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These supplementary materials contain the proofs of Lemmas A.1-A.2 in Section 1 (ill-
posedness) and Lemma A.3 in Section 2 (consistency). Section 2 also establishes existence
of the Q-TiR estimator. Section 3 provides the Frechet derivative of operator A and a
characterization of its adjoints. Lemmas A.4-A.11 are proved in Section 4 (asymptotic
distribution) and Lemmas A.12-A.15 in Section 5 (estimation of the asymptotic variance).
In Section 6 we characterize the asymptotic MISE. In Section 7 we provide an example of a
NIVQR model and derive the spectrum of AA (Remark 1), the spectrum of A*A (Remark
2), and the asymptotic behavior of the variance function (Remark 3). To streamline the
presentation we gather the proofs of the secondary technical Lemmas B.1-B.15 and C.1-
C.10 at the end of this technical report (Section 8). Equations labelled as (n) refer to the
paper, and Equations labelled as (SM.n) refer to the supplementary materials. To simplify
the proofs, we adopt a product kernel in the estimation of the density of (X,Y, Z) in R,
We use the generic notation K for both the d-dimensional product kernel and each of its
components. We take C' as a generic constant.

1 Ill-posedness

1.1 Proof of Lemma A.1

Take a sequence (p,,) as in condition (ii). Since ¢, - ¢o, w.l.o.g. we can assume that
llon — @o|| > € for some 0 < ¢ < r (otherwise take a subsequence). Since A is compact
(condition (i)) and (¢y,) is bounded, the sequence A (¢,,) admits a convergent subsequence
A (gom(n)) — . Since the weak limit is unique, we have £ = A(pg). Thus A (gom(n)) —
A (¢o) and Qo (gom(n)) — 0 but Hgom(n) - cpoH > &, hence the stated result follows.

1.2 Proof of Lemma A.2

We have to show that A maps closed sets into relatively compact sets. Let S C L2[0,1]
be bounded. We have to prove that the closure of A(S) C L?(Fyz, 1) is compact. We can
equivalently use ||.|| 2, -y O ||l 12(p,) - Proposition 2.24 in Alt (1992) states that A(S) is
relatively compact if and only if:

sup || A(Q) || L2(r,) < o0, (SM.1)
peSs
sup [|A()(- + 1) = A(@)l 2(p,y) — 0, as |h] =0, (SM.2)

p€eS

and

sup HA(QD) . XRdZ\BR(O)) — 0, as R / oo, (SM.3)

p€eS L?(Fz)



where Xpiz\ g 0 (z) :=1{z € Rz \ Bg(0)}, and Bg(0) is a ball in R% of radius R around
0. To prove (SM.1), notice that for any z

|A (o / fx1z(@|2) Foix,z (97" (@, 0(2)) |2, 2) do < /XfX|Z(33\Z)d~’U =1. (SM4)
Thus [|A(@)ll 2, < 1, for any ¢ € L?[0,1], and (SM.1) follows. To prove (SM.2) we use

|A(p) (2 +h) — «4(@) (2)]
< / | fx1z(z|z + h) = fx2(2]2)| Fuix.z (97 (2, ¢(2)) |2, 2 + h) do

//Y fx12@|2) |Foix.z (97" (@, 90(2)) |z, 2+ h) — Fyix 7 (97" (z,90(2)) |2, 2) | da
< C|hnl,
where C' := sup ‘VZFU|X’Z(U|CC,Z)| Ix|z(w|z) + sup }VZfX‘Z(x|z)| < oo from Assumptions

UL, 2

A.3 (ii) and (iii). Thus we get
AP+ h) = A(@) 25,y < Clhl = 0 as h — 0, (SM.5)

uniformly in ¢ € L?[0,1]. Thus, (SM.2) is proved. Finally, from (SM.4) we get that for
p € L*[0,1]

H-A( X]RdZ\BR(O)‘ L2(F) < /RdZ\BR( )fz(z)dz —0 as R / oc.

This implies (SM.3) and that A is compact.

2 Consistency

2.1 Existence of the Q-TiR estimator
Since Q1 (@) = ﬁ 23:1 m(p, Z;)? is positive, a function ¢ € © minimizes Qr (¢) +

Mt |lll%; if and only if

& = arg inf Qr (¢) + Ar lelFs st Arllellz < Lr(vo)- (SM.6)

The solution ¢ in (SM.6) exists P-a.s. since (i) mapping ¢ — Hg0||§{ is lower semicontinuous
on H'[0, 1] w.r.t. the norm ||.|| (see Reed and Simon (1980), p. 358) and mapping ¢ — Q7 ()

is continuous on © w.r.t. the norm ||.||, P-a.s., for any T’; (ii) set {gp €O: |3 < E} is

compact w.r.t. the norm ||.||, for any constant 0 < L < co (compact embedding theorem:;
see Adams and Fournier (2003)).

