (iii) and by using

1
the condition —o——7-— = O(1), we get:
Th,, rhy!

2 1/2 1 2 2
F [”1171HL2(X2)} =0 W + h:cT:T + hTm .
x1 Ibp
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By similar arguments as above and as in the proof of Lemma B.2, we get:

E 1012 }1/2 _ 0 ! B2 4 2
B R U T

1/2 1 m
E |:H1173”2L2(X2):| - O (Thd h21 T + h > .
z1

Finally, by arguments similar as in the proof of Lemma B.4 to control the kernel density
estimator in the denominator, we have:

Bl ] =0 ! ISy i
212 (x) - Thdxl hdzl+dx2 z1,T T ’
x1,T"°T

9.7 Proof of Lemma B.7

The proof is similar to that of Lemmas B.3, B.4 and B.6 and is therefore omitted.

9.8 Proof of Lemma B.8

We have
Agp(z) = /k(z) [g(x — hz) — g(2)] 1s(x — hz)dz. (TR.29)

h
For z,x — hz € S, write g(x — hz) — g(z) = —/ (Vg (x —tz) - z) dt. Thus, we get
0

h
9(e — hz) — g(z)| < /0 Vg (& — t2)] || dt

2 (/Oh Vg (x —tz)y2dt> v (/tht>
12| Vh </Oh Vg (z — tz)\th> 1/2.

We deduce from (TR.29) and the Cauchy-Schwarz inequality:

JE/ k(2)] |2] (/Oh Vg (z — t2)]? dt)1/2 ls(z — hz)dz

\/E</|k(z)||zy2dz>l/2 </|k:(z)| (/0h|Vg (:U—tz)|2dt> 15(:U—hz)dz>

Thus, since 1s(x — hz) < 1g(x — tz) for any z € S and 0 < t < h by convexity of S,
we get /]Agh( )P f(z)da < hwg/ /|k </|Vg(x—tz)] 13(x—tz)f(x)da:> dzdt.

Now, / Vg(z—t2)Plse — t2)f(@)de = / o e (s 1oy

1/2

IN

|Agn ()]

IN

1/2

IN
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< / Vg )P fy)dy + / Vg ()] Ls(y) |£(y + t2) — F()| dy. Then, / Agn(@)? f(z)da
h
< Rwyws / Vg ()12 £ (y)dy+ b /0 / k(=) / Vg )2 1s() | F(y + £2) — F(y)| dydzt.

9.9 Proof of Lemma B.9

Let x = (x1,x2) € R% x R% and y = (y1,y2) € R% x R% with y; = z1. Then we have

B(Vi(g.o)Vele,o)) = Thdy [ [ ateeE [(F@) - Bf@)) (fw) - Bf())] deadie.
Let us compute the cross-moment of kernel estimator in the RHS:

E| (@) - Ef@) (f0) - BEfw)]
- g 7 () 2 ()| - [ (5 2 = ()] -

where K (U—x) =K (Ul _xl) Ko <U2 _$2). Thus, we get
hr hir har

[VT g,21)Vr(e, z1)]

U—=x U—y
p— K
it | [ otz [ (5 ) (52 ) s
U—-=zx 1 U—-=zx
—| ———— [ 9(x2)E [K( )] dxs /e(xg)E [K( >] dxs
(h‘flT/ “hi / I hyhg hr

= AT - BT(g)BT(e). (TR30)

Let us derive the asymptotic expansions of these two terms.
i) Asymptotic expansion of Br. Let us first consider the second term in (TR.30).
We have

1 U] — T
Bra) = [ [t K 2h: Kl( - >K2< h2T2>f 2] dundaes
= dl/z// x9)K(2)f (x + hpz) dzdzs
= d1/2// x2)K(2) [f (x + hrz) — f(x)] dzdxa,

where f (z + hpz) = f (331 + hirz1,x2 + horza) and K (z) := K1(21)Ka(22), since E[g(U2)|U1 =
xz1] = 0. Then |Br(g)| < d1/2/|g x2) (/]K )| f (x+ hrz) — (ac)|dz> dxs. Since
K has a bounded support (Assumption B.2), and by the mean-value Theorem, we get

/\K 2N f (@+ hrz) — f(x)]dz < (th/]Iﬁ 21 HZ1!dZ1+h2T/\K2 Z2 !!22\6122) q(z),
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for large T, where ¢ is defined in Assumption B.4. Then, by Cauchy-Schwarz inequality
and Assumption B.4,

