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This technical report contains the proofs of the technical Lemmas A.1-A.8 in the paper
entitled “Tikhonov Regularization for Nonparametric Instrumental Variable Estimators”
and written by P. Gagliardini and O. Scaillet. We gather these proofs in Sections 1-8.
Section 9 contains further proofs of technical lemmas B and C used in Sections 1-8. Finally,
in Section 10 we discuss the characterization of operator E when l, dX2 ≥ 1 and the Sobolev
embedding condition 2l > dX2 is satisfied. Equations labelled as (n) refer to the paper, and
Equations labelled as (TR.n) refer to the technical report.

1 Proof of Lemma A.1

(i) Consider the function

u =
∑

j∈NdX2

1
ξj

〈
φ, χj

〉
L2(X2)

χj . (TR.1)

Then, u ∈ H2l
0 (X2) and Du = φ, that is, u solves the PDE. Let us now show uniqueness

of the solution. Suppose that u1 and u2 are two solutions in H2l
0 (X2), and let us show that

u1 = u2. For this purpose, we use that for any ϕ1, ϕ2 ∈ H2l
0 (X2) we have:

〈ϕ1,Dϕ2〉L2(X2) =
∑
|α|≤l

〈
ϕ1,
(
−∇2

)α
ϕ2

〉
L2(X2)

=
∑
|α|≤l

〈∇αϕ1,∇αϕ2〉L2(X2) = 〈ϕ1, ϕ2〉Hl(X2) , (TR.2)

from partial integration and the boundary conditions. Setting ϕ1 = ϕ2 = u1−u2 in (TR.2)
yields ‖u1 − u2‖Hl(X2) = 0, which implies u1 = u2.

(ii) From (TR.2) we have
〈
χj , χk

〉
Hl(X2)

=
〈
χj ,Dχk

〉
L2(X2)

= ξkδj,k. Then, from (TR.1)

we get for φ ∈ L2 (X2) and u = D−1φ:∥∥D−1φ
∥∥2

S = ‖u‖2S =
∑

j∈NdX2

[
ξj
〈
u, χj

〉
L2(X2)

]2
=

∑
j∈NdX2

〈
φ, χj

〉2
L2(X2)

= ‖φ‖2L2(X2) .

Thus, operator D−1 is bounded and hence continuous.
(iii) For given u ∈ H2l

0 (X2), let us consider the linear functional Tu (ϕ) = 〈Du, ϕ〉L2(X2),

for ϕ ∈ H l (X2). By using ‖Du‖2L2(X2) =
∑

j∈NdX2

[
ξj
〈
u, χj

〉
L2(X2)

]2
= ‖u‖2S and the Cauchy-

Schwartz inequality, we have

|Tu (ϕ)| ≤ ‖Du‖L2(X2) ‖ϕ‖L2(X2) ≤ ‖u‖S ‖ϕ‖Hl(X2) .

1



Thus, Tu is continuous, with norm bounded by ‖u‖S . From the Rietz representation theo-
rem, for any u ∈ H2l

0 (X2) there exists E (u) ∈ H l (X2) such that Tu (ϕ) = 〈E (u) , ϕ〉Hl(X2)

for any ϕ ∈ H l (X2), and ‖E (u)‖Hl(X2) ≤ ‖u‖S . From the definition of Tu, the mapping
u→ E (u) is linear. Hence, this mapping defines a bounded linear operator E from H2l

0 (X2)
to H l (X2), with norm bounded by 1.

(iv) Let ψ ∈ L2
x1

(Z1) and φ ∈ H l (X2). Define f = Ãx1ψ ∈ L2 (X2) and u = D−1f ∈
H2l

0 (X2) from (i). Thus, we have from (iii):

〈ψ,Ax1φ〉L2
x1

(Z1) =
〈
Ãx1ψ, φ

〉
L2(X2)

= 〈Du, φ〉L2(X2) = 〈Eu, φ〉Hl(X2) = 〈ED−1Ãx1ψ, φ〉Hl(X2).

Then, we deduce A∗x1
= ED−1Ãx1 .

2 Proof of Lemma A.2

(i) Let ϕ ∈ H l (X2) and ψ ∈ L2
x1

(Z1). Then
∫

Ω̂x1(z1)
(
Âx1ϕ

)
(z1)ψ (z1) f̂Z1|X1

(z1|x1) dz1 =∫
ϕ(x2)

(∫
Ω̂x1 (z1) f̂X2,Z1|X1

(x2, z1|x1)ψ (z1) dz1

)
dx2 = 〈ϕ, ˜̂Ax1ψ〉L2(X2), where ˜̂Ax1 is

defined in (10). From Lemma A.1 (iii),
∫

Ω̂x1(z1)
(
Âx1ϕ

)
(z1)ψ (z1) f̂Z1|X1

(z1|x1) dz1 =〈
ϕ, ED−1 ˜̂Ax1ψ

〉
Hl(X2)

, P-a.s.. Then, the linear operator Â∗x1
=: ED−1 ˜̂Ax1 is well-defined,

P-a.s., and has the desired properties.

(ii) Let us prove that operator Â∗x1
Âx1 = ED−1 ˜̂Ax1Âx1 is a compact operator from H l (X2)

in itself. From Lemma A.1 (ii)-(iii), operator ED−1 : L2 (X2)→ H l (X2) is bounded. Thus,

it is sufficient to prove that ˜̂Ax1Âx1 : H l (X2)→ L2 (X2) is compact. To this aim, write(˜̂
Ax1Âx1ϕ

)
(x2) =

∫ (∫
Ω̂x1 (z1) f̂X2|Z (x2|z) f̂X2|Z (ξ2|z) f̂Z1|X1

(z1|x1) dz1

)
ϕ (ξ2) dξ2

=:
∫
α (x2, ξ2)ϕ (ξ2) dξ2, (TR.3)

for ϕ ∈ H l (X2). Since
∫

Ω̂x1 (z1) f̂X2|Z (x2|z)2 f̂Z1|X1
(z1|x1) dx2dz1 <∞, P-a.s, for almost

any x1 ∈ X1, from Assumptions B.2 and B.7 (i), and by using the Cauchy-Schwarz inequal-

ity, it follows that
∫
α (x2, ξ2)2 dx2dξ2 < ∞, P -a.s.. Thus, operator ˜̂Ax1Âx1 : L2 (X2) →

L2 (X2) is compact w.r.t. the norm ‖.‖L2(X2), P -a.s.. It follows that it is also a compact
operator on H l (X2) w.r.t. the norm ‖.‖Hl(X2), since bounded sets w.r.t. ‖.‖Hl(X2) are also
bounded w.r.t. ‖.‖L2(X2). This concludes the proof of Lemma A.2.
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3 Proof of Lemma A.3

Write

Rx1,T =
[(
λx1,T + Â∗x1

Âx1

)−1
Â∗x1

Âx1 −
(
λx1,T +A∗x1

Ax1

)−1
A∗x1

Ax1

]
ϕ0,x1

+
[(
λx1,T + Â∗x1

Âx1

)−1
−
(
λx1,T +A∗x1

Ax1

)−1
]
A∗x1

(
ψ̂x1

+ ζx1

)
+
(
λx1,T + Â∗x1

Âx1

)−1 (
Â∗x1
−A∗x1

)(
ψ̂x1

+ ζx1

)
+
(
λx1,T + Â∗x1

Âx1

)−1
Â∗x1

q̂x1

=: R1,x1,T +R2,x1,T +R3,x1,T +R4,x1,T . (TR.4)

We bound in probability the Sobolev norms of the terms Ri,x1,T , i = 1, ..., 4, separately.
i) Bound of R1,x1,T . We have:(

λx1,T + Â∗x1
Âx1

)−1
Â∗x1

Âx1 −
(
λx1,T +A∗x1

Ax1

)−1
A∗x1

Ax1

=
(
λx1,T + Â∗x1

Âx1

)−1 (
Â∗x1

Âx1 −A∗x1
Ax1

)
+
[(
λx1,T + Â∗x1

Âx1

)−1
−
(
λx1,T +A∗x1

Ax1

)−1
]
A∗x1

Ax1

=
(
λx1,T + Â∗x1

Âx1

)−1 (
Â∗x1

Âx1 −A∗x1
Ax1

)
−
(
λx1,T + Â∗x1

Âx1

)−1 (
Â∗x1

Âx1 −A∗x1
Ax1

) (
λx1,T +A∗x1

Ax1

)−1
A∗x1

Ax1

= −
(
λx1,T + Â∗x1

Âx1

)−1 (
Â∗x1

Âx1 −A∗x1
Ax1

) [(
λx1,T +A∗x1

Ax1

)−1
A∗x1

Ax1 − 1
]
.

Thus, we get R1,x1,T = −Ŝx1 (λx1,T ) Ûx1Brx1,T
, where Ŝx1 (λx1,T ) :=

(
λx1,T + Â∗x1

Âx1

)−1

and Ûx1 := Â∗x1
Âx1 −A∗x1

Ax1 . Moreover, using

Ŝx1 (λx1,T )− Sx1 (λx1,T ) = −
(

1 + Sx1 (λx1,T ) Ûx1

)−1
Sx1 (λx1,T ) Ûx1Sx1 (λx1,T ) ,

where Sx1 (λx1,T ) :=
(
λx1,T +A∗x1

Ax1

)−1, we get:

R1,x1,T =
[(

1 + Sx1 (λx1,T ) Ûx1

)−1
Sx1 (λx1,T ) Ûx1 − 1

]
Sx1 (λx1,T ) Ûx1Brx1,T . (TR.5)

Thus:

‖R1,x1,T ‖Hl(X2) ≤

(∥∥∥∥(1 + Sx1 (λx1,T ) Ûx1

)−1
∥∥∥∥
Hl(X2)

∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
Hl(X2)

+ 1

)
·
∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
Hl(X2)

∥∥Brx1,T

∥∥
Hl(X2)

,
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where ‖S‖Hl(X2) := ‖S‖L(Hl(X2)) denotes the operator norm of operator S on H l (X2).

Then, ‖R1,x1,T ‖Hl(X2) = op

(∥∥Brx1,T

∥∥
Hl(X2)

)
uniformly in x1 ∈ X1 follows if we show:

(i) sup
x1∈X1

∥∥∥∥(1 + Sx1 (λx1,T ) Ûx1

)−1
∥∥∥∥
Hl(X2)

= Op(1),

(ii) sup
x1∈X1

∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
Hl(X2)

= op(1).

To prove (i)-(ii), we first note that (i) is implied by (ii). Indeed, by (ii) we have that
supx1∈X1

∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
Hl(X2)

≤ 1/2 w.p.a. 1. When sup
x1∈X1

∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
Hl(X2)

≤

1/2, by the Neumann series we have
(

1 + Sx1 (λx1,T ) Ûx1

)−1
=

∞∑
j=0

(
Sx1 (λx1,T ) Ûx1

)j
.

Hence, sup
x1∈X1

∥∥∥∥(1 + Sx1 (λx1,T ) Ûx1

)−1
∥∥∥∥
Hl(X2)

≤
∞∑
j=0

[
sup
x1∈X1

∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
Hl(X2)

]j
≤ 2

w.p.a. 1. Let us now prove (ii). From Lemma A.1 we have
∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
Hl(X2)

≤

λ−1
x1,T

∥∥∥Ûx1

∥∥∥
Hl(X2)

≤ Cλ−1
x1,T

∥∥∥˜̂Ax1Âx1 − Ãx1Ax1

∥∥∥
L2(X2)

. By using
log T

Th
dX1
x1,T

h
dX2
∨dZ1

T

+ h2m
T +

h2m
x1,T = o

(
λ2
x1,T

)
uniformly in x1 ∈ X1, (ii) follows from the next Lemma.

Lemma B. 1 Under Assumptions B.1, B.2, B.3 (i), B.6, B.7 (i)-(ii), and if
log T

Th
dX1
x1,T

h
dZ1

+dX2
T

=

O(1) uniformly in x1 ∈ X1, then uniformly in x1 ∈ X1:

∥∥∥˜̂Ax1Âx1 − Ãx1Ax1

∥∥∥2

L2(X2)
= Op

 log T

Th
dX1
x1,T

h
dX2
∨dZ1

T

+ h2m
T + h2m

x1,T

 .

ii) Bound of R2,x1,T . Similarly to previous lines, we have(
λx1,T + Â∗x1

Âx1

)−1
−
(
λx1,T +A∗x1

Ax1

)−1

= −
(
λx1,T + Â∗x1

Âx1

)−1 (
Â∗x1

Âx1 −A∗x1
Ax1

) (
λx1,T +A∗x1

Ax1

)−1
.

Thus, we get

R2,x1,T = −Ŝx1 (λx1,T ) Ûx1Sx1 (λx1,T )A∗x1

(
ψ̂x1

+ ζx1

)
=

[(
1 + Sx1 (λx1,T ) Ûx1

)−1
Sx1 (λx1,T ) Ûx1 − 1

]
Sx1 (λx1,T ) Ûx1

(
Vx1,T + Bex1,T

)
.

(TR.6)

Then, ‖R2,x1,T ‖Hl(X2) = op

(
‖Vx1,T ‖Hl(X2) +

∥∥Bex1,T

∥∥
Hl(X2)

)
uniformly in x1 ∈ X1 follows

from the arguments in point (i) above and Lemma B.1.
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iii) Bound of R3,x1,T . From Lemmas A.1 (ii) and A.2 (i) we have:

‖R3,x1,T ‖Hl(X2) ≤
∥∥∥∥(λx1,T + Â∗x1

Âx1

)−1
∥∥∥∥
Hl(X2)

∥∥ED−1
∥∥
HL

∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥
L2(X2)

≤ Cλ−1
x1,T

∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥
L2(X2)

, (TR.7)

where ‖S‖HL := ‖S‖L(L2(X2),Hl(X2)) for an operator S from L2 (X2) to H l (X2). Then,

‖R3,x1,T ‖Hl(X2) = Op

 1
λx1,T

 log T

Th
dX1
x1,T

h
dZ1

+dX2
T

+ h2m
x1,T + h2m

T

, uniformly in x1 ∈ X1,

follows from the next lemma.

Lemma B. 2 Under Assumptions B.1-B.3, B.6, B.7 (i)-(ii), and if
log T

Th
dX1
x1,T

h
dZ1
T

= O(1)

uniformly in x1 ∈ X1, then

∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥
L2(X2)

= Op

 log T

Th
dX1
x1,T

h
dZ1

+dX2
T

+ h2m
x1,T + h2m

T

 ,

uniformly in x1 ∈ X1.

iv) Bound of R4,x1,T . Similarly to previous lines, we have:

‖R4,x1,T ‖Hl(X2) ≤ Cλ
−1
x1,T

∥∥∥˜̂Ax1 q̂x1

∥∥∥
L2(X2)

. (TR.8)

Then, ‖R4,x1,T ‖Hl(X2) = Op

 1
λx1,T

 log T

Th
dX1
x1,T

h
dZ1
T

+ h2m
x1,T + h2m

T

, uniformly in x1 ∈ X1,

follows from the next lemma.

Lemma B. 3 Under Assumptions B.1-B.3, B.6, B.7 (i)-(ii), and if
log T

Th
dX1
x1,T

h
dZ1
T

= O(1)

uniformly in x1 ∈ X1, then

∥∥∥˜̂Ax1 q̂x1

∥∥∥
L2(X2)

= Op

 log T

Th
dX1
x1,T

h
dZ1
T

+ h2m
x1,T + h2m

T

 ,

uniformly in x1 ∈ X1.
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4 Proof of Lemma A.4

Let us first define:
Ψ̂x1(z1) :=

∫
gx1,0(w)∆f̂(w, z)dw, (TR.9)

for z1 ∈ Z1, x1 ∈ X1, where gx1,0(w) := y−ϕx1,0(x2). The next Lemma C.1 gives a uniform
bound for Ψ̂x1(z1) and its expectation (see e.g. Newey (1994), Bosq (1998), and Hansen
(2008) for similar results). Lemma C.1 will be used in the proofs of Lemma A.4 and other
results.

LEMMA C.1: Let Assumptions B.1-B.3 hold. (1) Uniformly in x1 ∈ X1:

sup
z1∈Z1

E
[
Ψ̂x1(z1)

]
= O

(
hmT + hmx1,T

)
.

(2) Uniformly in x1 ∈ X1:

sup
z1∈Z1

∣∣∣Ψ̂x1(z1)− E
[
Ψ̂x1(z1)

]∣∣∣ = Op


√√√√ log T

Th
dX1
x1,T

h
dZ1
T

 .