2.2 Proof of Lemma A.3

(i) We use the following Lemma B.1, which is proved by extending an argument in Hansen
(2008).

Lemma B.1: Under Assumptions A.l, A.2, A.3 (iii):



2 - 2
sup Ix12(@12)Fy|x 2z (Y|, 2)—  fxz(@]2)Fy|x z(ylz, 2)|” = Oy (ar), where ap :=
z€[0,1],yeR,z€Z

log T 2m
Th%z+1 T

We have Q7 (¢0) — Qo (¥0) =

m(ep,.). Furthermore,

m(po, Z;)%, where Arm(p,.) == m(p,.) —

IIM%

T’T 1—7)

Bl < [ |Frizal) Frixale@le.) = frizel) Frix ae@le. )| da

, (SM.7)

< swp |l ) Byl ) = fxiz(el) Bzl
z€[0,1],yeR

uniformly in ¢ € ©. Then, (i) follows from Lemma B.1.
(ii) Using m(p,.) = Am(p,.) +m(p,.), we have

T T
Qr(p) — R (p) = T7'(11—7') Z An(ep, Zt)2 + {TT(ll—T) Z m(ep, Zt)2 — Qoo (80)}
t=1 t=1

T
1 .
+2T7’(1 _ 7_) tz:; Am(@v Zt)m(@, Zt)

From (SM.7) and Lemma B.1, the first term in the RHS is O,(ar), uniformly in ¢ € ©. By
Cauchy-Schwarz inequality, we get that the third term in the RHS is

T 1/2
1
Op (\/ ar (TT(l—T) tzlm(go, Zt)2> ), uniformly in ¢ € ©. Thus, the conclusion fol-
TT 1—7)

T 1
=0, | —=|. To bound
(77)

I, we use m(yp, z) = /X [Fuix.z (9~ Yz, p(2) |2, 2) — 7] fx|z(x|z)dz. Then

lows if we show that Iy := sup

m(p, Zt)? — Qoo ()
peEO 1

1 T
T Z m(907 Zt)2 -F [m(907 Z)Q]
t=1

T
/X /X % ; {fx12(Z0) fx 121 Z)

[Foixz (97" (@ e@) | 2,2) — 7] [Foix,z (97" (&0(9) | € Ze) — 7]
-E [fx\z(x|Z)fX\Z(f|Z)
[(Fuix,z (97" (m0(@) |2, 2) — 7] [Fuix.z (97" (£,9(8) | & Z) — 7]] } dwdé.
We get Ir < 7_(1_17_)\/> i 1]4 \F Z (Zi,0) — Ela(Z,0)])|, where
a(z,0) == fx|z(x]2) fx1z(€|2) [Fuix,z (u] z,2) — 7] [FU|X,Z (v|&2)—7], 0:= (2,6 u,v) €
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[0,1]*. Using Assumptions A.3 (ii)-(iii), function a is bounded and Lipschitz w.r.t. o:
la(., 01) — a(., 02)] < C'lo1 — 02|, for a constant C. By Andrews (1994), Theorem 2, the fam-
ily F := {a(.,0) : 0 € [0,1]*} satisfies the Pollard entropy condition. By Andrews (1994),

Theorem 1, the empirical process vy (g) := ﬁz (a(Zy,0) — Ela(Z,0)]), 0 € [0,1]4, is

stochastically equicontinuous. Since we can apply a CLT for any o € [0, 1]*, by the funda-
mental convergence result for empirical processes (see e.g. Andrews (1994), p 2251), vr ()
converges weakly. By the Continuous Mapping Theorem, sup o 14 lvr ( Q)] = Op(1), and

thus It = O, (1 /NT ) Hence, the conclusion follows.

3 Frechet derivative of A and characterization of its adjoints

We start with the Frechet derivative A of operator A before characterizing the adjoints A
and A*.