1/2 1/2
Br(g)| < ch3® (har + hgT)/\g(l‘Q)\ g(x)dwy < chi3? (har + har) (/ ’9(“32)!2q(33)dx2) (/ Q(w)dm> ’
for a constant c. Thus,
Br(g) = O (WY (har + har) gl 2. ) - (TR.31)

ii) Asymptotic expansion of Ap. Let us now consider the first term in (TR.30). We
have

1 - - 1 —z1\? - -
d1 2d2E |:K (Uh w) K <Uh y>:| - dy 2d2E [Kl (Ulh ml) K2 (U2h xz) K2 <U2h y2>]
hirhor T T hirhor 1T 2T 2T
1 —
= & /Kl ('I,Ll)QKQ(UQ)KQ (’UQ + 2 y2> f ($ + hTU) du.
hao2, har
We get

y2> f (z) dugdzodys

Ap = ;;;///9(502)6@2)K2 (u2) K2 <UQ+$

/ / / g(x2)e(y2) K1 (ur)* Ka(u2) K> <u2 + th— yQ) [f (2 + hru) — f(x)] dudzadys

2T

d
hapr
= Ay + Aar.

To rewrite these terms, we have

1 Ty —
/dKz <U2 + =2 y2> e(y2)dy2
h% hor

= /KQ (u2 + 22) € (z2 — har22) 1s,(z2 — hor22)dze

= (/ Ko (us + 22) 1s, (12 — hszz)d22> e(r2)

+ / Ky ('LLQ + 22) [6 (332 — hgTZQ) —e (xg)] 152 (1‘2 — hQTZQ)dZQ.
Thus, we get

Aip
= o2 /g($2) ( 2)f (//K2 U2 K2 <UQ + 22) 1s, (.%'2 — hQTZQ)dZQdUQ> dzo

“+w // :L'2 K2 U2 /K2 U + 22) [ (:UQ — hQTZQ) —e (:L'z)] 132 (1'2 — hQTZQ)dZQd’LLle‘Q
= W fr, (21)Cov [g(Us), e(Ua)|U1 = 1]

J— 2 J—

w /g(acg) (.'L'Q)f <//K2 UQ KQ (UQ + 22) 136 ($2 hQTZQ)dZQdUQ> dl‘Q

+w // SCQ K2 UQ (/ K2 ’LLQ + 2’2) [ (ZEQ — hQTZQ) — € (.’Eg)] 152 (CL‘Q — hZTZQ)dZQ) dUQdCL‘Q
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Similarly
AV2T = /g(a:Q)e(mg)//Kl (u1)2K2 (u2) Ko (ug + 22) 1s, (x2 — harz2) [f (v + hru) — f(x)] dzedudzs

// 9) K1 (u1)? Ko (ug /KQ u + 22) [e (2 — hor22) — € (x2)] 1s, (22 — horza)dzo
[f (x + hpu) — f(z)] dudzxs.
We conclude

Ar
= W fy, (x1)Cov [g(Uy), e(U2)|Ur = z1]

w2/9($2) (w2) f(z <//K2 uz) Ko (u2 + 22) lsg (22 — h2T22)dZ2dU2> dxo
“+w // xz K2 UQ (/ K2 UQ + 2’2) [ (1:2 — hQTZQ) —e (:L’Q)] 152 (.CCQ — hgTZQ)d22> dusdzo
+ / g(z2)e(as) / / K ()2 K (us) Ko (uz + 22) s, (w2 — horzs) [f (2 + haw) — f(x)] dzadudas

+ //g($2)K1(U1)2K2(UQ)/K2 (UQ + 22) [6 (1‘2 — hQTZQ) — € (SCQ)] 132 (332 — hQTZQ)dZQ

|f (x + hpu) — f(x)] dudzs.
=: w2fU1 (l’l)CO’U [Q(UQ), 6(U2)|U1 = 371] + Al,T + A27T + A37T + A47T. (TR.32)

Let us now bound terms A; r-A4 7, separately.
iii) Bound of A; 7. We have

|A1 T| <w /‘g 1’2 ‘ ‘ l’g)‘ f </ Kg ZQ 152(x2)13c(x2 — hQTZQ)d22> dxg,

where Ky (23) := /]KQ(UQ)KQ(UQ + 29)| dug. By Assumption B.2, K9 has bounded sup-
port included in B.(0) C R, xk =2  sup  |za]. Then, /K2 (22) 1s, (w2)1ss (w2 —

z2€ supp(Ka2)
horzo)dze < cl (z2 € OSa2(khar)), for large T', for a constant c. Thus,