(3) If function g on Z × X 2 is such that ‖Dg‖∞ <∞, then uniformly in x ∈ X :

∫
g(z, x2)

(
Ψ̂x1(z1)− E

[
Ψ̂x1(z1)

])
dz1 = Op


√√√√ log T

Th
dX1
x1,T

 .

4.1 Proof of Part (i)

We have
∥∥∥ψ̂x1

∥∥∥
L2
x1

(Z1)
≤ sup

z1∈Z1

∣∣∣ψ̂x1
(z1)

∣∣∣ and ψ̂x1
(z1) =

(
Ψ̂x1(z1)− E

[
Ψ̂x1(z1)

])
/fZ(z),

uniformly in x1 ∈ X1. From Assumptions B.1 (ii)-(iii) and B.3 (ii), and by using Lemma
C.1 (2), the conclusion follows.

4.2 Proof of Part (ii)

From Lemma A.1 (ii)-(iv), we have
∥∥∥A∗x1

ψ̂x1

∥∥∥
Hl(X2)

≤ C
∥∥∥Ãx1ψ̂x1

∥∥∥
L2(X2)

≤ sup
x2∈X2

∣∣∣Ãx1ψ̂x1
(x2)

∣∣∣
uniformly in x1 ∈ X1, and

Ãx1ψ̂x1
(x2) =

∫
Ωx1,0(z1)f(x2, z1|x1)ψ̂x1

(z1)dz1

=
1

fX1 (x1)

∫ ∫
Ωx1,0(z1)fX2|Z(x2|z)gx1,0(w)

(
f̂W,Z(w, z)− E

[
f̂W,Z(w, z)

])
dwdz1

=
1

fX1 (x1)

∫
Ωx1,0(z1)fX2|Z(x2|z)

(
Ψ̂x1(z1)− E

[
Ψ̂x1(z1)

])
dz1.
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From Assumptions B.1-B.3 and B.6, and Lemma C.1 (3), we have sup
x2∈X2

∣∣∣Ãx1ψ̂x1
(x2)

∣∣∣ =

Op


√√√√ log T

Th
dX1
x1,T

, uniformly in x1 ∈ X1. The conclusion follows.

4.3 Proof of Part (iii)

We have
∥∥ζx1

∥∥
L2
x1

(Z1)
≤ sup

z∈Z

∣∣ζx1
(z1)

∣∣ and ζx1
(z1) = E

[
Ψ̂x1(z1)

]
/fZ(z). From Assumptions

B.1 (ii)-(iii) and B.3 (ii), and by applying Lemma C.1 (1), the conclusion follows.

5 Proof of Lemma A.5

From (TR.4)-(TR.8), we get:

‖Rx1,T ‖L2(X2) ≤ ‖R1,x1,T +R2,x1,T ‖L2(X2) + ‖R3,x1,T ‖L2(X2) + ‖R4,x1,T ‖L2(X2)

≤

(∥∥∥∥(1 + Sx1 (λx1,T ) Ûx1

)−1
∥∥∥∥
L2(X2)

∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
L2(X2)

+ 1

)
·
∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
L2(X2)

(
‖Vx1,T ‖L2(X2) +

∥∥Bex1,T + Brx1,T

∥∥
L2(X2)

)
+Cλ−1

x1,T

∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥
L2(X2)

+Cλ−1
x1,T

∥∥∥˜̂Ax1 q̂x1

∥∥∥
L2(X2)

.

Then, by the triangular and Cauchy-Schwarz inequalities, we get:

E
[
‖Rx1,T ‖

2
L2(X2)

]1/2
≤

E [∥∥∥∥(1 + Sx1Ûx1

)−1
∥∥∥∥16

L2(X2)

]1/16

E

[∥∥∥Sx1Ûx1

∥∥∥16

L2(X2)

]1/16

+ 1


·E
[∥∥∥Sx1Ûx1

∥∥∥8

L2(X2)

]1/8

E
[
‖Vx1,T ‖

4
L2(X2)

]1/4
+

E [∥∥∥∥(1 + Sx1Ûx1

)−1
∥∥∥∥8

L2(X2)

]1/8

E

[∥∥∥Sx1Ûx1

∥∥∥8

L2(X2)

]1/8

+ 1


·E
[∥∥∥Sx1Ûx1

∥∥∥4

L2(X2)

]1/4 ∥∥Bex1,T + Brx1,T

∥∥
L2(X2)

+Cλ−1
x1,T

E

[∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥2

L2(X2)

]1/2

+Cλ−1
x1,T

E

[∥∥∥˜̂Ax1 q̂x1

∥∥∥2

L2(X2)

]1/2

,
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where Sx1 := Sx1 (λx1,T ). Thus, the conclusion follows, if we show:

(i) E

[∥∥∥∥(1 + Sx1 (λx1,T ) Ûx1

)−1
∥∥∥∥16

L2(X2)

]
= O(1),

(ii) E
[∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥16

L2(X2)

]
= o(1),

(iii) E
[
‖Vx1,T ‖

4
L2(X2)

]1/4
= O

(
E
[
‖Vx1,T ‖

2
L2(X2)

]1/2)
,

(iv) λ−1
x1,T

E

[∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥2

L2(X2)

]1/2

= o
(∥∥Bex1,T + Brx1,T

∥∥
L2(X2)

)
,

(v) λ−1
x1,T

E

[∥∥∥˜̂Ax1 q̂x1

∥∥∥2

L2(X2)

]1/2

= o
(∥∥Bex1,T + Brx1,T

∥∥
L2(X2)

)
.

Let us first prove (i) and (ii). We have
∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
L2(X2)

≤
∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
HL
≤

‖Sx1 (λx1,T )‖Hl(X2)

∥∥∥Ûx1

∥∥∥
HL

. Using ‖Sx1 (λx1,T )‖Hl(X2) ≤ 1/λx1,T and
∥∥∥Ûx1

∥∥∥
HL

≤∥∥ED−1
∥∥
HL

∥∥∥˜̂Ax1Âx1 − Ãx1Ax1

∥∥∥
L2(X2)

, P -a.s., we deduce

∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥
L2(X2)

≤
∥∥ED−1

∥∥
HL

λx1,T

∥∥∥˜̂Ax1Âx1 − Ãx1Ax1

∥∥∥
L2(X2)

, P -a.s.. (TR.10)

Moreover, from a similar argument as in Hall and Horowitz (2005) on p. 2925, we have∥∥∥∥(1 + Sx1 (λx1,T ) Ûx1

)−1
∥∥∥∥
L2(X2)

≤ C
(

1 +
1

λx1,T
I‖Sx1(λx1,T )Ûx1‖L2(X2)

≥ 1
2

)
, P -a.s., for a con-

stant C. As in the argument of Hall and Horowitz (2005) in their Inequality (6.27), from
Markov inequality it follows

E

[∥∥∥∥(1 + Sx1 (λx1,T ) Ûx1

)−1
∥∥∥∥16

L2(X2)

]
≤ C̄

(
1 +

1
λ16
x1,T

E

[∥∥∥Sx1 (λx1,T ) Ûx1

∥∥∥2l

L2(X2)

])
,

(TR.11)
for any l ∈ N, for a constant C̄ depending on l but not on T . From (TR.10)-(TR.11), and

using
1

Th
dX1
x1,T

h
dX2
∨dZ1

T

+h2m
T +h2m

x1,T = O
(
λ2+ε
x1,T

)
, ε > 0, points (i)-(ii) follow from the next

Lemma.

Lemma B. 4 Under Assumptions 5, B.1-B.3 (i), B.6, B.7 (iii) and condition
(log T )2

Th
dX1
x1,T

h
dZ1

+dX2
T

=

O(1), it follows E

[∥∥∥˜̂Ax1Âx1 − Ãx1Ax1

∥∥∥2ζ

L2(X2)

]
= O

(
aζT

)
, for any ζ ∈ N, where aT :=

1

Th
dX1
x1,T

h
dX2
∨dZ1

T

+ h2m
T + h2m

x1,T .

Point (iii) follows from the next Lemma B.5.
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Lemma B. 5 Under Assumptions 5, B.1-B.4 and B.8:

E

[∥∥∥(λx1,T +A∗x1
Ax1

)−1
A∗x1

ψ̂x1

∥∥∥4

L2(X2)

]1/4

= O

(
E

[∥∥∥(λx1,T +A∗x1
Ax1

)−1
A∗x1

ψ̂x1

∥∥∥2

L2(X2)

]1/2
)
.

Finally, by using that
∥∥∥Bex1,T

+ Brx1,T

∥∥∥
L2(X2)

= b (λx1,T , hx1,T ) (1 + o(1)) from Lemma

A.7, and the condition
1

Th
dX1
x1,T

h
dZ1

+dX2
T

+ h2m
x1,T + h2m

T = o (λx1,T b (λx1,T , hx1,T )) , points

(iv)-(v) follow from the next Lemmas.

Lemma B. 6 Under Assumptions 5, B.1-B.3, B.5, B.6 and B.7 (iii) and if
1

Th
dX1
x1,T

h
dZ1
T

=

O(1), then

E

[∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥2

L2(X2)

]1/2

= O

(
1

Th
dX1
x1 h

dZ1
+dX2

T

+ h2m
x1,T + h2m

T

)
,

Lemma B. 7 Under Assumptions 5, B.1-B.3, B.5, B.6 and B.7 (iii) and if
1

Th
dX1
x1,T

h
dZ1
T

=

O(1), then

E

[∥∥∥˜̂Ax1 q̂x1

∥∥∥2

L2(X2)

]1/2

= O

 1

Th
dX1
x1,T

h
dZ1
T

+ h2m
x1,T + h2m

T

 .

6 Proof of Lemma A.6

Let us first expand the function
(
λx1,T +A∗x1

Ax1

)−1
A∗x1

ψ̂x1
w.r.t. the basis of eigenfunctions{

φx1,j

}
of operator A∗x1

Ax1 , with eigenvalues νx1,j . We have

(
λx1,T +A∗x1

Ax1

)−1
A∗x1

ψ̂x1
=

∞∑
j=1

〈φx1,j ,
(
λx1,T +A∗x1

Ax1

)−1
A∗x1

ψ̂x1
〉Hl(X2)φx1,j

=
∞∑
j=1

〈
(
λx1,T +A∗x1

Ax1

)−1
φx1,j , A

∗
x1
ψ̂x1
〉Hl(X2)φx1,j

=
∞∑
j=1

1
λx1,T + νx1,j

〈φx1,j , A
∗
x1
ψ̂x1
〉Hl(X2)φx1,j .

Define the variables for j ∈ N:

Zx1,j,T :=
1

√
νx1,j

〈φx1,j ,

√
Th

dX1
x1,T

A∗x1
ψ̂x1
〉Hl(X2) =

1
√
νx1,j

〈Ax1φx1,j ,

√
Th

dX1
x1,T

ψ̂x1
〉L2

x1
(Z1)

=
√
Th

dX1
x1,T

∫ ∫
ψx1,j (z1) Ωx1,0 (z1) gϕ0

(w)
[
f̂W,Z(w, z)− Ef̂W,Z(w, z)

]
dwdz1, (TR.12)
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where gx1,0(w) := y − ϕx1,0(x2) and ψx1,j :=
1

√
νx1,j

Ax1φx1,j . Then, we can write

(
λx1,T +A∗x1

Ax1

)−1
A∗x1

ψ̂x1
=

1√
Th

dX1
x1,T

∞∑
j=1

√
νx1,j

λx1,T + νx1,j
Zx1,j,Tφx1,j . We deduce

E

[∥∥∥(λx1,T +A∗x1
Ax1

)−1
A∗x1

ψ̂x1

∥∥∥2

L2(X2)

]
=

1

Th
dX1
x1,T

∞∑
j,l=1

√
νx1,j

λx1,T + νx1,j

√
νx1,l

λx1,T + νx1,l

〈
φx1,j , φx1,l

〉
L2(X2)

E
[
Zx1,j,TZx1,l,T

]
. (TR.13)

To derive the asymptotic behaviour of the RHS, we need Lemmas B.10 and B.11. The
proof of Lemma B.10 builds on the next Lemmas B.8 and B.9.

Lemma B. 8 Let g be a function with support S⊂ Rd, S convex, and such that g ∈ L2(F ),

where the distribution F has density f . Let k (.) be a function in Rd such that
∫
k(y)dy = 1,

w1 :=
∫
|k(y)| dy < ∞, and w2 :=

∫
|y|2 |k(y)| dy < ∞. Define the function ∆gh(x) :=∫

1
hd
k
(y
h

)
[g(x− y)− g(x)] 1S(x− y)dy, x ∈ S, for any h > 0. Then

‖∆gh‖2L2(F ) ≤ w1w2h
2 ‖∇g‖2L2(F )

+w2h

∫
|∇g(y)|2

(∫ h

0

∫
|k(z)| |f(y + tz)− f(y)| dzdt

)
dy.

Lemma B. 9 Let {Ut = (U1,t, U2,t) : t = 1, ..., T} be i.i.d. variables, with value in a convex
set S = S1×S2, Si ⊂ Rdi, i = 1, 2, and density f satisfying Assumptions B.1 (ii)-(iii). Let f̂
denote the kernel estimator of f , with product kernel using K1 on Rd1 and K2 on Rd2 satisfy-
ing Assumption B.2, and bandwidths h1T , h2T → 0. For given x1 ∈ S1, let G denote the set of
functions G =

{
g ∈ L2

x1
(F ) : E [g(U2)|U1 = x1] = 0, ‖g‖L2

x1
(F ∗) <∞, ‖∇g‖L2

x1
(F ∗) <∞

}
,

where L2
x1

(F ) denotes the space of functions of U2 which are square integrable w.r.t. density
fU2|U1

(.|x1), and ‖.‖L2
x1

(F ∗) denotes the L2-norm w.r.t. the density f∗x1
defined by f∗x1

(u2) :=

q (x1, u2) /
∫
q (x1, u2) du2, with q as in Assumption B.4. Further, for g ∈ G and h > 0

denote ρx1
(g, h)2 :=

∫
g(u2)21 (u2 ∈ ∂S2(h)) fU2|U1

(u2|x1)du2, where ∂S2(h) = {u2 ∈ S2 :

dist(u2,Sc2) ≤ h} . Define VT (g, x1) :=
√
Thd11T

∫
g(u2)

[
f̂(x1, u2)− Ef̂(x1, u2)

]
du2, T ∈

N, for g ∈ G. Then

E [VT (g, x1)VT (e, x1)] = ω2fU1(x1)Cov [g(U2), e(U2)|U1 = x1] +O
(
‖g‖L2

x1
(F ) ρx1

(e, κh2T )
)

+O
(
h2T ‖g‖L2

x1
(F ) ‖∇e‖L2

x1
(F ) + h

3/2
2T ‖g‖L2

x1
(F ) ‖∇e‖L2

x1
(F ∗)

+ (h1T + h2T ) ‖g‖L2
x1

(F ∗) ‖e‖L2
x1

(F ∗)

+ h2T (h1T + h2T ) ‖g‖L2
x1

(F ∗) ‖∇e‖L2
x1

(F ∗)

)
,
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uniformly in g, e ∈ G, for ω2 =
∫
K1(u1)2du1 and a constant κ > 0.

Lemma B. 10 Under Assumptions B.1-B.4, B.8 (iii)-(iv) and 5, for any x1 ∈ X1: (i)
E
[
Z2
x1,j,T

]
= ω2fX1(x1) + o(1), uniformly in j ∈ N, where ω2 =

∫
K(x1)2dx1. (ii)

E [Zx1,j,TZx1,l,T ] = o(1), for any j 6= l, uniformly in j, l ∈ N.

Lemma B. 11 Let {Zj : j = 1, 2, ...} be a sequence of zero mean r.v.’s, and let (αj,l), j, l =
1, 2, · · · , be an array of positive numbers. Denote the correlation ρj,l := corr (Zj , Zl) . Then∣∣∣∣∣∣
∞∑
j,l=1

αj,lE [ZjZl]−
∞∑
j=1

αj,jE
[
Z2
j

]∣∣∣∣∣∣ ≤
 ∞∑
j=1

αj,jE
[
Z2
j

] ∞∑
j,l=1, j 6=l

ρ2
jl

α2
j,l

αj,jαl,l

1/2

.