Lemma A.16: Under Assumption A.4 (ii)- (m) the Frechet derivative of A at g is the
linear operator A := DA (o) defined by Ap(z) = [ fxyiz(z, po(z)|2)e (z)dz, 2z € Z,
for ¢ € L?[0,1]. Moreover we have A (p) = A(cpo) + AAp + R (@, ¢o), where the residual
R(p, o) is such that ||R (4, %0)ll12(r, ) < Q\/ﬁC”AQOH{ Ap = ¢ — o, and ¢ :=

SUP,ex yey ez | Vyfxyiz(T, yl2)|

The characterization of the adjoint A of operator A w.r.t. the L? scalar product (.,.)1s
obtained from:

A e = ey [ 96 ([ Penate @l @ do) seas

_ (1_7/</fXYZ$¢0() () ) o (o) do = (Jv.).

for ¢ € L?[0,1] and ¥ € L*(Fz,7), which yields Av(z) = (1 5 [ fxy,z(x, 0o(z), 2)¢(z)dz.

The characterization of the adjoint A* of operator A w.r.t. the Sobolev scalar product
(.,.)y involves the solution of a Dirichlet problem of finite, or infinite, order (see Dubinskij
(1986), Chapter 2, for elliptic boundary value problems of infinite order). Let us introduce
the function p(\) = Zi:o as\°. When [ < oo and as =1 for s <[, and as = 0 for s > [, the
function p(\) is a polynomial of order [. When [ = co and as = 1/s!, we get p(A) = exp(/\)
Moreover, let us introduce the complete orthonormal system of L2[0, 1] given by wl( ) =1,
P;(x) = ﬁcos( (j—1)x), j > 1. Let us define:

s'0.1) = J e 20,11 Y [o ( ]_1>))<¢,¢j>r<oo . leNU{so}.

Space S! [0,1] is a linear vector subspace of L?[0,1] made of functions whose basis coeffi-
cients (p,;) feature rapid decay such that p ((7 (j — 1))?) (¢, %;), j = 1,--- , are square-



summable. It is an Hilbert space w.r.t. the scalar product

=3 [p (7 (G = 1)2)]" (0. 93) (6, 05)-

Jj=1

We denote by [l¢||g = <<,0,<p)‘19/2 the associated norm. When [ < oo, the space S'[0,1] is
equivalent to H3'[0,1] := { ¢ € H¥[0,1] : V*p(0) = V*p(1) = 0,5 = 1,3,--- ,2l — 1}, that
is the Sobolev space of order 2/ with boundary conditions for the odd-order derivatives
(see Kress (1999), Chapter 8, for similar results with periodic functions). When | = oo,
the functions in §*°[0,1] are C*°-functions with odd-order derivatives vanishing at the
boundary, and exponentially decaying basis coefficients.

Lemma A.17: (i) The differential operator D := p(—V?) is well-defined on S'[0,1]. (ii)
For any f € L?[0,1], the (infinite-order) ODE:

Du=f, ueSo,1], (SM.8)

admits the unique solution u =72 W(f ;). (iii) The operator D from S'0,1]
to L?[0,1] is invertible, and the inverse D=1 : L?[0,1] — S'[0,1] is continuous.

For any a € [0,1] and s = 1,--- ,I — 1, the linear functional ¢ — V*p(a) is continuous
on H'[0,1]. Denote by 5 e H [0,1] its Riesz representant, i.e., <5((15),g0>H = V®p(a) for
any ¢ € H! [0,1]. The next lemma gives the characterization of the adjoint A* for [ > 1.

Lemma A.18: (i) The adjoint of operator A w.r.t. the Sobolev scalar product (.,.)y is

A* = ED YA, where the operator £ : S'0,1] — H'[0,1] is defined by: Eu = u, if | = 1;
1/2 (- 2j-1) - 2j—1 _ I—j i

Eu=u-— ZJL-:/IJ(—l)J (uj(l)ég i1 _ Uj(0)5(() / )), where u; = Zi:;(—VQ) u, if 2<1<

oc; Eu = u— Y2 (~1)i4 (aj(l)égm'—l) _ @(0)5[()2;'71)), where @i; = Y70 2 (W) (—=V2)iu,

if | = oo, for u € 8'[0,1]. (ii) The operator £ : §'[0,1] — H'[0,1] is continuous.

3.1 Proof of Lemma A.16
We have for z € Z

R(p.g0) (2) = /X Fx12(212) [Frix.2(0(@)]2, 2) — Fyix.z(go(@)|z, 2)
—fyix,z(po(w)|x, 2) Ay (33)] dx

= ;/ fx|Z(w\Z)Vyfy\X7Z(y(x,z)]x,z)Agp(m)zdx7
X

where |y(z,z)| < |Ag (z)|. Thus, from Assumption A.4 (iii)

Ripen) ()] < 5 [ IValxrizlose )2 ap (2 do
X

1
< 2[sup|vyfx,yz<x,y|z>| | Ag]?.
x?y
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1 2
Hence, [R(¢,20)l2(pyry = ——F———=clA¢|" In particular, we get
’ T 2/t(1—1)

[A(p) = Alpo) — AD@| 125, 1/ |Ap]l — 0 as [[Ap|| — 0. Since operator A is bounded
(Assumption A.4 (ii)), this implies that A is the Frechet derivative of A at (o.