[Avr| < C/ l9(z2)[e(z2)| 1 (z2 € OS2 (khar)) f(z)dws < cfuy (21) 9l 12 (r) Pz, (€5 ko),

(TR.33)
by Cauchy-Schwarz inequality.

iv) Bound of A;7r. We have Ay = w? /g(xg) </ ko (z2) [e (x2 — hopze) — e (x2)]
1s,(z2 — horzo)dze) f(x)dxe = waU1 (1) /g(xg) [Aeny, (22)] fu,|u, (v2|71) doo, where Aep,,. (z2) =
/kQ (ZQ) [6 ($2 — hQTZQ) — € (1‘2)] 132 (:I}Q—hQTZQ)dZQ and kQ(ZQ) = /KQ(UQ)KQ(U2+ZQ)du2.

Note that ko(.) satisfies / ka(z2)dzo = 1. By the Cauchy-Schwarz inequality, we have

[Ag| < WZfU1 (1) ||9HL§1(F) ||AehzT”Lgl(F) ‘ (TR.34)
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To bound the term ||Aep,, |2 (p)> We can apply Lemma B.8 to function e and density
Tl
fur () = fomu, (|71) with

- /k2<22)ydz2 < //|K2(u2)K2(u2+z2)|dqu22 - (/\KQ(W)\duQ)Q,
/zz|2|k‘2(22)|dzg < //zz|2|K2(U2)K2(U2+z2)|dqu22,

w2
which are finite by Assumptions B.2 (i), (ii). We get
2 2 2
”AehTHLgI(F) < w1w2h2THV€HLgl(F)

hor
er2hQT/|V€(y2)|2 (/0 /\7@(22)! | for (2 + t22) — fu, (y2)!dz2dt> dys.

hor
Since ko is bounded and has bounded support, / / [k2(22)| | fay (Y2 + t22) — foq (y2)| dz2dt <
0
ch3rq(x1,y2), for a constant ¢, where ¢ is defined in Assumption B.4. Thus, ||Ae,, Hi2 (F)
zp

=0 (h%T HV@H%%I(F) + hdp HVeHi%l(F*)> . We conclude from (TR.34):

3/2
Aoz = O (har Il (i) Vel iz iy + B35 Nl9lla, (i) Vel z o) - (TR.35)
v) Bound of A3 7. We have

Aal < ([ 12tz ) [latenl et ( [ 52w K (]| (o4 hru) = Fo)] du) da

Again, by Assumptions B.2 (i), (ii) and B.4, /Kl(u1)2 | Ko (u2)] | f (x + hru) — f(z)|du <
¢ (hip + hor) q(z), for a constant ¢ and large T'. Thus,

|As | < 5(h1T+h2T)/’9(932)’|€(932)’(I(x)d902

& (bt + hor) ( / g(m2)2q(x)dm2> " ( / e(xg)Qq(x)daQ) "

from Cauchy-Schwarz inequality, and

IN

Ay =0 ((har + har) gl 2. oy lell 2, (i) - (TR.36)

vi) Bound of Ayr. We have

Auir = [ B0t ( [ oe2) Beusr (o0l F o+ era) = )] diy )
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where Aey, pyp (22) = /k‘g(ZQ; uz) [e (x2 — harza) — e(x2)] s, (xa—horza)dze and ka(z2; u2) =

Ky (ug + z2). Since K is bounded and has bounded support,
Aurl < e [1KQ) ( [ 19t 18enp (@) 1f (o i) — f) dwz) du
= ¢ / 19(2)] | Aengy (22)| 77 (2)ds

where |Aep,, (z2)| = /1(!22| < ¢1)le(xa — horzow) — e(x2)| 1s, (x2 — harze)dze and

mr(z) == / |K (u)||f (z + hru) — f(z)] du, for constant ¢, c;. By Cauchy-Schwarz inequal-
ity,

|Ayr| < e ( / |g(:c2)|27TT(:C)dx2>l/2 ( / |Aeh2T(:U2)]27TT(3:)dx2>l/2. (TR.37)

Since 7p(x) < ¢ (hir + har) q(x), for a constant co, we get
[ 19ta2) P rrta)de = O ((hur + har) ol ) - (TR 39)

To bound /\AehzT(scg)FﬂT(x)dxg, we apply the argument in the proof of Lemma B.8,
with k(2) = 1(|z| < ¢1). Then,