Let us now conclude the proof of Lemma A.6. We apply Lemma B.11 to sequence

Zj = Zx1,j,T in (TR.12) with αj,l :=
1

Th
dX1
x1,T

√
νx1,j

λx1,T + νx1,j

√
νx1,l

λx1,T + νx1,l

〈
φx1,j , φx1,l

〉
L2(X2)

. It

follows from (TR.13):

E

[∥∥∥(λx1,T +A∗x1
Ax1

)−1
A∗x1

ψ̂x1

∥∥∥2

L2(X2)

]

=

 1

Th
dX1
x1,T

∞∑
j=1

νx1,j

(λx1,T + νx1,j)
2

∥∥φx1,j

∥∥2

L2(X2)
E
[
Z2
x1,j,T

] (1 +R1,x1,T ) ,(TR.14)

where |R1,x1,T | ≤

 ∞∑
j,l=1, j 6=l

ρ2
x1,jl,T

〈
φx1,j , φx1,l

〉2
L2(X2)∥∥φx1,j

∥∥2

L2(X2)

∥∥φx1,l

∥∥2

L2(X2)

1/2

, and ρx1,jl,T :=

corr (Zx1,j,T , Zx1,l,T ). From Lemma B.10 (i) it follows E
[
Z2
x1,j,T

]
≥ ω2fX1(x1)/2, for all j ∈

N, x1 ∈ X1 and large T . Then, we get ρx1,jl,T = E [Zx1,j,TZx1,l,T ] /(E
[
Z2
x1,j,T

]1/2
E
[
Z2
x1,l,T

]1/2)
≤
[
2/(ω2fX1(x1))

]
E [Zx1,j,TZx1,l,T ] , for large T and any x1 ∈ X1. Thus, from Lemma B.10

(ii) and Assumption B.8 (i) it follows R1,x1,T = o(1) for any x1 ∈ X1. Furthermore, from
Lemma B.10 (i):

1

Th
dX1
x1,T

∞∑
j=1

νx1,j

(λx1,T + νx1,j)
2

∥∥φx1,j

∥∥2

L2(X2)
E
[
Z2
x1,j,T

]

=

ω2fX1(x1)

Th
dX1
x1,T

∞∑
j=1

νx1,j

(λx1,T + νx1,j)
2

∥∥φx1,j

∥∥2

L2(X2)

 (1 +R2,x1,T ) , (TR.15)

with R2,x1,T = o(1) for any x1 ∈ X1. From (TR.14) and (TR.15), the conclusion follows.
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7 Proof of Lemma A.7

We have Bex1,T =
(
λx1,T +A∗x1

Ax1

)−1
A∗x1

ζx1
, where ζx1

(z1) =∫
(y − ϕx1,0(x2))

E
[
f̂W,Z(w, z)

]
− fW,Z(w, z)

fZ(z)
dw.

Lemma B. 12 Under Assumptions B.1, B.2, B.4 and B.6: ζx1
= hmx1,TΞx1 + Γx1, where

Γx1 is such that ‖Γx1‖L2
x1

(Z1) = O(hThm−1
x1,T

+ hmT ).

From Lemma B.12 and by using ‖
(
λx1,T +A∗x1

Ax1

)−1
A∗x1
‖L(L2

x1
(Z1),L2(X2)) = O(1/

√
λx1,T ),

we get
∥∥∥(λx1,T +A∗x1

Ax1

)−1
A∗x1

Γx1

∥∥∥
L2(X2)

= O

(
hTh

m−1
x1,T

+ hmT√
λx1,T

)
. The conclusion follows

from definition ‖Brx1,T + hmx1,T

(
λx1,T +A∗x1

Ax1

)−1
A∗x1

Ξx1‖L2(X2) = b(λx1,T , hx1,T ) and the

condition
hTh

m−1
x1,T

+ hmT√
λx1,T

= o (b(λx1,T , hx1,T )).

8 Proof of results in Section 6 and Appendix 4

8.1 Characterization of operator D in the Gaussian example

For ϕ1, ϕ2 ∈ H1 (X2):

〈ϕ1, ϕ2〉H1(X2) =
∫
ϕ1(x2)ϕ2(x2)φ(x2)dx2 +

∫
∇ϕ1(x2)∇ϕ2(x2)φ(x2)dx2

=
∫
ϕ1(x2)ϕ2(x2)φ(x2)dx2 −

∫
ϕ1(x2)∇ (∇ϕ2(x2)φ(x2)) dx2

= 〈ϕ1,Dϕ2〉L2(X2)

where the operator D is defined by D = 1 − ∇2 − (∇ log φ)∇ = 1 − ∇2 + x2∇. Thus
A∗A = D−1ÃA.

8.2 Proof of Lemma A.8

When α4 > 2α2, the quantity
∞∑
j=1

aj

(λ+ νj)
2 converges to

∞∑
j=1

ajν
−2
j < ∞ as λ → 0. Let

us now consider the case α4 < 2α2. Without loss of generality, let νj = j−α1e−α2j and
aj = j−α3e−α4j . Then:

∞∑
j=1

aj

(λ+ νj)
2 =

∞∑
j=1

ajν
−2
j

(λwj + 1)2
=
∞∑
j=1

wδj

(λwj + 1)2
jρ

where wj := 1/νj , ρ :=
α1α4

α2
− α3 and δ :=

2α2 − α4

α2
∈ (0, 2).
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Define:

J (λ) := λδn−ρλ

∞∑
j=1

aj

(λ+ νj)
2 =

∞∑
j=1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ
.

The conclusion follows if we show that J (λ) � 1. We give the proof when ρ ≥ 0 (similar
arguments apply when ρ < 0). We split J (λ) as

J (λ) =
N1(λ)∑
j=1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ
+

N2(λ)∑
j=N1(λ)+1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ
+

∞∑
j=N2(λ)+1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ
=: J1 (λ) + J2 (λ) + J3 (λ) ,

whereN1(λ), N2(λ) ∈ N are such thatN1(λ) < nλ < N2(λ), νnλ
νN1(λ)

= o(1),
(
N2(λ)
nλ

)ρ (νN2(λ)

νnλ

)2−δ
=

o(1) and rλ := max
{
nλ −N1 (λ)

nλ
,
N2(λ)− nλ

nλ

}
= o(1). First we show that Ji (λ) = o(1),

for i = 1, 3. We have

J1 (λ) ≤
N1(λ)∑
j=1

(λwj)
δ

(λwj + 1)2
≤ λδ

N1(λ)∑
j=1

wδj �
1
wδnλ

wδN1(λ) =
(

νnλ
νN1(λ)

)δ
= o(1), (TR.16)

where we used
n∑
j=1

wδj = O
(
wδn

)
as n→∞. Similarly,

J3 (λ) =
∞∑

j=N2(λ)+1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ
≤ λ−2+δ

nρλ

∞∑
j=N2(λ)+1

ν2−δ
j jρ (TR.17)

≤ λ−2+δ

nρλ

∞∑
j=N2(λ)+1

e−τjjm, (TR.18)

where τ = (2− δ)α2 > 0 and m = dρ− α1(2− δ)e ≤ ρ. Now, by using:

∞∑
j=n

e−τjjm =
(
− d

dτ

)m ∞∑
j=n

e−τj =
(
− d

dτ

)m e−τn

1− e−τ
= O

(
nme−τn

)
,

as n→∞, we get:

J3 (λ) = O

(
λ−2+δ

nρλ
N2(λ)ρν2−δ

N2(λ)

)
= O

((
N2(λ)
nλ

)ρ(νN2(λ)

νnλ

)2−δ
)

= o(1).

Second we can write J2 (λ) as

J2 (λ) =
N2(λ)∑

j=N1(λ)+1

(λwj)
δ

(λwj + 1)2
+

N2(λ)∑
j=N1(λ)+1

(λwj)
δ

(λwj + 1)2

[(
1 +

j − nλ
nλ

)ρ
− 1
]
, (TR.19)
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and bound the second term in the RHS. For N1(λ)+1 ≤ j ≤ N2(λ), the variable x :=
j − nλ
nλ

is such that |x| ≤ rλ. Thus,
∣∣∣∣(1 +

j − nλ
nλ

)ρ
− 1
∣∣∣∣ = |(1 + x)ρ − 1| = O (rλ) , since the

function x 7−→ (1 + x)ρ has bounded derivative around 0. We deduce that the second term

in the RHS of (TR.19) is o

 N2(λ)∑
j=N1(λ)+1

(λwj)
δ

(λwj + 1)2

. Hence we get that the sum is such

that J(λ) =

 N2(λ)∑
j=N1(λ)+1

(λwj)
δ

(λwj + 1)2

 [1 + o(1)] + o(1). Moreover, note that

N2(λ)∑
j=N1(λ)+1

(λwj)
δ

(λwj + 1)2
=

∞∑
j=1

(λwj)
δ

(λwj + 1)2
−
N1(λ)∑
j=1

(λwj)
δ

(λwj + 1)2
−

∞∑
j=N2(λ)+1

(λwj)
δ

(λwj + 1)2

=
∞∑
j=1

(λwj)
δ

(λwj + 1)2
+ o(1),

from similar arguments as above and as in (TR.16), (TR.17). Thus, we have proved that

J(λ) =
∞∑
j=1

(λwj)
δ

(λwj + 1)2
[1 + o(1)] + o(1). (TR.20)

The conclusion follows if we show that:
∞∑
j=1

(λwj)
δ

(λwj + 1)2
� 1.

This follows by using that:

∞∑
j=1

(λwj)
δ

(λwj + 1)2
=

nλ−1∑
j=1

(λwj)
δ

(λwj + 1)2
+

(λwnλ)δ

(λwnλ + 1)2
+

∞∑
j=nλ+1

(λwj)
δ

(λwj + 1)2
,

and:
(λwnλ)δ

(λwnλ + 1)2
� 1,

0 <
nλ−1∑
j=1

(λwj)
δ

(λwj + 1)2
≤

nλ−1∑
j=1

(λwj)
δ = O

(
(λwnλ)δ

)
= O (1) ,

0 <
∞∑

j=nλ+1

(λwj)
δ

(λwj + 1)2
≤ λ−2+δ

∞∑
j=nλ+1

ν2−δ
j =

(νnλ
λ

)2−δ
= O(1).

14



8.3 Asymptotic expansion of bx1 (λx1,T , hx1,T )2

In this subsection, we show that:

bx1 (λx1,T , hx1,T )2 � λ2δ
x1,Tn

2α1δ−β
λx1,T

+ h2m
x1,Tλ

2ρ−1
x1,T

n2α1ρ−β
λx1,T

. (TR.21)

For this purpose, write:

bx1 (λx1,T , hx1,T )2 = λ2
x1,T

∞∑
j=1

d2
x1,j

(λx1,T + νj)
2

∥∥φj∥∥2

L2(X2)
+ h2m

x1,T

∞∑
j=1

νjξ
2
x1,j

(λx1,T + νj)
2

∥∥φj∥∥2

L2(X2)

−2λx1,Th
m
x1,T

∞∑
j=1

dx1,j
√
νjξx1,j

(λx1,T + νj)
2

∥∥φj∥∥2

L2(X2)
=: B1,T +B2,T − 2B3,T .

From Lemma A.8, we have:

B1,T � λ2δ
x1,Tn

2α1δ−β
λx1,T

, B2,T � h2m
x1,Tλ

2ρ−1
x1,T

n2α1ρ−β
λx1,T

.

Moreover, by the Cauchy-Schwarz inequality, |B3,T | ≤ B
1/2
1,TB

1/2
2,T . We distinguish three

cases. (i) When λx1,T and hx1,T are such that B2,T /B1,T = o(1), then it follows that:

bx1 (λx1,T , hx1,T )2 = B1,T

(
1 +O(

√
B2,T /B1,T )

)
+B2,T = B1,T (1 + o(1)) +B2,T

� λ2δ
x1,Tn

2α1δ−β
λx1,T

+ h2m
x1,Tλ

2ρ−1
x1,T

n2α1ρ−β
λx1,T

,

which yields (TR.21). (ii) When B1,T /B2,T = o(1) a similar argument shows that (TR.21)
holds.

(iii) Let us now consider the case where B1,T � B2,T . We have:

bx1 (λx1,T , hx1,T )2 = λ2
x1,T

∞∑
j=1

d2
x1,j

(λx1,T + νj)
2

(
1−

hmx1,T

λx1,T

√
νjξx1,j

dx1,j

)2 ∥∥φj∥∥2

L2(X2)

≥ λ2
x1,T

∞∑
l=1

d2
x1,jl

(λx1,T + νjl)
2

∥∥φjl∥∥2

L2(X2)
,

where jl, l ∈ N, denotes the sequence of indices such that ξx1,jdx1,j ≤ 0 (see Condition (b)
in Proposition 4). Now, let N := sup

l∈N
(jl+1 − jl) < ∞. Then, for any λx1,T , there exists l

such that
∣∣∣jl − nλx1,T ∣∣∣ ≤ N . Then, we get:

bx1 (λx1,T , hx1,T )2 ≥ Cλ2
x1,T

d2
x1,nλx1,T(

λx1,T + νnλx1,T

)2

∥∥∥φnλx1,T
∥∥∥2

L2(X2)
,

for some constant C. By the arguments in the proof of Lemma A.8, we know that:

λ2
x1,T

d2
x1,nλx1,T(

λx1,T + νnλx1,T

)2

∥∥∥φnλx1,T
∥∥∥2

L2(X2)
� λ2δ

x1,Tn
2α1δ−β
λx1,T

� B1,T .

Since B1,T � B2,T , we get bx1 (λx1,T , hx1,T )2 ≥ C (B1,T +B2,T ). Since bx1 (λx1,T , hx1,T )2 ≤
B1,T +B2,T + 2B1/2

1,TB
1/2
2,T � B1,T +B2,T , (TR.21) follows.
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9 Proofs of Lemmas B and C

As explained in Appendix A.1, the estimator of the density fY,X2,Z is f̂Y,X2,Z = f̂Y,X2,Z∗/ω̂,
where f̂Y,X2,Z∗ is the kernel estimator computed on the sample {(Yt, X2,t, Z

∗
t ) , t = 1, ..., T ∗}

and ω̂ =
∫
Z
f̂Z∗,τ (z)dz, with f̂Z∗,τ = max

{
f̂Z∗ , (log T )−1

}
. The trimmed normalization

factor ω̂ is such that ω̂ ≥ (log T )−1 a.s., and converges in probability to ω =
∫
Z fZ∗(z)dz > 0

at a parametric rate. Similarly, the estimator of fZ is f̂Z = f̂Z∗/ω̂, while the estimator of
the conditional density fY,X2|Z is f̂Y,X2|Z = f̂Y,X2,Z∗/f̂Z∗,τ . Note that f̂Y,X2|Z 6= f̂Y,X2,Z/f̂Z
although both sides are consistent estimators of fY,X2|Z . We prefer to work with the former
because of trimming.

Estimator f̂Z = f̂Z∗/ω̂ admits the same asymptotic properties as the unfeasible estima-
tor f̃Z = f̂Z∗/ω, both in probability and in mean square sense. Indeed, we have:

f̂Z(z)− fZ(z) = f̃Z(z)− fZ(z) +
(

1
ω̂
− 1
ω

)
f̂Z∗(z).

Then, we get:

E

[(
f̂Z(z)− fZ(z)

)2
]1/2

= E

[(
f̃Z(z)− fZ(z)

)2
]1/2

+O

(
log T√
T

)
, (TR.22)

uniformly in z ∈ Z, by using the triangular inequality, the Cauchy-Schwartz inequality and:

E

[(
1
ω̂
− 1
ω

)2
]
≤ (log T )2

ω2
E
[
(ω̂ − ω)2

]
= O

(
(log T )2

T

)
.

Equation (TR.22) means that we can derive the asymptotic properties of f̂Z in mean square
sense from those of kernel estimator f̂Z∗ . We deduce from assumptions B.1 (i)-(ii) and B.2,
and uniform convergence results similar to Hansen (2008):

sup
z1∈Z1

E

[(
f̂Z(z)− fZ(z)

)2
]

= O

 log T

Th
dZ1
T h

dX1
x1,T

+ h2m
T + h2m

x1,T

 ,

uniformly on x1 ∈ X1. In particular, estimator f̂Z does not feature a boundary bias on Z.
A similar result holds in probability.

By similar arguments, it is possible to show that the asymptotic properties of f̂Y,X2,Z can
be deduced from those of f̂Y,X2,Z∗ in a similar vein as above. In order to avoid a very lengthy
exposition, in the proofs of Lemmas B.1-B.12 and C.1-C.2 we omit the normalization factor
ω̂ in f̂Y,X2,Z and f̂Z , and write T = T ∗, Z = Z∗. Moreover, we adopt a product kernel in
the estimation of the density of (Y,X2, Z) in Rd. We use the generic notation K for both
the d-dimensional product kernel and each of its components.