3.2 Proof of Lemma A.17

(i) The gradient operator V is the weak (or distributional) derivative (see Adams and
Fournier (2003), p. 22). Then, when I < oo, operator p (—V?) is well-defined for functions
in H?0,1], and hence on the subspace S'[0, 1]. Moreover, for ¢ € S'[0, 1] we have:

Zp w(j —1))%) (o, ¥3)¥; € L*[0,1], (SM.9)

Indeed, for any ¢ € C§°[0,1] we have:

o0

[-v2l@)p@)s z«zj, &) [ (=720l (o)
= ’l/)], /¢ V2 wj( )

= Zp w(j —1))%) (o, 05) (@, y),

(o]

where the first equality uses the equation ¢ = Z(cp,%}@[;j, the second equality comes
j=1

from partial integration with vanishing boundary terms, and the third equality exploits

0.7 . 2\ .7
p(=V*); =p ((7(j — 1)) ¢;.
Let us now consider the case | = oo. The operator p(—V?) = exp (—VQ) is de-

n

1
fined as a L2limit, that is p(—V?)e := lim E —'(—V2)sgo, for ¢ € S§*|0,1], where
n—oo S

s=0
n

the limit is in the L?-norm. Now, from the above arguments we have g —‘(—VQ)SQO =
s!
s=0

00 n 1 o

Z (Z F(m(j = 1)) > (@, )1, for any n € N. By using the Lebesgue Theorem, it is
s!

j=1 \s=0

seen that the L2-limit of the RHS is Z exp ((W(j - 1))2) (¢,4;)%j. Thus, equation (SM.9)

j=1
holds also in the case [ = oo
(ii) By using (SM.9), it is seen that function u solves the ODE

p(=Vu = f. (SM.10)

Let us now prove uniqueness. Suppose that u,v € S'[0,1] solve the ODE (SM.10). Thus,
¢ :=u—wv € 8'0,1] solves p(—V?)p = 0. We now use the next Lemma B.2.



Lemma B.2: For ¢, ¢ € 8'[0,1]: (¢,)n = (¢,p(— Zp w(j = 1))%) (@, s) (0, 5).

From Lemma B.2 we have: 0 = (¢, p(=V?)¢) = ||¢||%, which implies ¢ = 0, that is,
u=".

(i) Let f € L?[0,1] and u = D71 f = Z )<¢], F)bj. We have (1, u) =
1 - i 00
m@/hv ) and HU\ g (7 —1)) %7 ; w], ”fHQ The

conclusion follows.

3.3 Proof of Lemma A.18

(i) Let o € L?(Fy, ) be given. Define f := At € L?[0,1] and u := D~ f € S'[0,1]. Let us
first consider the case [ < co. From partial integration (see also (SM.32) in Section 7.2), for

any ¢ € H'[0,1] we have: (V*¢p, Viu) = (¢, Z vt quVS‘Hu‘O, where
the terms with s + ¢ odd vanish in the sum. Thus, we get
l s—1
(py,uyg = (o, +Zasz vs 1- z¢vs+z }
s=0 =0
l—1—q )
= (¢, p(=V?)u) + Z Z (—D’agrit1 VIpVIT
q<l-1 i=0
q odd
[1/2] 1-25 .
= (6, p(=V?)u) + D Y (—D)agjyi VIV
j=1 i=0
[t/2) 1—j 1
= (¢, Ju) + - > (1Y age VI (<)l .
Jj=1 i=j
Now, by using (¢, p(—=V?)u) = (¢, f) = (¢, Ap) = (¢, A" r, we get:
[1/2) 1—j 1
(6, A = (b — D Y (—1Vaj V71 (-2 ul s
Jj=11i=j

for any ¢ € H'[0,1]. Then, by using V¥~ 1¢(a) = <¢, 5% 1)>H, for a = 0,1, we get:

[1/2] 1—j

A% =u — Z Z Y ajiq ([ V2)iu} (1)5§2j_1) — [(—Vg)iu} (0)5(()2j_1)) .

Jj=1 i=j

When [ = 1, no boundary term appears. Then A*y = u, and A* = D 1A When2 < [ < o,
we set as = 1 for s <1, ag = 0 for s > [. In the infinite-order case, we set as = 1/s! and let
[ — oo. The conclusion follows.