/ Aenp (@) P rr(@)des < cshly / Ve(ys) 2 (a1, yo)dys

har
+C4h2T/ ]Ve(y)\Q </ / |k‘(22)| |7rT(a:1,y2 + tZQ) — WT(xl,yg)] dedt) dy2
0

IN

esh3y / Ve(ya) mr (o1, y2)dye

hor
+06h2T/ Ve(y2)[” (/ /|k(z2)| mr(T1, Y2 + 7522)d22dt) dya,
0
for some constants cs, ..., cg. Using

hor
/ / |k(22)| mr (21, y2 + tz2)dzodt
0

hor
- /0 / k(z2)| / K @)[|f (4 + tz + hyw) — f(y + t2)] dudzdt < erhap (har + har) a(y2),

for large T and a constant c7, we deduce
/\AehQT (:CQ)|2 WT(x)dl'Q =0 (h%T (th + hQT) HVGH%%I (F*)) . (TR?)Q)

From (TR.37), (TR.38) and (TR.39) we get

Aur =0 (hgT (har + hor) 9l 22, (s \VeHL%l(F*)) . (TR.40)
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From (TR.30), (TR.31), (TR.32), (TR.33), (TR.35), (TR.36) and (TR.40), we derive
the asymptotic expansion of E [V (g)Vr(e)l:

E[Vr(g,z1)Vr(e,x1)] = * fr, (21)Cov [g(Us), e(U2)|Ur = 1]
+0 (hlh (e + o) Il 2, () el iz, () + O (92, (o) P (es har)
+0 (har llgllzz, () 1Vell 2, vy + h31* oz, ) IVl 22, )

+0 (U + har) lgll gz (s el 2, iy ) + O (Rar (i + har) gl gz (o) 19 22, ) -

The conclusion follows.

9.10 Proof of Lemma B.10

(i) Let us apply Lemma B.9 with Uy = X3, Uy = (W,Z1), and g(u2) =

= (wim) (21) Qa1 ,0(21) g, (W) =1 gz, j(u2), for any j € N. We have E [g;, ; (U2) U1 = 21] =
0 and

V(9215 (U2) [Ur = 1]
= ! E |:(Ax1¢a:1j) (Z1)2 Qxl,O(Zl)QE |:g¢0 (W)2 | Zl,Xl = 1'1} |X1 = 131:|

Vl'l,j
1 1 )
= yzle |:(Az1¢x1j) (Z1)2 Qxl,O(Z1)|X1 = $1i| = le<¢r1j7A$1Aml¢x1j>Hl(X2) — 17

where we have used Assumption 5. Thus, we get

E [Z21 2> Tj| = le ($1)w2 +0 (pxl (givl,ja K‘h‘T))
+0 (hr IV g1l 2 (i) + (hosiz + 1) 925

2 3/2
‘Lgl(F*) + hT ||v9x1,jHLgl(F*)

7 (s + hr) gl (o 1V 902 ey ) -

The conclusion follows if the terms ||gz, ;| 2 (F*); 1V garll 2 () and IV ill 2 (p+) are
Ty r1 Tl

bounded and p,, (gz,,j, khr) = o(1), uniformly in j € N. By using the Cauchy-Schwarz
inequality and Assumption B.4, HgmmHL%l(F*), HngthL%l(F) and Hngl,jHL%l(F*) are uni-
formly bounded by Assumptions B.8 (iii)-(iv). Finally, the conclusion follows from

1/2
Pay (Garjr 5h1)* = B |gay j (U2)* 1 (U € 3S (kb)) | X1 = «’Bl] <FE [lgm (U)X =1

P (Uy € 08 (khr) | X1 = m1)1/2 and Assumption B.8 (iii).
(ii) We apply Lemma B.9 with g = g,, ; and e = g, ;, for any j # [ € N. Similarly to

above, we have Cov [gm,j (UZ) agm,l(UQ)‘Ul = .561] = \/ﬁ<¢llj’A;1A$1¢xll>Hl(X2) =

0, for j # 1. Thus, we get E [Z;, j12, 1 7] = o(1), uniformly in j # [, using the bounds in
point (i).
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9.11 Proof of Lemma B.11

1 2 1/2
We have Z ;.1 E 2, 7] Za“ E[27?] = Z ;B2 7)] = Z B[22 P E (22"
J,l=1 j=1 3,l=1, 5#1 Jl=1, j#L

Let us now bound the term in the RHS. We have

> B (2] B (27)"