9.1 Proof of Lemma B.1

We have:(˜̂
Ax1Âx1

)
ϕ (x2) =

∫ (∫
f̂X2|Z(x2|z)f̂X2|Z(ξ2|z)Ω̂x1 (z1) f̂Z1|X1

(z1|x1)dz1

)
ϕ (ξ2) dξ2,
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and:(
Ãx1Ax1

)
ϕ (x2) =

∫ (∫
fX2|Z(x2|z)fX2|Z(ξ2|z)Ωx1,0 (z1) fZ1|X1

(z1|x1)dz1

)
ϕ (ξ2) dξ2.

Thus: ∥∥∥˜̂Ax1Âx1 − Ãx1Ax1

∥∥∥2

L2(X2)
≤
∫ ∫

α̂x1 (x2, ξ2)2 dx2dξ2, (TR.23)

where:

α̂x1 (x2, ξ2) =
∫
f̂X2|Z(x2|z)f̂X2|Z(ξ2|z)Ω̂x1 (z1) f̂Z1|X1

(z1|x1)dz1

−
∫
fX2|Z(x2|z)fX2|Z(ξ2|z)Ωx1,0 (z1) fZ1|X1

(z1|x1)dz1.

Let us decompose:

α̂x1 (x2, ξ2) =
∫

∆f̂X2|Z(x2|z)fX2|Z(ξ2|z)Ωx1,0 (z1) fZ1|X1
(z1|x1)dz1

+
∫
fX2|Z(x2|z)∆f̂X2|Z(ξ2|z)Ωx1,0 (z1) fZ1|X1

(z1|x1)dz1

+
∫
fX2|Z(x2|z)fX2|Z(ξ2|z)∆Ω̂x1 (z1) fZ1|X1

(z1|x1)dz1

+
∫
fX2|Z(x2|z)fX2|Z(ξ2|z)Ωx1 (z1) ∆f̂Z1|X1

(z1|x1)dz1

+I2
=: I1,1 + I1,2 + I1,3 + I1,4 + I2, (TR.24)

where I2 contains higher-order terms. From results similar to Lemma C.1 and by using As-

sumptions B.1-B.3 (i) and B.6, we have sup
x2,ξ2∈X2

I1,i = Op


√√√√ log T

Th
dX1
x1,T

h
dX2
T

+ hmT + hmx1,T

,

i = 1, 2, and sup
x2,ξ2∈X2

I1,4 = Op


√√√√ log T

Th
dX1
x1,T

+ hmT + hmx1,T

, uniformly in x1 ∈ X1. Moreover,

from Assumption B.7 (ii) we have sup
x2,ξ2∈X2

I1,3 = Op


√√√√ log T

Th
dX1
x1,T

h
dZ1
T

+ hmT + hmx1,T

, uni-

formly in x1 ∈ X1. Finally, from Assumptions B.1-B.3 (i), B.6 and B.7 (ii), and by using

sup
x2∈X2,z1∈Z1

∣∣∣∆f̂X2|Z(x2|z)
∣∣∣ = Op


√√√√ log T

Th
dX1
x1,T

h
dX2

+dZ1
T

+ hmx1,T + hmT

, sup
z1∈Z1

∣∣∣∆f̂Z1|X1
(z1|x1)

∣∣∣ =

Op


√√√√ log T

Th
dX1
x1,T

h
dZ1
T

+ hmx1,T + hmT

 and
log T

Th
dX1
x1,T

h
dZ1

+dX2
T

= O(1), uniformly in x1 ∈ X1, we
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get sup
x2,ξ2∈X2

I2 = Op



√√√√ log T

Th
dX1
x1,T

h
dX2

+dZ1
T

+ hmx1,T + hmT



√√√√ log T

Th
dX1
x1,T

h
dZ1
T

+ hmT + hmx1,T




= Op


√√√√ log T

Th
dX1
x1,T

h
dZ1
T

+ hmT + hmx1,T

, uniformly in x1 ∈ X1. The conclusion follows.

9.2 Proof of Lemma B.2

We have:(˜̂
Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)
(x2)

=
1

fX1(x1)

∫ ∫
gx1,0(w)Ω̂x1 (z1) f̂X2|Z(x2|z)

f̂Z1|X1
(z1|x1)

fZ1|X1
(z1|x1)

(
f̂W,Z(w, z)− fW,Z(w, z)

)
dwdz1

− 1
fX1(x1)

∫ ∫
gx1,0(w)Ωx1,0 (z1) fX2|Z(x2|z)

(
f̂W,Z(w, z)− fW,Z(w, z)

)
dwdz1,

where gx1,0(w) := y − ϕx1,0(x2). Then:(˜̂
Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)
(x2)

=
1

fX1(x1)

∫ ∫
gx1,0(w)∆Ω̂x1 (z1) fX2|Z(x2|z)∆f̂W,Z(w, z)dwdz1

+
1

fX1(x1)

∫ ∫
gx1,0(w)Ωx1,0 (z1)

1
fZ(z)

∆f̂X2,Z(x2, z)∆f̂W,Z(w, z)dwdz1

− 1
fX1(x1)2

∆f̂X1(x1)
∫ ∫

gx1,0(w)Ωx1,0 (z1) fX2|Z(x2|z)∆f̂W,Z(w, z)dwdz1

+I2
=: I1,1 + I1,2 + I1,3 + I2, (TR.25)

where I2 is a higher-order term.

i) Bound of I1,1. Write I1,1 =
1

fX1(x1)

∫
∆Ω̂x1 (z1) fX2|Z(x2|z)Ψ̂x1(z1)dz1, where

Ψ̂x1 (z1) is defined in (TR.9). We have I1,1 ≤
∫
Z1
dz1

fX1(x1)
‖fX2|Z‖∞ sup

z1∈Z1

|∆Ω̂x1(z1)| sup
z1∈Z1

|Ψ̂x1 (z1) |,

uniformly in x1 ∈ X1, x2 ∈ X2. From Lemma C.1 (1), (2) and Assumptions B.3, B.7 (ii),
we get:

I1,1 = Op

 log T

Th
dX1
x1,T

h
dZ1
T

+ h2m
x1,T + h2m

T

 ,

uniformly in x1 ∈ X1, x2 ∈ X2.

ii) Bound I1,2. Write I1,2 =
1

fX1(x1)

∫
Ωx1,0 (z1) 1

fZ(z)∆f̂X2,Z(x2, z)Ψ̂x1(z1)dz1. Thus,

we have I1,1 ≤
∫
Z1

dz1

fX1
(x1) ‖Ω0/fZ‖∞ supz1∈Z1

|∆f̂X2,Z(x2, z)| supz1∈Z1
|Ψ̂x1 (z1) |, uniformly in
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x1 ∈ X1, x2 ∈ X2. By using Lemma C.1 (1)-(2), Assumptions B.1-B.3 and B.6, and

that sup
z1∈Z1

|∆f̂X2,Z(x2, z)| = Op


√√√√ log T

Th
dX1
x1,T

h
dZ1

+dX2
T

+ hmx1,T + hmT

, uniformly in x1 ∈ X1,

x2 ∈ X2, we get:

I1,2 = Op

 log T

Th
dX1
x1,T

h
dZ1

+dX2
T

+ h2m
x1,T + h2m

T

 ,

uniformly in x1 ∈ X1, x2 ∈ X2.
iii) Bound of I1,3. By similar arguments as in i) and ii) and using Lemma C.1 (3) we

get:

I1,3 = Op

 log T

Th
dX1
x1,T

+ h2m
x1,T + h2m

T

 ,

uniformly in x1 ∈ X1, x2 ∈ X2. The conclusion follows.

9.3 Proof of Lemma B.3

We have:

− ˜̂Ax1 q̂x1 (x2)

=
1

fX1(x1)

∫ ∫
gx1,0(w)Ω̂x1 (z1) f̂X2|Z(x2|z)

f̂Z1|X1
(z1|x1)

fZ1|X1
(z1|x1)

∆f̂Z(z)

f̂Z(z)
∆f̂W,Z(w, z)dwdz1

=
1

fX1(x1)

∫ ∫
gx1,0(w)Ωx1,0 (z1) fX2|Z(x2|z)

∆f̂Z(z)
fZ(z)

∆f̂W,Z(w, z)dwdz1

+
1

fX1(x1)

∫ ∫
gx1,0(w)∆Ω̂x1 (z1) fX2|Z(x2|z)

∆f̂Z(z)
fZ(z)

∆f̂W,Z(w, z)dwdz1

+I3,
=: I1 + I2 + I3,

where I3 is a term of higher order. Let us first consider I1. Write:

I1 =
1

fX1(x1)

∫
Ωx1,0 (z1) fX2|Z(x2|z)

∆f̂Z(z)
fZ(z)

Ψ̂x1(z1)dz1.

Thus, we have I1 ≤
1

fX1(x1)
‖Ω0fX2|Z/fZ‖∞ sup

z1∈Z1

|∆f̂Z(z)| sup
z1∈Z1

|Ψ̂x1(z1)|, uniformly in

x1 ∈ X1, x2 ∈ X2. From Lemma C.1 (1), (2) and Assumptions B.1-B.3, B.6 and B.7
(ii), we get:

I1 = Op

 log T

Th
dX1
x1,T

h
dZ1
T

+ h2m
T + h2m

x1,T

 ,

uniformly in x1 ∈ X1, x2 ∈ X2. Let us now consider I2. Write:

I2 =
1

fX1(x1)

∫
∆Ω̂x1 (z1) fX2|Z(x2|z)

1
fZ(z)

∆f̂Z(z)Ψ̂x1(z1)dz1.
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Thus, we have I2 ≤
1

fX1(x1)
‖fX2|Z/fZ‖∞ sup

z1∈Z1

|∆Ω̂x1 (z1) | sup
z1∈Z1

|∆f̂Z(z)| sup
z1∈Z1

|Ψ̂x1(z1)|,

uniformly in x1 ∈ X1, x2 ∈ X2. From Lemma C.1 (1), (2) and Assumptions B.1-B.3, B.6
and B.7 (ii), we get:

I2 = Op



√√√√ log T

Th
dX1
x1,T

h
dZ1
T

+ hmT + hmx1,T


3 ,

uniformly in x1 ∈ X1, x2 ∈ X2. By using
log T

Th
dX1
x1,T

h
dZ1
T

= O(1), the conclusion follows.

9.4 Proof of Lemma B.4

By using (TR.23) and (TR.24), the conclusion follows if we prove that sup
x2,ξ2∈X2

E
[
I1,i (x2, ξ2)2N

]
=

O
(
aNT
)
, i = 1, ..., 4, and supx2,ξ2∈X2

E
[
I2 (x2, ξ2)2N

]
= O

(
aNT
)

for any N ∈ N and x1 ∈ X1.

(i) Bound of E
[
I1,1 (x2, ξ2)2N

]
. The kernel estimator of fZ in the denominator of

f̂X2|Z is replaced by the trimmed estimator f̂Z,τ = max
{
f̂Z , τT

}
, where the trimming

sequence is τT = (log T )−1. Write:

I1,1 (x2, ξ2) =
1

fX1 (x1)

∫
∆f̂X2,Z(x2, z)fX2|Z(ξ2|z)Ωx1,0 (z1) dz1

− 1
fX1 (x1)

∫
∆f̂Z,τ (z)fX2|Z(x2|z)fX2|Z(ξ2|z)Ωx1,0 (z1) dz1

− 1
fX1 (x1)

∫
∆f̂X2,Z(x2, z)

∆f̂Z,τ (z)

f̂Z,τ (z)
fX2|Z(ξ2|z)Ωx1,0 (z1) dz1

+
1

fX1 (x1)

∫ [
∆f̂Z,τ (z)

]2
f̂Z,τ (z)

fX2|Z(x2|z)fX2|Z(ξ2|z)Ωx1,0 (z1) dz1

=: I1,1,1 (x2, ξ2)− I1,1,2 (x2, ξ2)− I1,1,3 (x2, ξ2) + I1,1,4 (x2, ξ2) .

Let us first consider I1,1,1 (x2, ξ2). We have:

E
[
I1,1,1 (x2, ξ2)2N

]
=

1

fX1 (x1)2N

∫
· · ·
∫ ∏

l

fX2|Z(ξ2|z1,l, x1)Ωx1,0 (z1,l)

·E

[∏
l

∆f̂X2,Z(x2, z1,l, x1)

]∏
l

dz1,l,

where the product
∏
l

is over l = 1, ..., 2N . Write ∆f̂X2,Z = f̄X2,Z + bX2,Z , where f̄X2,Z =
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f̂X2,Z − E
[
f̂X2,Z

]
and bX2,Z = E

[
f̂X2,Z

]
− fX2,Z . Then:

E
[
I1,1,1 (x2, ξ2)2N

]
=

1

fX1 (x1)2N

2N∑
J=0

(
2N
J

)(∫
E

[
J∏
l=1

f̄X2,Z(x2, z1,l, x1)

]
J∏
l=1

fX2|Z(ξ2|z1,l, x1)Ωx1,0 (z1,l)
J∏
l=1

dz1,l

)

·
(∫

bX2,Z(x2, z)fX2|Z(ξ2|z1, x1)Ωx1,0 (z1) dz1

)2N−J
.

From Assumptions B.1, B.2, B.3 (i), B.6 and 5,
∫
bX2,Z(x2, z)fX2|Z(ξ2|z1, x1)Ωx1,0 (z1) dz1 =

O
(
hmT + hmx1,T

)
, uniformly in x2, ξ2 ∈ X2. Furthermore, by writing f̄X2,Z(x2, z) = 1

T

∑T
t=1 κt(x2, z)

where κt(x2, z) = KhT (x2 −X2,t)KhT (z1 − Z1,t)Khx1,T
(x1 −X1,t)

−E
[
KhT (x2 −X2,t)KhT (z1 − Z1,t)Khx1,T

(x1 −X1,t)
]
, we can write E

[
J∏
l=1

f̄X2,Z(x2, z1,l, x1)

]
=

bJ/2c∑
n=1

DT,n

T J
Jn (x1, x2, z1,1, ..., z1,J), where Jn (x1, x2, z1,1, ..., z1,J) is a term splitted in a prod-

uct of n expectations, DT,n := T (T − 1) · · · (T−n+1), and bJ/2c denotes the largest integer

which is smaller or equal to J/2. To derive the order of the term in E
[
I1,1,1 (x2, ξ2)2N

]
corresponding to Jn (x1, x2, z1,1, ..., z1,J), note that all the powers h

−dZ1
T can be eliminated

by a change of variable, while a power h
−dX1
x1,T

h
−dX2
T coming from variables X1 and X2

can be eliminated for each expectation term contained in Jn (x1, x2, z1,1, ..., z1,J). Thus,∫
Jn (x1, x2, z1,1, ..., z1,J)

J∏
l=1

fX2|Z(ξ2|z1,l, x1)Ωx1,0 (z1,l)
J∏
l=1

dz1,l = O

 1

h
dX1

(J−n)

x1,T
h
dX2

(J−n)

T

,

uniformly in x2, ξ2 ∈ X2. This implies
∫
E

[
J∏
l=1

f̄X2,Z(x2, z1,l, x1)

]
J∏
l=1

fX2|Z(ξ2|z1,l, x1)Ωx1,0 (z1,l)
J∏
l=1

dz1,l

= O

bJ/2c∑
n=1

1(
Th

dX1
x1,T

h
dX2
T

)J−n
 = O

 1(
Th

dX1
x1,T

h
dX2
T

)dJ/2e
, since

1

Th
dX1
x1,T

h
dX2
T

= o(1). We

get E
[
I1,1,1 (x2, ξ2)2N

]
= O

 2N∑
J=0

1(
Th

dX1
x1,T

h
dX2
T

)dJ/2e (h2m
T + h2m

x1,T

)N−J/2 =

O

 N∑
k=0

 1

Th
dX1
x1,T

h
dX2
T

k (
h2m
T + h2m

x1,T

)N−k = O


 1

Th
dX1
x1,T

h
dX2
T

+ h2m
T + h2m

x1,T

N
 =

O
(
aNT
)
, uniformly in x2, ξ2 ∈ X2, for any x1 ∈ X1.
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Let us now consider I1,1,2 (x2, ξ2). Write:

I1,1,2 (x2, ξ2) =
1

fX1 (x1)

∫
∆f̂Z(z)fX2|Z(x2|z)fX2|Z(ξ2|z)Ωx1,0 (z1) dz1

+
1

fX1 (x1)

∫ [
f̂Z,τ (z)− f̂Z(z)

]
fX2|Z(x2|z)fX2|Z(ξ2|z)Ωx1,0 (z1) dz1

=: I1,1,2,1 (x2, ξ2) + I1,1,2,2 (x2, ξ2) .

We have E
[
I1,1,2,1 (x2, ξ2)2N

]
= O

(
aNT
)
, uniformly in x2, ξ2 ∈ X2, for any x1 ∈ X1, by

a similar argument as above. To control I1,1,2,2 (x2, ξ2), we use that
∣∣∣f̂Z,τ (z)− f̂Z(z)

∣∣∣ ≤
Ch
−dX1
x1,T

h
−dZ1
T 1

{
infz1∈Z1 f̂Z(z) < τT

}
, uniformly in z1 ∈ Z1. Thus, from Assumptions B.3

(i) and B.6 we have E
[
I1,1,2,2 (x2, ξ2)2N

]
≤ Ch

−2NdX1
x1,T

h
−2NdZ1
T P

[
inf
z1∈Z1

f̂Z(z) < τT

]
, uni-

formly in x2, ξ2 ∈ X2, for any x1 ∈ X1. By setting c := inf
z∈Z

fZ(z) > 0, and using a covering

argument for compact set Z1 similar to the proof of Theorem 2.2 in Bosq (1998), we have:

P

[
inf
z1∈Z1

f̂Z(z) < τT

]
≤ P

[
sup
z1∈Z1

∣∣∣f̂Z(z)− fZ(z)
∣∣∣ ≥ c/2] ≤ P [ sup

z1∈Z1

∣∣∣f̂Z(z)− E
[
f̂Z(z)

]∣∣∣ ≥ c/4]
≤ nT sup

z1∈Z1

P
[∣∣∣f̂Z(z)− E

[
f̂Z(z)

]∣∣∣ ≥ c/4]+ o(1),

where the sequence nT is such that nT = O (T c) for some c > 0 and
1

h
dX1
x1,T

hdZ+1
T n

1/dZ1
T

=

o
(

(log T )−1
)

. By using a large deviation approach based on Bernstein’s inequality [e.g.,

Bosq (1998), Theorem 1.2 (2)], we can show that P
[∣∣∣f̂Z(z)− E

[
f̂Z(z)

]∣∣∣ ≥ c/4] ≤ 2 exp
(
−c1Th

dX1
x1,T

hdZT

)
,

uniformly in z1 ∈ Z1, for a constant c1 > 0. It follows P
[
infz1∈Z1 f̂Z(z) < τT

]
= O

(
T−b

)
,

for any b > 0. Thus, we get E
[
I1,1,2 (x2, ξ2)2N

]
= O

(
aNT
)
, uniformly in x2, ξ2 ∈ X2, for any

x1 ∈ X1.

Let us now consider I1,1,3 (x2, ξ2). We have:

E
[
I1,1,3 (x2, ξ2)2N

]
=

1

fX1 (x1)2N

∫
· · ·
∫ ∏

l

fX2|Z(ξ2|z1,l, x1)Ωx1,0 (z1,l)

·E

[∏
l

∆f̂X2,Z(x2, z1,l, x1)
∆f̂Z,τ (z1,l, x1)

f̂Z,τ (z1,l, x1)

]∏
l

dz1,l.(TR.26)
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Now we use f̂Z,τ (z) ≥ τT and the Cauchy-Schwarz inequality to get∣∣∣∣∣E
[∏

l

∆f̂X2,Z(x2, z1,l, x1)
∆f̂Z,τ (z1,l, x1)

f̂Z,τ (z1,l, x1)

]∣∣∣∣∣
≤ τ−2N

T E

[∏
l

∆f̂X2,Z(x2, z1,l, x1)2
]1/2

E

[∏
l

∆f̂Z,τ (z1,l, x1)2
]1/2

≤ τ−2N
T

∏
l

E
[
∆f̂X2,Z(x2, z1,l, x1)2M

]1/(2M)
E
[
∆f̂Z,τ (z1,l, x1)2M

]1/(2M)
,

whereM = 22N−1.Moreover, from
∣∣∣f̂Z,τ (z)− f̂Z(z)

∣∣∣ ≤ Ch−dX1
x1,T

h
−dZ1
T 1

{
infz1∈Z1 f̂Z(z) < τT

}
,

uniformly in z1 ∈ Z1, P
[
infz1∈Z1 f̂Z(z) < τT

]
= O

(
T−b

)
, for any b > 0, we get:∣∣∣∣∣E

[∏
l

∆f̂X2,Z(x2, z1,l, x1)
∆f̂Z,τ (z1,l, x1)

f̂Z,τ (z1,l, x1)

]∣∣∣∣∣
≤ τ−2N

T

∏
l

E
[
∆f̂X2,Z(x2, z1,l, x1)2M

]1/(2M)
E
[
∆f̂Z(z1,l, x1)2M

]1/(2M)

+CT−2Nbτ−2N
T h

−2NdX1
x1,T

h
−2NdZ1
T

∏
l

E
[
∆f̂X2,Z(x2, z1,l, x1)2M

]1/(2M)
.(TR.27)

Thus, from (TR.26), (TR.27) and Assumptions B.3 (i), B,6 (ii), we get:

E
[
I1,1,3 (x2, ξ2)2N

]
= O

(
τ−2N
T sup

x2∈X2,z1∈Z1

E
[
∆f̂X2,Z(x2, z1, x1)2M

]N/M
sup
z1∈Z1

E

[∣∣∣∆f̂Z(z1, x1)
∣∣∣2M]N/M)

+O

(
T−2Nbτ−2N

T h
−2NdX1
x1,T

h
−2NdZ1
T sup

x2∈X2,z1∈Z1

E
[
∆f̂X2,Z(x2, z1, x1)2M

]N/M)
.

By standard kernel arguments and Assumptions B.1-B.3, we have

sup
x2∈X2,z1∈Z1

E
[
∆f̂X2,Z(x2, z1, x1)2M

]1/M
= O

 1

Th
dX1
x1,T

h
dX2

+dZ1
T

+ h2m
T + h2m

x1,T

 and

sup
z1∈Z1

E

[∣∣∣∆f̂Z(z1, x1)
∣∣∣2M]1/M

= O

 1

Th
dX1
x1,T

h
dZ1
T

+ h2m
T + h2m

x1,T

, for any x1 ∈ X1. Then,

from condition
(log T )2

Th
dX1
x1,T

h
dZ1

+dX2
T

= O(1), we get:

E
[
I1,1,3 (x2, ξ2)2N

]
= O


 1

Th
dX1
x1,T

h
dZ1
T

+ h2m
T + h2m

x1,T

N
 = O

(
aNT
)
,
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uniformly in x2, ξ2 ∈ X2, for any x1 ∈ X1. The bound for term I1,1,4 (x2, ξ2) is similar, and

we conclude that E
[
I1,1 (x2, ξ2)2N

]
= O

(
aNT
)
, uniformly in x2, ξ2 ∈ X2, for any x1 ∈ X1.

(ii) Bound for E
[
I1,3 (x2, ξ2)2N

]
. Write:

E
[
I1,3 (x2, ξ2)2N

]
=

∫
· · ·
∫ ∏

l

fX2|Z(x2|z1,l, x1)fX2|Z(ξ2|z1,l, x1)fZ1|X1
(z1,l|x1)

·E

[∏
l

∆Ω̂x1 (z1,l)

]∏
l

dz1,l.

From Assumption B.7 (iii), sup
z1,1,...,z1,2N∈Z1

∣∣∣∣∣E
[∏

l

∆Ω̂x1 (z1,l)

]∣∣∣∣∣ ≤ sup
z1∈Z1

E

[∣∣∣∆Ω̂x1 (z1)
∣∣∣2N] =

O


 1

Th
dX1
x1,T

h
dZ1
T

+ h2m
T + h2m

x1,T

N
, for any x1 ∈ X1. Thus, from Assumptions B.3 (i),

we get E
[
I1,3 (x2, ξ2)2N

]
= O

(
aNT
)
, uniformly in x2, ξ2 ∈ X2, for any x1 ∈ X1.

(iii) Bound of E
[
I1,2 (x2, ξ2)2N

]
, E
[
I1,4 (x2, ξ2)2N

]
and E

[
I2 (x2, ξ2)2N

]
. The bounds

for these terms are derived by similar arguments as in (i) and (ii).

9.5 Proof of Lemma B.5

From the proof of Lemma A.6, we have
(
λx1,T +A∗x1

Ax1

)−1
A∗x1

ψ̂x1
=
∞∑
j=1

cx1,j,TZx1,j,Tφx1,j ,

where cx1,j,T :=
1√

Th
dX1
x1,T

√
νx1,j

λx1,T + νx1,j
and Zx1,j,T are defined in (TR.12). For expository

purpose, let us omit the index x1 in cx1,j,T , Zx1,j,T and φx1,j . By using
∥∥∥(λx1,T +A∗x1

Ax1

)−1
A∗x1

ψ̂x1

∥∥∥2
=

∞∑
j,l=1

cj,T cl,TZj,TZl,T
〈
φj , φl

〉
L2(X2)

, we get E

[∥∥∥(λx1,T +A∗x1
Ax1

)−1
A∗x1

ψ̂x1

∥∥∥4
]

=
∞∑

j,l,m,n=1

cj,T cl,T cm,T cn,TE [Zj,TZl,TZm,TZn,T ]
〈
φj , φl

〉
L2(X2)

〈φm, φn〉L2(X2). Let us now

bound the expectation terms. By applying twice the Cauchy-Schwarz inequality,
|E [Zj,TZl,TZm,TZn,T ]| ≤ E

[
Z2
j,TZ

2
l,T

]1/2
E
[
Z2
m,TZ

2
n,T

]1/2 ≤ sup
j∈N

E
[
Z4
j,T

]
. By similar ar-
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guments as in Lemma B.10, C̄ := supj∈NE
[
Z4
j,T

]
<∞. Then, we get

E

[∥∥∥(λx1,T +A∗x1
Ax1

)−1
A∗x1

ψ̂x1

∥∥∥4
]
≤ C̄

∞∑
j,l,m,n=1

cj,T cl,T cm,T cn,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣ ∣∣∣〈φm, φn〉L2(X2)

∣∣∣
= C̄

∑
j∈N

c4j,T
∥∥φj∥∥4

L2(X2)
+ 4

∑
(j,l)∈D2

c3j,T cl,T
∥∥φj∥∥2

L2(X2)

∣∣∣〈φj , φl〉L2(X2)

∣∣∣
+

∑
(j,l)∈D2

c2j,T c
2
l,T

(∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2) + 2

∣∣∣〈φj , φl〉L2(X2)

∣∣∣2)
+2

∑
(j,l,m)∈D3

c2j,T cl,T cm,T
∥∥φj∥∥2

L2(X2)

∣∣∣〈φl, φm〉L2(X2)

∣∣∣
+4

∑
(j,l,m)∈D3

c2j,T cl,T cm,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣ ∣∣∣〈φj , φm〉L2(X2)

∣∣∣
+

∑
(j,l,m,n)∈D4

cj,T cl,T cm,T cn,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣ ∣∣∣〈φm, φn〉L2(X2)

∣∣∣


=: C̄ {J1 + 4J2 + J3 + 2J4 + 4J5 + J6} ,

where Dd denotes the set of d-tuples, which consist of d different natural numbers. Let us
now bound separately the different terms.

(i) Bound of J1. We have

J1 ≤
∞∑
j,l=1

c2j,T c
2
l,T

∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2) =

 ∞∑
j=1

c2j,T
∥∥φj∥∥2

L2(X2)

2

= q4x1,T

where we denote q2x1,T
:=

∞∑
j=1

c2j,T
∥∥φj∥∥2

L2(X2)
=

1

Th
dX1
x1,T

∞∑
j=1

νx1,j

(λx1,T + νx1,j)
2

∥∥φx1,j

∥∥2

L2(X2)
.

(ii) Bound of J2. Using c2j,T
∥∥φj∥∥2

L2(X2)
≤ q2x1,T

, j ∈ N, we get J2 ≤ q2x1,T∑
(j,l)∈D2

cj,T cl,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣. Let us consider the term

∑
(j,l)∈D2

cj,T cl,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣ =
∞∑
j=1

cj,T
∥∥φj∥∥L2(X2)

∑
l:l 6=j

cl,T ‖φl‖L2(X2)

∣∣∣〈φj , φl〉L2(X2)

∣∣∣∥∥φj∥∥L2(X2)
‖φl‖L2(X2)

 .

Using Cauchy-Schwarz inequality, for any j we have
∑
l:l 6=j

cl,T ‖φl‖L2(X2)

∣∣∣〈φj , φl〉L2(X2)

∣∣∣∥∥φj∥∥L2(X2)
‖φl‖L2(X2)

≤

∑
l:l 6=j

c2l,T ‖φl‖
2
L2(X2)

1/2∑
l:l 6=j

〈
φj , φl

〉2
L2(X2)∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2)

1/2

≤ qx1,T

∑
l:l 6=j

〈
φj , φl

〉2
L2(X2)∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2)

1/2

.
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Thus, we get again by Cauchy-Schwarz inequality,∑
(j,l)∈D2

cj,T cl,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣
≤ qx1,T

∞∑
j=1

cj,T
∥∥φj∥∥L2(X2)

∑
l:l 6=j

〈
φj , φl

〉2
L2(X2)∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2)

1/2

≤ qx1,T

 ∞∑
j=1

c2j,T
∥∥φj∥∥2

L2(X2)

1/2 ∞∑
j=1

∑
l:l 6=j

〈
φj , φl

〉2
L2(X2)∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2)

1/2

= q2x1,T ρ̄,

(TR.28)

where ρ̄ :=

 ∞∑
j,l=1:l 6=j

〈
φj , φl

〉2
L2(X2)∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2)

1/2

< ∞ by Assumption B.8 (i). We deduce

J2 ≤ q4x1,T
ρ̄.

(iii) Bound of J3. We have J3 ≤ 3
∑

(j,l)∈D2

c2j,T c
2
l,T

∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2) ≤ 3q4x1,T .

(iv) Bound of J4. We have J4 ≤

∑
j

c2j,T
∥∥φj∥∥2

L2(X2)

 ∑
(l,m)∈D2

cl,T cm,T

∣∣∣〈φl, φm〉L2(X2)

∣∣∣ ≤
q4x1,T ρ̄, using (TR.28).

(v) Bound of J5. We have

J5 ≤
∑
j

c2j,T
∥∥φj∥∥2

L2(X2)

·

∑
l:l 6=j

∑
m:m6=j

cl,T ‖φl‖L2(X2)

∣∣∣〈φj , φl〉L2(X2)

∣∣∣∥∥φj∥∥L2(X2)
‖φl‖L2(X2)

cm,T ‖φm‖L2(X2)

∣∣∣〈φj , φm〉L2(X2)

∣∣∣∥∥φj∥∥L2(X2)
‖φm‖L2(X2)


=

∑
j

c2j,T
∥∥φj∥∥2

L2(X2)

∑
l:l 6=j

cl,T ‖φl‖L2(X2)

∣∣∣〈φj , φl〉L2(X2)

∣∣∣∥∥φj∥∥L2(X2)
‖φl‖L2(X2)

2

.

Using c2j,T
∥∥φj∥∥2

L2(X2)
≤ q2x1,T

for all j ∈ N, and
∑
l:l 6=j

cl,T ‖φl‖L2(X2)

∣∣∣〈φj , φl〉L2(X2)

∣∣∣∥∥φj∥∥L2(X2)
‖φl‖L2(X2)

≤

qx1,T

∑
l:l 6=j

〈
φj , φl

〉2
L2(X2)∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2)

1/2

, we get J5 ≤ q4x1,T

∑
j

∑
l:l 6=j

〈
φj , φl

〉2
L2(X2)∥∥φj∥∥2

L2(X2)
‖φl‖

2
L2(X2)

=

q4x1,T ρ̄
2.

(vi) Bound of J6. Finally, J6 ≤
∑

(j,l)∈D2,(m,n)∈D2

cj,T cl,T cm,T cn,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣ ∣∣∣〈φm, φn〉L2(X2)

∣∣∣
=

 ∑
(j,l)∈D2

cj,T cl,T

∣∣∣〈φj , φl〉L2(X2)

∣∣∣
2

≤ q4x1,T ρ̄
2, using (TR.28).
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To summarize, we have proved E

[∥∥∥(λx1,T +A∗x1
Ax1

)−1
A∗x1

ψ̂x1

∥∥∥4
]
≤ C∗q4x1,T

, for a

constant C∗ <∞. Since in Lemma A.6 we prove that E
[∥∥∥(λx1,T +A∗x1

Ax1

)−1
A∗x1

ψ̂x1

∥∥∥2
]

=

q2x1,T
(1 + o(1)) , the conclusion follows.

9.6 Proof of Lemma B.6

By (TR.25) we have:

E

[∥∥∥(˜̂Ax1 − Ãx1

)(
ψ̂x1

+ ζx1

)∥∥∥2

L2(X2)

]1/2

≤ E
[
‖I1,1‖2L2(X2)

]1/2
+ E

[
‖I1,2‖2L2(X2)

]1/2
+ E

[
‖I1,3‖2L2(X2)

]1/2
+ E

[
‖I2‖2L2(X2)

]1/2
.