GI=1, j#
> 1/2 > 1/2
< > (vae[2") oyl VLIE 7]
j; ’ I 121753 \/@\/W 7
1/2 o\ 1/2
< | D aE[Z]] Yo X = lrulvauE [Z]] :
j=1 =1 =iz V& Val
(TR.41)
by Cauchy-Schwarz inequality. Moreover, again by Cauchy-Schwarz inequality:
. ) 1/2 . 1/2
Z ———|pjl vau E[Zl}l/Q < Z . P Z an B (77
1=tz VE VO” 1=ty I I=1:14]
00 a2 1/2 00 1/2
g
< i (Z o B [ZF ]) :
I=1dzj - DIC =1
From (TR.41) we get
1/2
= 211/2 211/2 - 2 — . O‘JQ‘I 2
>, B BT TE (T <\ Y e BIZ | | D0 D —Eeel]
Jl=1, j =1 J=1i=tizg I

and the conclusion follows.

9.12 Proof of Lemma B.12

By a Taylor expansion of the kernel estimator bias we get:

Cale) = op 3 W [ [ RIEQK©W - g fe)

" ai|+az|=m
VANV fiy z(w + hen, z1 + hrC, 1 + hay 1)
f2(2)
where V' and V*? denote gradient operators w.r.t. (Y, Xs,7;) and X, respectively.

Thus, we get (,, = hy, 7= + Iy, where function T'y, is such that sup [Ty, (21)] <
21€2,

dwdnd(de,

) 1/2
C(hrhy 7} + A de) from Assumptions 5, B.4 and B.6. Then, the

conclusion follows.
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9.13 Proof of Lemma C.1

Let us write ¥, (21) as:

M:

— Vi) Ky (2 — 2), (TR.42)
t:l

where:

Ve = /‘Pa:l,o(XQ,t — hpu) K (u)du,

1 Ziy — 21 X1t — 11
K, (Z; — = K : K| —].
h( t Z) th1 hd21 < hy ) ( hth )

wlv

and:

(1) The bias term is:
B [0y, (21)] = BIY = Vi) K (2 = 2)].
By a change of variable:
E(Y -Vi)Kp(Z—2)] = E[E]Y —Vp|Z| Ky (Z - 2)]

= /,u(zl + hrui, z1 + hy, 7u2) K (u)du
— / nr(z1 + hrur, x1 + hy, 7u2) K (u)du,
where np(z) = E [Vp|Z = z] fz(z). By standard bias expansions:
/,u(Zl + hpuy, 21 + hey ru2) K(u)du = p(z) + O (| D™plly (RT + BT 7))
/nT(zl + hpur, @1 + hyy ru2) K (u)du = np(z) + O (||Dm?7THOO ( + hiy T)) ,
uniformly in z € Z. Moreover:
@) = [ [ uole— hru)fxa(ea K @)dnadu
= //gpxh x2) fx,,z(x2 + hru, 2) K (u)dzadu

= Elp o (X2)1Z = 2] £2(2) + O (ID™ Fxazll W) |
uniformly in z € Z, and:
Hmme|mwmuﬂ%mﬂm/mwm
<

1D szl 0l [ 1) < o,
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from Assumption B.3. Thus, by using E [Y — ¢, (X2)|Z = z] =0, we deduce

sup E (Y — Vi) Ky (Z = 2)] = O (b7 + I, 1)
Z1€E2,
uniformly in z; € X}, and Part (1) follows.
(2) The proof is similar to the proof of Theorem 2 in Hansen (2008). Let us first truncate
the variables Wr,; :=Y; — Vp; in (TR.42) and show that the truncation effect is negligible.
dx. . dg \ 1/(29)
Th, thyt

T .
L , for any x; € X} and some s > 1. Write:

Define 7, 7 = log T

N 1

T
Ve (21) = T Z Wr il {{Wry| < 7oy 7} Kn (Zi — 2)
=1

T
1
+o E Wr i {IWr | > 7oy 7} Kn (Z — 2) = Wy (21) + Ry (21).
t=1

By the same argument as in Hansen (2008), p. 740, and Assumptions B.1-B.3, we have:

logT

dx, ;dz,
Th,, rhy

E|Ry ()| <C7. 072 =0

uniformly in x; € &), 21 € Z;. Thus, the conclusion follows if we show that sup W, (z1) =
z1€21

oa T The o2
0 . -
O, e g y uniformly in z1 € Xj. For this purpose, define ¥(z) := &\le(zl)
ThIX1 871 logT