We bound separately the four terms.
Let us first bound E

[
‖I1,1‖2L2(X2)

]
. We have

E
[
‖I1,1‖2L2(X2)

]
=

1
fX (x1)2

∫ ∫ ∫
fX2|Z(x2|z1, x1)fX2|Z(x2|z̃1, x1)

·E
[
∆Ω̂x1 (z1) ∆Ω̂x1 (z̃1) Ψ̂x1 (z1) Ψ̂x1 (z̃1)

]
dz1dz̃1dx2,

where Ψ̂x1 (z1) is defined in (TR.9). Thus, by Assumption B.3 (i) and the Cauchy-Schwarz

inequality, we get E
[
‖I1,1‖2L2(X2)

]1/2
= O

(
sup
z1∈Z1

E

[∣∣∣∆Ω̂x1 (z1)
∣∣∣4]1/4

sup
z1∈Z1

E

[∣∣∣Ψ̂x1 (z1)
∣∣∣4]1/4

)
.

LEMMA C.2: Let Assumptions B.1-B.3 hold. (1) Uniformly in x1 ∈ X1:

sup
z1∈Z

V
[
Ψ̂x1(z1)

]
= O

 1

Th
dX1
x1,T

h
dZ1
T

 .

(2) If in addition Assumption B.5 holds, then uniformly in x1 ∈ X1:

sup
z1∈Z

E

[(
Ψ̂x1(z1)− E

[
Ψ̂x1(z1)

])4
]

= O

 1

T 3h
3dX1
x1,T

h
3dZ1
T

+
1

T 2h
2dX1
x1,T

h
2dZ1
T

 .

From Lemmas C.1 (1) and C.2 (2), Assumptions B.1-B.3, B.5 and B.7 (iii) and by using

the condition
1

Th
dX1
x1,T

h
dZ1
T

= O(1), we get:

E
[
‖I1,1‖2L2(X2)

]1/2
= O

(
1

Th
dX1
x1 h

dZ1
T

+ h2m
x1,T + h2m

T

)
.
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By similar arguments as above and as in the proof of Lemma B.2, we get:

E
[
‖I1,2‖2L2(X2)

]1/2
= O

 1

Th
dX1
x1,T

h
dZ1

+dX2
T

+ h2m
x1,T + h2m

T

 ,

E
[
‖I1,3‖2L2(X2)

]1/2
= O

(
1

Th
dX1
x1

+ h2m
x1,T + h2m

T

)
.

Finally, by arguments similar as in the proof of Lemma B.4 to control the kernel density
estimator in the denominator, we have:

E
[
‖I2‖2L2(X2)

]1/2
= o

 1

Th
dX1
x1,T

h
dZ1

+dX2
T

+ h2m
x1,T + h2m

T

 .

9.7 Proof of Lemma B.7

The proof is similar to that of Lemmas B.3, B.4 and B.6 and is therefore omitted.

9.8 Proof of Lemma B.8

We have
∆gh(x) =

∫
k(z) [g(x− hz)− g(x)] 1S(x− hz)dz. (TR.29)

For x, x− hz ∈ S, write g(x− hz)− g(x) = −
∫ h

0
(∇g (x− tz) · z) dt. Thus, we get

|g(x− hz)− g(x)| ≤
∫ h

0
|∇g (x− tz)| |z| dt

≤ |z|
(∫ h

0
|∇g (x− tz)|2 dt

)1/2(∫ h

0
dt

)1/2

= |z|
√
h

(∫ h

0
|∇g (x− tz)|2 dt

)1/2

.

We deduce from (TR.29) and the Cauchy-Schwarz inequality:

|∆gh(x)| ≤
√
h

∫
|k(z)| |z|

(∫ h

0
|∇g (x− tz)|2 dt

)1/2

1S(x− hz)dz

≤
√
h

(∫
|k(z)| |z|2 dz

)1/2(∫
|k(z)|

(∫ h

0
|∇g (x− tz)|2 dt

)
1S(x− hz)dz

)1/2

.

Thus, since 1S(x − hz) ≤ 1S(x − tz) for any x ∈ S and 0 ≤ t ≤ h by convexity of S,

we get
∫
|∆gh(x)|2 f(x)dx ≤ hw2

∫ h

0

∫
|k(z)|

(∫
|∇g (x− tz)|2 1S(x− tz)f(x)dx

)
dzdt.

Now,
∫
|∇g (x− tz)|2 1S(x − tz)f(x)dx =

∫
|∇g (y)|2 1S(y)f(y + tz)dy
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≤
∫
|∇g (y)|2 f(y)dy +

∫
|∇g (y)|2 1S(y) |f(y + tz)− f(y)| dy. Then,

∫
|∆gh(x)|2 f(x)dx

≤ h2w1w2

∫
|∇g (y)|2 f(y)dy+hw2

∫ h

0

∫
|k(z)|

∫
|∇g (y)|2 1S(y) |f(y + tz)− f(y)| dydzdt.

9.9 Proof of Lemma B.9

Let x = (x1, x2) ∈ Rd1 × Rd2 and y = (y1, y2) ∈ Rd1 × Rd2 , with y1 = x1. Then we have

E [VT (g, x1)VT (e, x1)] = Thd11T

∫ ∫
g(x2)e(y2)E

[(
f̂(x)− Ef̂(x)

)(
f̂(y)− Ef̂(y)

)]
dx2dy2.

Let us compute the cross-moment of kernel estimator in the RHS:

E
[(
f̂(x)− Ef̂(x)

)(
f̂(y)− Ef̂(y)

)]
=

1
Th2d1

1T h
2d2
2T

{
E

[
K

(
U − x
hT

)
K

(
U − y
hT

)]
− E

[
K

(
U − x
hT

)]
E

[
K

(
U − y
hT

)]}
,

where K
(
U − x
hT

)
:= K1

(
U1 − x1

h1T

)
K2

(
U2 − x2

h2T

)
. Thus, we get

E [VT (g, x1)VT (e, x1)]

=
1

hd11Th
2d2
2T

∫ ∫
g(x2)e(y2)E

[
K

(
U − x
hT

)
K

(
U − y
hT

)]
dx2dy2

−

(
1

h
d1/2
1T hd22T

∫
g(x2)E

[
K

(
U − x
hT

)]
dx2

)(
1

h
d1/2
1T hd22T

∫
e(x2)E

[
K

(
U − x
hT

)]
dx2

)
=: AT −BT (g)BT (e). (TR.30)

Let us derive the asymptotic expansions of these two terms.
i) Asymptotic expansion of BT . Let us first consider the second term in (TR.30).

We have

BT (g) =
∫ ∫

g(x2)
1

h
d1/2
1T hd22T

K1

(
u1 − x1

h1T

)
K2

(
u2 − x2

h2T

)
f (u1, u2) du1du2dx2

= h
d1/2
1T

∫ ∫
g(x2)K(z)f (x+ hT z) dzdx2

= h
d1/2
1T

∫ ∫
g(x2)K(z) [f (x+ hT z)− f(x)] dzdx2,

where f (x+ hT z) := f (x1 + h1T z1, x2 + h2T z2) andK(z) := K1(z1)K2(z2), since E[g(U2)|U1 =

x1] = 0. Then |BT (g)| ≤ h
d1/2
1T

∫
|g(x2)|

(∫
|K(z)| |f (x+ hT z)− f(x)| dz

)
dx2. Since

K has a bounded support (Assumption B.2), and by the mean-value Theorem, we get∫
|K(z)| |f (x+ hT z)− f(x)| dz ≤

(
h1T

∫
|K1(z1)| |z1|dz1 + h2T

∫
|K2(z2)| |z2|dz2

)
q(x),
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for large T , where q is defined in Assumption B.4. Then, by Cauchy-Schwarz inequality
and Assumption B.4,

|BT (g)| ≤ chd1/21T (h1T + h2T )
∫
|g(x2)| q(x)dx2 ≤ chd1/21T (h1T + h2T )

(∫
|g(x2)|2 q(x)dx2

)1/2(∫
q(x)dx2

)1/2

,

for a constant c. Thus,

BT (g) = O
(
h
d1/2
1T (h1T + h2T ) ‖g‖L2

x1
(F ∗)

)
. (TR.31)

ii) Asymptotic expansion of AT . Let us now consider the first term in (TR.30). We
have

1
hd11Th

2d2
2T

E

[
K

(
U − x
hT

)
K

(
U − y
hT

)]
=

1
hd11Th

2d2
2T

E

[
K1

(
U1 − x1

h1T

)2

K2

(
U2 − x2

h2T

)
K2

(
U2 − y2

h2T

)]

=
1
hd22T

∫
K1(u1)2K2(u2)K2

(
u2 +

x2 − y2

h2T

)
f (x+ hTu) du.

We get

AT =
ω2

hd22T

∫ ∫ ∫
g(x2)e(y2)K2 (u2)K2

(
u2 +

x2 − y2

h2T

)
f (x) du2dx2dy2

+
1
hd22T

∫ ∫ ∫
g(x2)e(y2)K1(u1)2K2(u2)K2

(
u2 +

x2 − y2

h2T

)
[f (x+ hTu)− f(x)] dudx2dy2

=: Ã1T + Ã2T .

To rewrite these terms, we have∫
1
hd22T

K2

(
u2 +

x2 − y2

h2T

)
e(y2)dy2

=
∫
K2 (u2 + z2) e (x2 − h2T z2) 1S2(x2 − h2T z2)dz2

=
(∫

K2 (u2 + z2) 1S2(x2 − h2T z2)dz2

)
e(x2)

+
∫
K2 (u2 + z2) [e (x2 − h2T z2)− e (x2)] 1S2(x2 − h2T z2)dz2.

Thus, we get

Ã1T

= ω2

∫
g(x2)e(x2)f(x)

(∫ ∫
K2 (u2)K2 (u2 + z2) 1S2(x2 − h2T z2)dz2du2

)
dx2

+ω2

∫ ∫
g(x2)f(x)K2(u2)

∫
K2 (u2 + z2) [e (x2 − h2T z2)− e (x2)] 1S2(x2 − h2T z2)dz2du2dx2

= ω2fU1(x1)Cov [g(U2), e(U2)|U1 = x1]

−ω2

∫
g(x2)e(x2)f(x)

(∫ ∫
K2 (u2)K2 (u2 + z2) 1Sc2(x2 − h2T z2)dz2du2

)
dx2

+ω2

∫ ∫
g(x2)f(x)K2(u2)

(∫
K2 (u2 + z2) [e (x2 − h2T z2)− e (x2)] 1S2(x2 − h2T z2)dz2

)
du2dx2.
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Similarly

Ã2T =
∫
g(x2)e(x2)

∫ ∫
K1(u1)2K2 (u2)K2 (u2 + z2) 1S2(x2 − h2T z2) [f (x+ hTu)− f(x)] dz2dudx2

+
∫ ∫

g(x2)K1(u1)2K2(u2)
∫
K2 (u2 + z2) [e (x2 − h2T z2)− e (x2)] 1S2(x2 − h2T z2)dz2

[f (x+ hTu)− f(x)] dudx2.

We conclude

AT

= ω2fU1(x1)Cov [g(U2), e(U2)|U1 = x1]

−ω2

∫
g(x2)e(x2)f(x)

(∫ ∫
K2 (u2)K2 (u2 + z2) 1Sc2(x2 − h2T z2)dz2du2

)
dx2

+ω2

∫ ∫
g(x2)f(x)K2(u2)

(∫
K2 (u2 + z2) [e (x2 − h2T z2)− e (x2)] 1S2(x2 − h2T z2)dz2

)
du2dx2

+
∫
g(x2)e(x2)

∫ ∫
K1(u1)2K2 (u2)K2 (u2 + z2) 1S2(x2 − h2T z2) [f (x+ hTu)− f(x)] dz2dudx2

+
∫ ∫

g(x2)K1(u1)2K2(u2)
∫
K2 (u2 + z2) [e (x2 − h2T z2)− e (x2)] 1S2(x2 − h2T z2)dz2

· [f (x+ hTu)− f(x)] dudx2.

=: ω2fU1(x1)Cov [g(U2), e(U2)|U1 = x1] +A1,T +A2,T +A3,T +A4,T . (TR.32)

Let us now bound terms A1,T -A4,T , separately.
iii) Bound of A1,T . We have

|A1,T | ≤ ω2

∫
|g(x2)| |e(x2)| f(x)

(∫
K2 (z2) 1S2(x2)1Sc2(x2 − h2T z2)dz2

)
dx2,

where K2 (z2) :=
∫
|K2(u2)K2(u2 + z2)| du2. By Assumption B.2, K2 has bounded sup-

port included in Bκ(0) ⊂ Rd2 , κ = 2 sup
z2∈ supp(K2)

|z2|. Then,
∫
K2 (z2) 1S2(x2)1Sc2(x2 −

h2T z2)dz2 ≤ c1 (x2 ∈ ∂S2(κh2T )), for large T , for a constant c. Thus,

|A1,T | ≤ c
∫
|g(x2)| |e(x2)| 1 (x2 ∈ ∂S2(κh2T )) f(x)dx2 ≤ cfU1(x1) ‖g‖L2

x1
(F ) ρx1

(e, κh2T ),

(TR.33)
by Cauchy-Schwarz inequality.

iv) Bound of A2,T . We have A2,T = ω2

∫
g(x2)

(∫
k2 (z2) [e (x2 − h2T z2)− e (x2)]

1S2(x2 − h2T z2)dz2) f(x)dx2 = ω2fU1(x1)
∫
g(x2) [∆eh2T

(x2)] fU2|U1
(x2|x1) dx2, where ∆eh2T

(x2) :=∫
k2 (z2) [e (x2 − h2T z2)− e (x2)] 1S2(x2−h2T z2)dz2 and k2(z2) :=

∫
K2(u2)K2(u2+z2)du2.

Note that k2(.) satisfies
∫
k2(z2)dz2 = 1. By the Cauchy-Schwarz inequality, we have

|A2,T | ≤ ω2fU1(x1) ‖g‖L2
x1

(F ) ‖∆eh2T
‖L2

x1
(F ) . (TR.34)
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To bound the term ‖∆eh2T
‖L2

x1
(F ), we can apply Lemma B.8 to function e and density

fx1(.) := fU2|U1
(.|x1) with

w1 =
∫
|k2(z2)| dz2 ≤

∫ ∫
|K2(u2)K2(u2 + z2)| du2dz2 =

(∫
|K2(u2)| du2

)2

,

w2 =
∫
|z2|2 |k2(z2)| dz2 ≤

∫ ∫
|z2|2 |K2(u2)K2(u2 + z2)| du2dz2,

which are finite by Assumptions B.2 (i), (ii). We get

‖∆ehT ‖
2
L2
x1

(F ) ≤ w1w2h
2
2T ‖∇e‖

2
L2
x1

(F )

+w2h2T

∫
|∇e(y2)|2

(∫ h2T

0

∫
|k2(z2)| |fx1(y2 + tz2)− fx1(y2)| dz2dt

)
dy2.

Since k2 is bounded and has bounded support,
∫ h2T

0

∫
|k2(z2)| |fx1(y2 + tz2)− fx1(y2)| dz2dt ≤

ch2
2T q(x1, y2), for a constant c, where q is defined in Assumption B.4. Thus, ‖∆eh2T

‖2L2
x1

(F )

= O
(
h2

2T ‖∇e‖
2
L2
x1

(F ) + h3
2T ‖∇e‖

2
L2
x1

(F ∗)

)
. We conclude from (TR.34):

A2,T = O
(
h2T ‖g‖L2

x1
(F ) ‖∇e‖L2

x1
(F ) + h

3/2
2T ‖g‖L2

x1
(F ) ‖∇e‖L2

x1
(F ∗)

)
. (TR.35)

v) Bound of A3,T . We have

|A3,T | ≤
(∫
|K2 (z2)| dz2

)∫
|g(x2)| |e(x2)|

(∫
K1(u1)2 |K2 (u2)| |f (x+ hTu)− f(x)| du

)
dx2.