x1, T T

Let us introduce a covering of Z by ng hyperballs B = ¢ z: |z — z‘ij\ < nl/(’;z}, j =
T
1,---,np, where C is a constant, z;r € Z, ny is such that np = O (T°) for some ¢ > 0,
T
and 1/;/> = o0(1), where pp := inf ( hiflTh;lﬂzl min {hy, T, hT}>. Then, from
prnil " \log T mea AV
oh
Assumption B.2 any by using that sup ;“T = O(1), uniformly in z € B;r and
T1€AL L1
j=1,---,nr we have
T
. . Cq 1
W(z) — ()| < [Wral = 0 (1),
’ prny ¥ VTlogT ; ’
C R
E [\f/(z)} —-F [\f/(z»,T)” < ! E|Wr| =o0p(1),
| LS T 2 ’“

for a constant Cy. It follows that:

sup |¥(z) — E {\i’(z)” < sup
z2€Z j:17""nT

W(zr) = B [#(z0)] | + 0, (1),
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Thus, the conclusion follows if we prove that the first term in the RHS is o,(1). For this
purpose, let € > 0 be given. We have:

P U(zjr)—E [\i'(zj,;p)] ’ > E] < iT:P H\i/(zj;r) - F [\i'(zj,;p)] ’ > E:|
j=1

sup
.7:17 T

< nTsupP[

¥(z) - E [xiz(z)” > 5]

z€Z
~ - logT
= nTsup P "IIIE1 (Zl) —F |:\Ijm1 (Zl):| ’ Z g ﬁ
zEZ Thml }Th’T 1

(TR.43)

In order to bound the probability in the RHS, we apply a large deviation bound as in
T
A 1
Hansen (2008), p. 741-742. Let us write ¥y, (21) = TZ/%’T (2), where k7 (2) =
t=1

Wrd {|Wry| < 71oy10} Kn (Zy — 2) — E[Wr d {|{Wrpy| < 727} Kp (Zp — 2)]. From Assump-

27—9617T HKHoo

tion B.2 we have |ky 7 (2)] < , uniformly in z € Z. Let us now bound

Tk
E [[ﬁtT(z)ﬂ. We have:
E [(Y Vi) K (Z - z)ﬂ - E [E [(Y — V)2 \Z} Ky (Z - z)ﬂ
1
< di / J% (21 + hTul, xr1 + hxl’TUQ) K(u)2du,
b, hy !
x1, 1T

where 02 (z) = E [(Y —Vr)?|Z = z} fz(z). Now:

EViZ=2] = / / E [y, 0(X2 — hru)p,, o(Xo — hyv)|Z = 2] K (u) K (v)dudv
< (/ yK(u)|du> /E [Py 0(Xa — hru)?|Z = 2] | K (u)| du,
and then:
E[V3Z =] f2(2) < < / yK(u)ydu> / / ur 02 — hrw) fxs z(w2, 2) | K (u)] dudas
_ ( / |K(u)|du> / / or0(@2)? Faz (w2 + b, 2) | K (u) dud
2
< ([ iclan) Vsl lowolian,

Thus, we get HU2TH<>O < oo and:

1

dx, ;dz;
hxl,ThT

E [(Y Vi) K (Z - z)ﬂ 0 (TR.44)
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dx, ,d
uniformly in z € Z. Hence, we get sup,cz F []/it;r(z)ﬂ < Cg/hxi(lThTzl for large T' and

a constant co > 0. By following the argument in Hansen (2008), p. 741-742, and using
Assumptions B.1-B.3, we get:

logT

dx, ,dz,
Th,, rhy

P

U, (21) - E [‘Ifm(a) < 4dexp (—c1e?logT) ,

uniformly in z € Zp, for a constant ¢; > 0. It follows from (TR.43) that

P U(zr) — E [\if(zﬂ)} ’ > ¢

sup
=1y

=0 (nTT_0152) =0 (TC_0152>. By choosing

U(z0) — E [@(zj,T)} ‘ > 5] = 0, and Part (ii)

€2 > ¢/c1, we get that lim sup P | sup
T—o0 .]:1) snT
follows.
(iii) We can write:
T
A 1
[ ot a1 = 30 (V= Vi) Gk, (X — 1)

t=1

where Gr; = /g(Zl,t + hru, 1, x2) K (u)du. Since the variables G4 are bounded, and set

X1 x Xy is compact, the conclusion follows by a similar argument as in Part (ii).

9.14 Proof of Lemma C.2

Part (1) follows from (TR.42) and (TR.44). Let us now prove Part (2). The fourth centered
moment of W, (z1) is given by:

E [(wm (1) - E [\izm(zl)])ﬁ‘} _ %E [ ()] + 3(];;1)]5 [or (2],
where:
kr(2) =Y = Vp)Kpn(Z—2)—E[(Y —Vp) K, (Z - 2)].
By the proof of Lemma C.1 we know:

sup B fnr (2)°] = 0 ,,-szlth
Moreover:
E [HT (z)ﬂ = E [((Y — Vi) Ky (Z — z))ﬂ —8E [((Y — Vi) Ky (Z — z))?’} E[(Y - V) Ky (Z - 2)]

H6B (Y — Vi) K (Z = 2]+ BLY Vi) K (2 - 2)]"
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Let us focus on the first term. We have:

1

3dx, , 3dz,
Wy 7t hop

E [((Y — Vi) Ky (Z - z))ﬂ = / Ta1 (21 + hrur, o1 + hy, 7us) K (u)*du,

where 747 (2) = E [(Y — VT)4 |Z = z] fz(z). By similar arguments as in the proof of
Lemma C.1 we get:

Bz =) 120 < ([ K@1 ) Wizl [ noten)taas

Thus, we get:
1
sup B [((V ~ Vi) i (2~ )| = 0 | g
21€21 hicllxl h3dzl
It follows:
1
sup E [KT (z)ﬂ =0 | w=——
z1€2 hi(lixl h3d21
and:
E(ﬁf()E[@()}f ! !
su z21) — z =
ae, o [V o T3 T2hfffxl et

The conclusion follows.

10 Characterization of operator £

In this Section we discuss the characterization of operator £ when [, dx, > 1 and the Sobolev
embedding condition 2! > dyx, is satisfied. In order to simplify the notation, we focus on
the case | = dx, = 2, but the arguments can be extended to the more general case 2] > dx,
(see also CGS for the case dx, = 1).

We have:

<¢’U>HZ(X2) = (¢, u)po X2)+<vl¢ v1“>L2(2(2 (Vag, v2u>L2(X2)
< 1¢7v1 >L2(X2) < 2¢,V2u>L2(X2)+2<V1VQ¢,V1V2U>L2(X2),

where Vi and V3 denote the gradients w.r.t. the components &; and &5 of xo = (£1,&5).
By using partial integration, we have:

1
(V10 Vatdagay = [ 09l gty = (6,980 s

1
<VQ¢, V2U>L2(X2) = /0 ¢v2u’%2:0 d€1 - <¢a V§U>L2(X2) )
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<v%¢av%u>L2(;{2) = / V1¢V1u‘f 2—<V1¢,V:15U>L2(X2)

= /0 V1¢V%U‘;: / ¢V1u‘£ d§2 + <¢a V%U>L2(X2) )

1
(V36,V30) 1oy = /0 Voo V3ull _d€y — (Vad, Vi) 1o o,

1
2 |1 3
| vaoviul; de / VIl o déy + (6, Vi) 1o,
and:
! 1 2
(ViVag, ViVou) 2y, = /0V2¢V1V2U!§1od§2—<v2¢,V1V2U>L2(X2)
1 1
1
= / VoV1Vaulg _odé; — / OViVaule &y + (6, ViVEU) 1 )
0 0
- 1Va2u ) - 1Vau ) - 1Va2u 9 1Vau 1)
(6V1Vau) (1,1) = (6V1Vau) (1,0) — (V1 V2u) (0, 1) + (V1 V2u) (0,0)
1 1
1 1
= [ oviViuly ydes [ oVEVauly Ly dey+ (6. VEVEU) o,
0 0

Thus, we get:
<d)a >Hl (X)) = <¢>DU L2(X. / ¢V1U|§ =0 dgz“‘/ ¢V2U|g =0 dg;

/Vlcbvlu‘é /¢v1u}§ £

¥ /0 Voo V3ull _, de; - /0 V3L, dey

+2[(¢V1Vau) (1,1) = (¢V1V2u) (1,0) — (¢V1Vau) (0,1) + (¢V1Vau) (0,0)]
1 1

_2/0 ¢v1v§uy;:0d52—2/0 OViVaul, _,de,

Since u € H2! (X2), the boundary terms involving an odd-order derivative of u vanish. We
get: B
(9. D) 1203 = (&, W) g1 y) + Tu (D),

where:
B 1 1
T,(6) = - /0 V16 (1,6) V2u (1,6,) de, + /0 V16 (0,£5) V2u (0, £,) dé,

1 1
- /0 Vo (€1,1) Vu (€, 1) de, + /0 Va6 (€,,0) VEu (£,,0) dE,
( (

oV1Vau) (1,1) — (¢V1Vau) (1,0) — (¢V1Vau) (0,1) + (¢V1Vau) (0,0)] .
(TR.45)
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Now, we have to show that 7, (¢) can be written as 7, (¢) = (@ Tu) gri(x,) Where Ty, €

H'(Xy). Then, £(u) = u + 7,. We consider separately the different components.