Again, by Assumptions B.2 (i), (ii) and B.4,
∫
K1(u1)2 |K2 (u2)| |f (x+ hTu)− f(x)| du ≤

c (h1T + h2T ) q(x), for a constant c and large T . Thus,

|A3,T | ≤ c̃ (h1T + h2T )
∫
|g(x2)| |e(x2)| q(x)dx2

≤ c̃ (h1T + h2T )
(∫

g(x2)2q(x)dx2

)1/2(∫
e(x2)2q(x)dx2

)1/2

from Cauchy-Schwarz inequality, and

A3,T = O
(

(h1T + h2T ) ‖g‖L2
x1

(F ∗) ‖e‖L2
x1

(F ∗)

)
. (TR.36)

vi) Bound of A4,T . We have

A4,T =
∫
K1(u1)2K2(u2)

(∫
g(x2) [∆eu2,h2T

(x2)] [f (x+ hTu)− f(x)] dx2

)
du,
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where ∆eu2,h2T
(x2) =

∫
k2(z2;u2) [e (x2 − h2T z2)− e(x2)] 1S2(x2−h2T z2)dz2 and k2(z2;u2) =

K2(u2 + z2). Since K is bounded and has bounded support,

|A4,T | ≤ c

∫
|K(u)|

(∫
|g(x2)| |∆eh2T

(x2)| |f (x+ hTu)− f(x)| dx2

)
du

= c

∫
|g(x2)| |∆eh2T

(x2)|πT (x)dx2

where |∆eh2T
(x2)| :=

∫
1(|z2| < c1) |e (x2 − h2T z2x)− e(x2)| 1S2(x2 − h2T z2)dz2 and

πT (x) :=
∫
|K(u)| |f (x+ hTu)− f(x)| du, for constant c, c1. By Cauchy-Schwarz inequal-

ity,

|A4,T | ≤ c
(∫
|g(x2)|2 πT (x)dx2

)1/2(∫
|∆eh2T

(x2)|2 πT (x)dx2

)1/2

. (TR.37)

Since πT (x) ≤ c2 (h1T + h2T ) q(x), for a constant c2, we get∫
|g(x2)|2 πT (x)dx = O

(
(h1T + h2T ) ‖g‖2L2

x1
(F ∗)

)
. (TR.38)

To bound
∫
|∆eh2T

(x2)|2 πT (x)dx2, we apply the argument in the proof of Lemma B.8,

with k(z) = 1(|z| < c1). Then,∫
|∆ehT (x2)|2 πT (x)dx2 ≤ c3h

2
2T

∫
|∇e(y2)|2 πT (x1, y2)dy2

+c4h2T

∫
|∇e(y)|2

(∫ h2T

0

∫
|k(z2)| |πT (x1, y2 + tz2)− πT (x1, y2)| dz2dt

)
dy2

≤ c5h
2
2T

∫
|∇e(y2)|2 πT (x1, y2)dy2

+c6h2T

∫
|∇e(y2)|2

(∫ h2T

0

∫
|k(z2)|πT (x1, y2 + tz2)dz2dt

)
dy2,

for some constants c3, ..., c6. Using∫ h2T

0

∫
|k(z2)|πT (x1, y2 + tz2)dz2dt

=
∫ h2T

0

∫
|k(z2)|

∫
|K(u)| |f (y + tz + hTu)− f(y + tz)| dudzdt ≤ c7h2T (h1T + h2T ) q(y2),

for large T and a constant c7, we deduce∫
|∆eh2T

(x2)|2 πT (x)dx2 = O
(
h2

2T (h1T + h2T ) ‖∇e‖2L2
x1

(F ∗)

)
. (TR.39)

From (TR.37), (TR.38) and (TR.39) we get

A4,T = O
(
h2T (h1T + h2T ) ‖g‖L2

x1
(F ∗) ‖∇e‖L2

x1
(F ∗)

)
. (TR.40)
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From (TR.30), (TR.31), (TR.32), (TR.33), (TR.35), (TR.36) and (TR.40), we derive
the asymptotic expansion of E [VT (g)VT (e)]:

E [VT (g, x1)VT (e, x1)] = ω2fU1(x1)Cov [g(U2), e(U2)|U1 = x1]

+O
(
hd11T (h1T + h2T )2 ‖g‖L2

x1
(F ∗) ‖e‖L2

x1
(F ∗)

)
+O

(
‖g‖L2

x1
(F ) ρx1

(e, κh2T )
)

+O
(
h2T ‖g‖L2

x1
(F ) ‖∇e‖L2

x1
(F ) + h

3/2
2T ‖g‖L2

x1
(F ) ‖∇e‖L2

x1
(F ∗)

)
+O

(
(h1T + h2T ) ‖g‖L2

x1
(F ∗) ‖e‖L2

x1
(F ∗)

)
+O

(
h2T (h1T + h2T ) ‖g‖L2

x1
(F ∗) ‖∇e‖L2

x1
(F ∗)

)
.

The conclusion follows.

9.10 Proof of Lemma B.10

(i) Let us apply Lemma B.9 with U1 = X1, U2 = (W,Z1), and g(u2) =
=
(
ψx1,j

)
(z1) Ωx1,0(z1)gϕ0

(w) =: gx1,j(u2), for any j ∈ N. We have E [gx1,j (U2) |U1 = x1] =
0 and

V [gx1,j (U2) |U1 = x1]

=
1

νx1,j
E
[(
Ax1φx1j

)
(Z1)2 Ωx1,0(Z1)2E

[
gϕ0

(W )2 | Z1, X1 = x1

]
|X1 = x1

]
=

1
νx1,j

E
[(
Ax1φx1j

)
(Z1)2 Ωx1,0(Z1)|X1 = x1

]
=

1
νx1,j

〈φx1j , A
∗
x1
Ax1φx1j〉Hl(X2) = 1,

where we have used Assumption 5. Thus, we get

E
[
Z2
x1,j,T

]
= fX1(x1)ω2 +O

(
ρx1

(gx1,j , κhT )
)

+O
(
hT ‖∇gx1,j‖L2

x1
(F ) + (hx1,T + hT ) ‖gx1,j‖

2
L2
x1

(F ∗) + h
3/2
T ‖∇gx1,j‖L2

x1
(F ∗)

+hT (hx1,T + hT ) ‖gx1,j‖L2
x1

(F ∗) ‖∇gx1,j‖L2
x1

(F ∗)

)
.

The conclusion follows if the terms ‖gx1,j‖L2
x1

(F ∗), ‖∇gx1,j‖L2
x1

(F ) and ‖∇gx1,j‖L2
x1

(F ∗) are

bounded and ρx1
(gx1,j , κhT ) = o(1), uniformly in j ∈ N. By using the Cauchy-Schwarz

inequality and Assumption B.4, ‖gx1,j‖L2
x1

(F ∗), ‖∇gx1,j‖L2
x1

(F ) and ‖∇gx1,j‖L2
x1

(F ∗) are uni-

formly bounded by Assumptions B.8 (iii)-(iv). Finally, the conclusion follows from

ρx1
(gx1,j , κhT )2 = E

[
gx1,j (U2)2 1 (U2 ∈ ∂S (κhT )) |X1 = x1

]
≤ E

[
|gx1,j (U2)|4 |X1 = x1

]1/2
P (U2 ∈ ∂S (κhT ) |X1 = x1)1/2 and Assumption B.8 (iii).

(ii) We apply Lemma B.9 with g = gx1,j and e = gx1,l, for any j 6= l ∈ N. Similarly to

above, we have Cov [gx1,j (U2) , gx1,l(U2)|U1 = x1] =
1

√
νx1,jνx1,l

〈φx1j , A
∗
x1
Ax1φx1l〉Hl(X2) =

0, for j 6= l. Thus, we get E [Zx1,j,TZx1,l,T ] = o(1), uniformly in j 6= l, using the bounds in
point (i).
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9.11 Proof of Lemma B.11

We have
∞∑
j,l=1

αj,lE [ZjZl]−
∞∑
j=1

αj,jE
[
Z2
j

]
=

∞∑
j,l=1, j 6=l

αj,lE [ZjZl] =
∞∑

j,l=1, j 6=l
αj,lρj,lE

[
Z2
j

]1/2
E
[
Z2
l

]1/2
.

Let us now bound the term in the RHS. We have∣∣∣∣∣∣
∞∑

j,l=1, j 6=l
αj,lρj,lE

[
Z2
j

]1/2
E
[
Z2
l

]1/2∣∣∣∣∣∣
≤

∞∑
j=1

(√
αj,jE

[
Z2
j

]1/2) ∞∑
l=1:l 6=j

αj,l√
αj,j
√
αl,l

∣∣ρj,l∣∣√αl,lE [Z2
l

]1/2
≤

 ∞∑
j=1

αj,jE
[
Z2
j

]1/2 ∞∑
j=1

 ∞∑
l=1:l 6=j

αj,l√
αj,j
√
αl,l

∣∣ρj,l∣∣√αl,lE [Z2
l

]1/221/2

,

(TR.41)

by Cauchy-Schwarz inequality. Moreover, again by Cauchy-Schwarz inequality:

∞∑
l=1:l 6=j

αj,l√
αj,j
√
αl,l

∣∣ρj,l∣∣√αl,lE [Z2
l

]1/2 ≤

 ∞∑
l=1:l 6=j

α2
j,l

αj,jαl,l
ρ2
j,l

1/2 ∞∑
l=1:l 6=j

αl,lE
[
Z2
l

]1/2

≤

 ∞∑
l=1:l 6=j

α2
j,l

αj,jαl,l
ρ2
j,l

1/2( ∞∑
l=1

αl,lE
[
Z2
l

])1/2

.

From (TR.41) we get∣∣∣∣∣∣
∞∑

j,l=1, j 6=l
αj,lρj,lE

[
Z2
j

]1/2
E
[
Z2
j

]1/2∣∣∣∣∣∣ ≤
 ∞∑
j=1

αj,jE
[
Z2
j

] ∞∑
j=1

∞∑
l=1:l 6=j

α2
j,l

αj,jαl,l
ρ2
j,l

1/2

,

and the conclusion follows.

9.12 Proof of Lemma B.12

By a Taylor expansion of the kernel estimator bias we get:

ζx1
(z1) =

1
m!

∑
|α1|+|α2|=m

h
|α1|
T h

|α2|
x1,T

∫ ∫
K(η)K(ζ)K(ξ)(y − ϕx1,0(x2))

∇α1∇α2fW,Z(w + hT η, z1 + hT ζ, x1 + hx1,T ξ)
fZ(z)

dwdηdζdξ,

where ∇α1 and ∇α2 denote gradient operators w.r.t. (Y,X2, Z1) and X1, respectively.
Thus, we get ζx1

= hmx1,TΞx1 + Γx1 , where function Γx1 is such that sup
z1∈Z1

|Γx1 (z1)| ≤

C(hThm−1
x1,T

+ hmT )

(∫
q (w, z1, x1)2

fW,Z(w, z)
dw

)1/2

from Assumptions 5, B.4 and B.6. Then, the

conclusion follows.
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9.13 Proof of Lemma C.1

Let us write Ψ̂x1(z1) as:

Ψ̂x1(z1) =
1
T

T∑
t=1

(Yt − VT,t)Kh (Zt − z) , (TR.42)

where:
VT,t =

∫
ϕx1,0(X2,t − hTu)K(u)du,

and:

Kh (Zt − z) :=
1

h
dX1
x1,T

h
dZ1
T

K

(
Z1,t − z1
hT

)
K

(
X1,t − x1

hx1,T

)
.

(1) The bias term is:

E
[
Ψ̂x1(z1)

]
= E [(Y − VT )Kh (Z − z)] .

By a change of variable:

E [(Y − VT )Kh (Z − z)] = E [E [Y − VT |Z]Kh (Z − z)]

=
∫
µ(z1 + hTu1, x1 + hx1,Tu2)K(u)du

−
∫
ηT (z1 + hTu1, x1 + hx1,Tu2)K(u)du,

where ηT (z) = E [VT |Z = z] fZ(z). By standard bias expansions:∫
µ(z1 + hTu1, x1 + hx1,Tu2)K(u)du = µ(z) +O

(
‖Dmµ‖∞

(
hmT + hmx1,T

))
,∫

ηT (z1 + hTu1, x1 + hx1,Tu2)K(u)du = ηT (z) +O
(
‖DmηT ‖∞

(
hmT + hmx1,T

))
,

uniformly in z ∈ Z. Moreover:

ηT (z) =
∫ ∫

ϕx1,0(x2 − hTu)fX2,Z(x2, z)K(u)dx2du

=
∫ ∫

ϕx1,0(x2)fX2,Z(x2 + hTu, z)K(u)dx2du

= E
[
ϕx1,0 (X2) |Z = z

]
fZ(z) +O

(
‖DmfX2,Z‖∞ h

m
T

)
,

uniformly in z ∈ Z, and:

‖DmηT ‖∞ ≤ ‖DmfX2,Z‖∞
∫ ∣∣ϕx1,0(x2)

∣∣ dx2

∫
|K(u)| du

≤ ‖DmfX2,Z‖∞
∥∥ϕx1,0

∥∥
L2(X2)

∫
|K(u)| du <∞,
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from Assumption B.3. Thus, by using E
[
Y − ϕx1,0 (X2) |Z = z

]
= 0, we deduce

sup
z1∈Z1

E [(Y − VT )Kh (Z − z)] = O
(
hmT + hmx1,T

)
,

uniformly in x1 ∈ X1, and Part (1) follows.
(2) The proof is similar to the proof of Theorem 2 in Hansen (2008). Let us first truncate

the variables WT,t := Yt − VT,t in (TR.42) and show that the truncation effect is negligible.

Define τx1,T =

ThdX1
x1,T

h
dZ1
T

log T

1/(2s)

, for any x1 ∈ X1 and some s > 1. Write:

Ψ̂x1(z1) =
1
T

T∑
t=1

WT,t1 {|WT,t| ≤ τx1,T }Kh (Zt − z)

+
1
T

T∑
t=1

WT,t1 {|WT,t| > τx1,T }Kh (Zt − z) =: Ψ̃x1(z1) +Rx1(z1).

By the same argument as in Hansen (2008), p. 740, and Assumptions B.1-B.3, we have:

E |Rx1(z1)| ≤ Cτ−sx1,T
= O


√√√√ log T

Th
dX1
x1,T

h
dZ1
T

 ,

uniformly in x1 ∈ X1, z1 ∈ Z1. Thus, the conclusion follows if we show that sup
z1∈Z1

Ψ̃x1(z1) =

Op


√√√√ log T

Th
dX1
x1,T

h
dZ1
T

 uniformly in x1 ∈ X1. For this purpose, define Ψ̂(z) :=

√√√√Th
dX1
x1,T

h
dZ1
T

log T
Ψ̃x1(z1).

Let us introduce a covering of Z by nT hyperballs Bj,T :=
{
z : |z − zj,T | ≤ C

n
1/dZ
T

}
, j =

1, · · · , nT , where C is a constant, zj,T ∈ Z, nT is such that nT = O (T c) for some c > 0,

and
√
T

ρTn
1/dZ
T

√
log T

= o (1), where ρT := inf
x1∈X1

(√
h
dX1
x1,T

h
dZ1
T min {hx1,T , hT }

)
. Then, from

Assumption B.2 any by using that sup
x1∈X1

∣∣∣∣∂hx1,T

∂x1

∣∣∣∣ = O(1), uniformly in z ∈ Bj,T and

j = 1, · · · , nT we have∣∣∣Ψ̂(z)− Ψ̂(zj,T )
∣∣∣ ≤ C1

ρTn
1/dZ
T

1√
T log T

T∑
t=1

|WT,t| = op (1) ,

∣∣∣E [Ψ̂(z)
]
− E

[
Ψ̂(zj,T )

]∣∣∣ ≤ C1

ρTn
1/dZ
T

1√
T log T

T∑
t=1

E |WT,t| = op (1) ,

for a constant C1. It follows that:

sup
z∈Z

∣∣∣Ψ̂(z)− E
[
Ψ̂(z)

]∣∣∣ ≤ sup
j=1,··· ,nT

∣∣∣Ψ̂(zj,T )− E
[
Ψ̂(zj,T )

]∣∣∣+ op (1) .
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Thus, the conclusion follows if we prove that the first term in the RHS is op(1). For this
purpose, let ε > 0 be given. We have:

P

[
sup

j=1,··· ,nT

∣∣∣Ψ̂(zj,T )− E
[
Ψ̂(zj,T )

]∣∣∣ ≥ ε] ≤ nT∑
j=1

P
[∣∣∣Ψ̂(zj,T )− E

[
Ψ̂(zj,T )

]∣∣∣ ≥ ε]
≤ nT sup

z∈Z
P
[∣∣∣Ψ̂(z)− E

[
Ψ̂(z)

]∣∣∣ ≥ ε]

= nT sup
z∈Z

P

∣∣∣Ψ̃x1(z1)− E
[
Ψ̃x1(z1)

]∣∣∣ ≥ ε√√√√ log T

Th
dX1
x1,T

h
dZ1
T

 .
(TR.43)

In order to bound the probability in the RHS, we apply a large deviation bound as in

Hansen (2008), p. 741-742. Let us write Ψ̂x1(z1) =
1
T

T∑
t=1

κt,T (z), where κt,T (z) =

WT,t1 {|WT,t| ≤ τx1,T }Kh (Zt − z)−E [WT,t1 {|WT,t| ≤ τx1,T }Kh (Zt − z)]. From Assump-

tion B.2 we have |κt,T (z)| ≤
2τx1,T ‖K‖∞
h
dX1
x1,T

h
dZ1
T

, uniformly in z ∈ Z. Let us now bound

E
[
|κtT (z)|2

]
. We have:

E
[
(Y − VT )2Kh (Z − z)2

]
= E

[
E
[
(Y − VT )2 |Z

]
Kh (Z − z)2

]
=

1

h
dX1
x1,T

h
dZ1
T

∫
σ2
T (z1 + hTu1, x1 + hx1,Tu2)K(u)2du,

where σ2
T (z) = E

[
(Y − VT )2 |Z = z

]
fZ(z). Now:

E
[
V 2
T |Z = z

]
=

∫ ∫
E
[
ϕx1,0(X2 − hTu)ϕx1,0(X2 − hT v)|Z = z

]
K(u)K(v)dudv

≤
(∫
|K(u)| du

)∫
E
[
ϕx1,0(X2 − hTu)2|Z = z

]
|K(u)| du,

and then:

E
[
V 2
T |Z = z

]
fZ(z) ≤

(∫
|K(u)| du

)∫ ∫
ϕx1,0(x2 − hTu)2fX2,Z(x2, z) |K(u)| dudx2

=
(∫
|K(u)| du

)∫ ∫
ϕx1,0(x2)2fX2,Z(x2 + hTu, z) |K(u)| dudx2

≤
(∫
|K(u)| du

)2

‖fX2,Z‖∞
∥∥ϕx1,0

∥∥2

L2(X2)
.