For any a € Xs, the mapping ¢ — ¢(a) in H' (A,) is a continuous linear functional if
dx, < 2l because of the Sobolev embedding theorem. Thus, by the Rietz representation
theorem, there exists d, € H' (A3) such that:

$(a) = (§a: D) oy » ¢ € H' (X2).

It follows that we can rewrite the last row in (TR.45) as

—2[(¢V1Vau) (1,1) — (¢V1Vau) (1,0) — (¢V1V2u) (0,1) + (¢V1Vau) (0,0)]

= 2 <—V1V2u (1,1) 5(171) + V1Vau (1,0) 5(1,0) + V1Vau (0,1) 5(071) —V1Vau (0,0) (5(070), ¢>HZ(X2) .

Let us now consider the terms in the first row of the RHS in (TR.45). For any a € [0, 1],
function &, — V3u(a,&y) is in L2[0,1]. Indeed, by the Sobolev embedding theorem of
one-dimensional spaces:

|V%u (a, 52)‘ S C Hv%u (" 52)”[{1(0,1) )
where C' is independent of &5, and
1 1
| 19t de <€ [ [9300 e g a6 < €l < .

Hence, we can write
1 00 1
/0 Vig(a,&,) V%u (a,&y) d€y = Zﬁl,a,j /0 Vig(a,&,) >~(j (€2) d&y,
j=1

where 3 , ; = fol V2u(a, &) X; (&) d€y and the X; are the elements of the basis of L*[0,1]
introduced in Appendix 2 of the paper. Define:

1
Tiay (6) = /0 V16 (a,6) X, (£2) b,

for a € [0,1]. Let us first prove that 77, ; defines a continuous linear function on H' (X5).

We have by Cauchy-Schwartz inequality:
1/2 1 1/2
Tias (0) < ( [ v i) [ et i6) = ([ Ivweere) .

Now, for given &, € [0, 1], by the embedding of one-dimensional spaces:

V16 (a,&)] < C HV1¢(-a§2)HHl(0,1) )

where C' is independent of &5, and

1/2

1 1
/0 V16 (a,6)" dé; < C/O 1V16 ()l 01y 462 < C 1l
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Hence, we get 77 4. (¢) < C H(ZSH?{l()@) and 77 4 ; is a continuous linear functional on H' (Xy).
Thus, by the Rietz representation theorem, there exists d1,4; € H L (X2) such that:

ﬂ,a,j ((b) = <51,a,j7 ¢>HI(X2) ) ¢ € Hl (XQ) :

It follows that we can rewrite the terms in the first row in the RHS in (TR.45) as
! 2 ! 2
- [ Vo6 ViulL ) s+ [ V10(0.6) Vi 0.6) de,

= - <Z (811,401,157 — B1.0,01.04) 7¢> :
HY(X2)

J=1

In a similar way, it is possible to define functions d2,; € H L (&) that are the Rietz repre-
sentants of the continuous linear functionals

1
Toa (6) = /0 Voo (€1.a) X, (€1) déy,

and we can rewrite the terms in the second row in the RHS in (TR.45) as:
1 1
- [ Veo(er ) Viulen ) dsi+ [ Vo (60,0 Viu(6:.0) dey

= - <Z (821,502,157 — B2,0,02,0,) ,¢>>
=1

HI(X2)

By putting everything together, we get:

E(U) = u—2 [V1V2u (1, 1) (5(1’1) — ViVau (1, 0) 5(170) - ViVau (0, 1) 5(071) + ViVau (0, 0) (5(0’0)]
- Z <<V%u (1,.) 7>~<j>L2[0,1] 0115 — <V%u 0,.) ’>~<j>L2[0,1} 01,0
j=1

+ <V§U ('7 1) ’>~<j>L2[0,1] 62,1,j - <v%u (') O) 7>~Cj>L2[0,1] 52,0,]') .
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