Thus, we get
∥∥σ2

T

∥∥
∞ <∞ and:

E
[
(Y − VT )2Kh (Z − z)2

]
= O

 1

h
dX1
x1,T

h
dZ1
T

 , (TR.44)
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uniformly in z ∈ Z. Hence, we get supz∈Z E
[
|κtT (z)|2

]
≤ c2/h

dX1
x1,T

h
dZ1
T for large T and

a constant c2 > 0. By following the argument in Hansen (2008), p. 741-742, and using
Assumptions B.1-B.3, we get:

P

∣∣∣Ψ̃x1(z1)− E
[
Ψ̃x1(z1)

]∣∣∣ ≥ ε√√√√ log T

Th
dX1
x1,T

h
dZ1
T

 ≤ 4 exp
(
−c1ε2 log T

)
,

uniformly in z ∈ ZT , for a constant c1 > 0. It follows from (TR.43) that

P

[
sup

j=1,··· ,nT

∣∣∣Ψ̂(zj,T )− E
[
Ψ̂(zj,T )

]∣∣∣ ≥ ε] = O
(
nTT

−c1ε2
)

= O
(
T c−c1ε

2
)

. By choosing

ε2 > c/c1, we get that lim sup
T→∞

P

[
sup

j=1,··· ,nT

∣∣∣Ψ̂(zj,T )− E
[
Ψ̂(zj,T )

]∣∣∣ ≥ ε] = 0, and Part (ii)

follows.
(iii) We can write:∫

g(z, x2)Ψ̂x1(z1)dz1 =
1
T

T∑
t=1

(Yt − VT,t)GT,tKhx1,T
(X1,t − x1) ,

where GT,t =
∫
g(Z1,t +hTu, x1, x2)K(u)du. Since the variables GT,t are bounded, and set

X1 ×X2 is compact, the conclusion follows by a similar argument as in Part (ii).

9.14 Proof of Lemma C.2

Part (1) follows from (TR.42) and (TR.44). Let us now prove Part (2). The fourth centered
moment of Ψ̂x1(z1) is given by:

E

[(
Ψ̂x1(z1)− E

[
Ψ̂x1(z1)

])4
]

=
1
T 3
E
[
κT (z)4

]
+

3(T − 1)
T 3

E
[
κT (z)2

]2
,

where:
κT (z) = (Y − VT )Kh (Z − z)− E [(Y − VT )Kh (Z − z)] .

By the proof of Lemma C.1 we know:

sup
z1∈Z1

E
[
κT (z)2

]
= O

 1

h
dX1
x1,T

h
dZ1
T

 .

Moreover:

E
[
κT (z)4

]
= E

[
((Y − VT )Kh (Z − z))4

]
− 8E

[
((Y − VT )Kh (Z − z))3

]
E [(Y − VT )Kh (Z − z)]

+6E
[
((Y − VT )Kh (Z − z))2

]2
+ E [(Y − VT )Kh (Z − z)]4 .

39



Let us focus on the first term. We have:

E
[
((Y − VT )Kh (Z − z))4

]
=

1

h
3dX1
x1,T

h
3dZ1
T

∫
τ4,T (z1 + hTu1, x1 + hx1,Tu2)K(u)4du,

where τ4,T (z) = E
[
(Y − VT )4 |Z = z

]
fZ(z). By similar arguments as in the proof of

Lemma C.1 we get:

E
[
V 4
T |Z = z

]
fZ(z) ≤

(∫
|K(u)| du

)4

‖fX2,Z‖∞
∫
ϕx1,0(x2)4dx2.

Thus, we get:

sup
z1∈Z1

E
[
((Y − VT )Kh (Z − z))4

]
= O

 1

h
3dX1
x1,T

h
3dZ1
T

 .

It follows:

sup
z1∈Z1

E
[
κT (z)4

]
= O

 1

h
3dX1
x1,T

h
3dZ1
T

 ,

and:

sup
z1∈Z1

E

[(
Ψ̂x1(z1)− E

[
Ψ̂x1(z1)

])4
]

=

 1

T 3h
3dX1
x1,T

h
3dZ1
T

+
1

T 2h
2dX1
x1,T

h
2dZ1
T

 .

The conclusion follows.

10 Characterization of operator E
In this Section we discuss the characterization of operator E when l, dX2 ≥ 1 and the Sobolev
embedding condition 2l > dX2 is satisfied. In order to simplify the notation, we focus on
the case l = dX2 = 2, but the arguments can be extended to the more general case 2l > dX2

(see also CGS for the case dX2 = 1).
We have:

〈φ, u〉Hl(X2) = 〈φ, u〉L2(X2) + 〈∇1φ,∇1u〉L2(X2) + 〈∇2φ,∇2u〉L2(X2)

+
〈
∇2

1φ,∇2
1u
〉
L2(X2)

+
〈
∇2

2φ,∇2
2u
〉
L2(X2)

+ 2 〈∇1∇2φ,∇1∇2u〉L2(X2) ,

where ∇1 and ∇2 denote the gradients w.r.t. the components ξ1 and ξ2 of x2 = (ξ1, ξ2).
By using partial integration, we have:

〈∇1φ,∇1u〉L2(X2) =
∫ 1

0
φ∇1u|1ξ1=0 dξ2 −

〈
φ,∇2

1u
〉
L2(X2)

,

〈∇2φ,∇2u〉L2(X2) =
∫ 1

0
φ∇2u|1ξ2=0 dξ1 −

〈
φ,∇2

2u
〉
L2(X2)

,
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〈
∇2

1φ,∇2
1u
〉
L2(X2)

=
∫ 1

0
∇1φ∇2

1u
∣∣1
ξ1=0

dξ2 −
〈
∇1φ,∇3

1u
〉
L2(X2)

=
∫ 1

0
∇1φ∇2

1u
∣∣1
ξ1=0

dξ2 −
∫ 1

0
φ∇3

1u
∣∣1
ξ1=0

dξ2 +
〈
φ,∇4

1u
〉
L2(X2)

,

〈
∇2

2φ,∇2
2u
〉
L2(X2)

=
∫ 1

0
∇2φ∇2

2u
∣∣1
ξ2=0

dξ1 −
〈
∇2φ,∇3

2u
〉
L2(X2)

=
∫ 1

0
∇2φ∇2

2u
∣∣1
ξ2=0

dξ1 −
∫ 1

0
φ∇3

2u
∣∣1
ξ2=0

dξ1 +
〈
φ,∇4

2u
〉
L2(X2)

,

and:

〈∇1∇2φ,∇1∇2u〉L2(X2) =
∫ 1

0
∇2φ∇1∇2u|1ξ1=0 dξ2 −

〈
∇2φ,∇2

1∇2u
〉
L2(X2)

=
∫ 1

0
∇2φ∇1∇2u|1ξ1=0 dξ2 −

∫ 1

0
φ∇2

1∇2u
∣∣1
ξ2=0

dξ1 +
〈
φ,∇2

1∇2
2u
〉
L2(X2)

= (φ∇1∇2u) (1, 1)− (φ∇1∇2u) (1, 0)− (φ∇1∇2u) (0, 1) + (φ∇1∇2u) (0, 0)

−
∫ 1

0
φ∇1∇2

2u
∣∣1
ξ1=0

dξ2 −
∫ 1

0
φ∇2

1∇2u
∣∣1
ξ2=0

dξ1 +
〈
φ,∇2

1∇2
2u
〉
L2(X2)

.

Thus, we get:

〈φ, u〉Hl(X2) = 〈φ,Du〉L2(X2) +
∫ 1

0
φ∇1u|1ξ1=0 dξ2 +

∫ 1

0
φ∇2u|1ξ2=0 dξ1

+
∫ 1

0
∇1φ∇2

1u
∣∣1
ξ1=0

dξ2 −
∫ 1

0
φ∇3

1u
∣∣1
ξ1=0

dξ2

+
∫ 1

0
∇2φ∇2

2u
∣∣1
ξ2=0

dξ1 −
∫ 1

0
φ∇3

2u
∣∣1
ξ2=0

dξ1

+2 [(φ∇1∇2u) (1, 1)− (φ∇1∇2u) (1, 0)− (φ∇1∇2u) (0, 1) + (φ∇1∇2u) (0, 0)]

−2
∫ 1

0
φ∇1∇2

2u
∣∣1
ξ1=0

dξ2 − 2
∫ 1

0
φ∇2

1∇2u
∣∣1
ξ2=0

dξ1.

Since u ∈ H2l
0 (X2), the boundary terms involving an odd-order derivative of u vanish. We

get:
〈φ,Du〉L2(X2) = 〈φ, u〉Hl(X2) + T̄u (φ) ,

where:

T̄u (φ) = −
∫ 1

0
∇1φ (1, ξ2)∇2

1u (1, ξ2) dξ2 +
∫ 1

0
∇1φ (0, ξ2)∇2

1u (0, ξ2) dξ2

−
∫ 1

0
∇2φ (ξ1, 1)∇2

2u (ξ1, 1) dξ1 +
∫ 1

0
∇2φ (ξ1, 0)∇2

2u (ξ1, 0) dξ1

−2 [(φ∇1∇2u) (1, 1)− (φ∇1∇2u) (1, 0)− (φ∇1∇2u) (0, 1) + (φ∇1∇2u) (0, 0)] .
(TR.45)
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Now, we have to show that T̄u (φ) can be written as T̄u (φ) = 〈φ, τu〉Hl(X2) where τu ∈
H l (X2) . Then, E(u) = u+ τu. We consider separately the different components.

For any a ∈ X2, the mapping φ 7→ φ(a) in H l (X2) is a continuous linear functional if
dX2 < 2l because of the Sobolev embedding theorem. Thus, by the Rietz representation
theorem, there exists δa ∈ H l (X2) such that:

φ(a) = 〈δa, φ〉Hl(X2) , φ ∈ H l (X2) .

It follows that we can rewrite the last row in (TR.45) as:

−2 [(φ∇1∇2u) (1, 1)− (φ∇1∇2u) (1, 0)− (φ∇1∇2u) (0, 1) + (φ∇1∇2u) (0, 0)]
= 2

〈
−∇1∇2u (1, 1) δ(1,1) +∇1∇2u (1, 0) δ(1,0) +∇1∇2u (0, 1) δ(0,1) −∇1∇2u (0, 0) δ(0,0), φ

〉
Hl(X2)

.

Let us now consider the terms in the first row of the RHS in (TR.45). For any a ∈ [0, 1],
function ξ2 → ∇2

1u (a, ξ2) is in L2[0, 1]. Indeed, by the Sobolev embedding theorem of
one-dimensional spaces: ∣∣∇2

1u (a, ξ2)
∣∣ ≤ C ∥∥∇2

1u (., ξ2)
∥∥
H1(0,1)

,

where C is independent of ξ2, and∫ 1

0

∣∣∇2
1u (a, ξ2)

∣∣2 dξ2 ≤ C ∫ 1

0

∥∥∇2
1u (., ξ2)

∥∥2

H1(0,1)
dξ2 ≤ C ‖u‖

2
H2l(X2) <∞.

Hence, we can write∫ 1

0
∇1φ (a, ξ2)∇2

1u (a, ξ2) dξ2 =
∞∑
j=1

β1,a,j

∫ 1

0
∇1φ (a, ξ2) χ̃j (ξ2) dξ2,

where β1,a,j =
∫ 1
0 ∇

2
1u (a, ξ2) χ̃j (ξ2) dξ2 and the χ̃j are the elements of the basis of L2[0, 1]

introduced in Appendix 2 of the paper. Define:

T1,a,j (φ) =
∫ 1

0
∇1φ (a, ξ2) χ̃j (ξ2) dξ2,

for a ∈ [0, 1]. Let us first prove that T1,a,j defines a continuous linear function on H l (X2) .
We have by Cauchy-Schwartz inequality:

T1,a,j (φ) ≤
(∫ 1

0
|∇1φ (a, ξ2)|2 dξ2

)1/2(∫ 1

0

∣∣χ̃j (ξ2)
∣∣2 dξ2)1/2

=
(∫ 1

0
|∇1φ (a, ξ2)|2 dξ2

)1/2

.

Now, for given ξ2 ∈ [0, 1], by the embedding of one-dimensional spaces:

|∇1φ (a, ξ2)| ≤ C ‖∇1φ (., ξ2)‖H1(0,1) ,

where C is independent of ξ2, and∫ 1

0
|∇1φ (a, ξ2)|2 dξ2 ≤ C

∫ 1

0
‖∇1φ (., ξ2)‖2H1(0,1) dξ2 ≤ C ‖φ‖

2
Hl(X2) .
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Hence, we get T1,a,j (φ) ≤ C ‖φ‖2Hl(X2) and T1,a,j is a continuous linear functional on H l (X2).
Thus, by the Rietz representation theorem, there exists δ1,a,j ∈ H l (X2) such that:

T1,a,j (φ) = 〈δ1,a,j , φ〉Hl(X2) , φ ∈ H l (X2) .

It follows that we can rewrite the terms in the first row in the RHS in (TR.45) as

−
∫ 1

0
∇1φ (1, ξ2)∇2

1u (1, ξ2) dξ2 +
∫ 1

0
∇1φ (0, ξ2)∇2

1u (0, ξ2) dξ2

= −

〈 ∞∑
j=1

(
β1,1,jδ1,1,j − β1,0,jδ1,0,j

)
, φ

〉
Hl(X2)

.

In a similar way, it is possible to define functions δ2,a,j ∈ H l (X2) that are the Rietz repre-
sentants of the continuous linear functionals

T2,a,j (φ) =
∫ 1

0
∇2φ (ξ1, a) χ̃j (ξ1) dξ1,

and we can rewrite the terms in the second row in the RHS in (TR.45) as:

−
∫ 1

0
∇2φ (ξ1, 1)∇2

2u (ξ1, 1) dξ1 +
∫ 1

0
∇2φ (ξ1, 0)∇2

2u (ξ1, 0) dξ1

= −

〈 ∞∑
j=1

(
β2,1,jδ2,1,j − β2,0,jδ2,0,j

)
, φ

〉
Hl(X2)

.

By putting everything together, we get:

E(u) = u− 2
[
∇1∇2u (1, 1) δ(1,1) −∇1∇2u (1, 0) δ(1,0) −∇1∇2u (0, 1) δ(0,1) +∇1∇2u (0, 0) δ(0,0)

]
−
∞∑
j=1

(〈
∇2

1u (1, .) , χ̃j
〉
L2[0,1]

δ1,1,j −
〈
∇2

1u (0, .) , χ̃j
〉
L2[0,1]

δ1,0,j

+
〈
∇2

2u (., 1) , χ̃j
〉
L2[0,1]

δ2,1,j −
〈
∇2

2u (., 0) , χ̃j
〉
L2[0,1]

δ2,0,j

)
.
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