(ii) We have to prove that |[Eully < C|lul|g for a constant C' < oo. We consider the
case | = oo (the case | < oo is similar). We have for any u € S'[0, 1]:

€ully < Ilully + i 31' (1311 "552j_1)“1f +Ji1(0)] H5(<)zj_1>HH> . (SM.11)
j=1

Moreover, |ull; < |lullg from Lemma B.2. Let us now bound |@;(a)| and - )HH,

a € {0,1}, j € N. We use the next Lemma C.1.

Lemma C. 1 For any ¢ € H'[0,1]: sup |p(z)| < 2|l -
z€[0,1]

1 4
) HV2771<,0H21f0r any ¢ € H*[0,1]

From Lemma C.1, and by using that ||¢3 >
and j € N, we get:

sup <5((12j_1),g0> = sup V¥ p(a) <2v/(29) (SM.12)
peH>[0,1]: pEH>[0,1]:
el =1 llell =1

Moreover: |@;(a)| < g (-
l
P (%+J

! - .
u(a)‘ < Z ﬁ H(—VQ)luHHl . Now, by using
i=j
g!
i+ = G+

TS SRR SRR | SR AR TR R O pCES L
(14 1)! H1 = P (2¢ 4+ 1)! H1 1»2022”1[(1'—}—1)!]2 )

=O

and the Cauchy-Schwarz inequality, we get for any a and j:

Let us prove that the two series in the RHS are convergent. From Lemma B.2 we have:

Tl = G (TP + G (-7

o0

= > [(mG = D) + (7 = 1)) ()

2
] . 1 2'L+1 <1,Z)j,u> .

2

IA
[\
Mg

Thus, we get:

0o i2 ]_1)) )22'+1 _ 9
Il < 23 (S B ) ()

=0

i

exp (2(n( = 1)2) — exp (202G = 1))] (i5,u)’

A
M <

1

<.
I

lexp ((x(j —1))%)]” <1/7jvu>2 = Jlulls,

NE

<.
Il
-



. )
z2z+l

where we have used that Z . _e=Fc . Let us now consider the series
— (2i 4+ 1)! 2
= (20i41)! )
> . Note that (2i + 1)l = 1-2-3-4- - (2 — 1)(2i)(2 + 1) and
= 22z+1 [(Z + 1)]]
2241 (5 4+ 1)1)% = 2(i + 1)2 (2%'!)2 =2(i+1)? [22-4%. ... (2i)?] . Thus:
2i+1)! 1 1 3 2i—1
'(ZJF ) s = = -2 Zi_(gzqu)
22i+1 [(§ 4 1)]] 20+ 1)22 4 2i
(2 +3\1 3 2i—1 2041 1
- \i+1)2 4 20 2(i+1)2i+3
3 - 2i+ 1)! 1 3 2i—1
Since + < 3, the series Z LU converges if the series Z ------- ! -
! 220 (i + 1)1 = .
2i+1 1 11 1 3 1 1351
2(2 i 12 +3 =353 + 315 + 3167 + ... converges. The Taylor series of the arcsin
1 13 13527 2i—1
function is: arcsin(z) = z+ 5% + 51% + 516% +.... Thus, we get Z ~~~~~~~ 122, .
2i+1 1 & (20 +1)!

i +1)2 13 = arcsin(l) — 1 = 7/2 — 1. It follows that the series Z

converges. We get:

92i+1 [(iJrl)!]?
= i\
i !
uj(a)] < —_— Ul g, SM.13
= (2 gt ) sp.13
for any a € {0,1} and j € N. Finally, from (SM.11), (SM.12) and (SM.13), we get

(e 9] . (e 9] . 1/2
(29)! (20 +1)!
I€ull; < Cllullg, where C =1+ 4 Zl i > P, <%
Jj= 4

— 921+1 [(Z +

4 Asymptotic distribution

4.1 Proof of Lemma A.4

The statement follows from similar arguments to the ones developed in the proof of Lemma
A.16 in Section 3.1.

4.2 Proof of Lemma A.5

Operator A* is the adjoint of A w.r.t. scalar products (.,.)y and (.,.)LQ(FZ ) ie.

<90’Aw>L2(pZ7T) - <A*‘P>¢>H We have

|&r ag)|| < ||£r (ag)

s

£(L2(Fyz,7),H'0,1])



We will show below that P-a.s.,
N1
(i) H ()\T + A;;AO) A

<1/,

L(L?(Fg,7),H'0,1])

. 1 )
i) |2 (2, ’ L <——— s ‘v x,z’AAQ,
@) |R@oo) p, o < e e [uvizte vl 180
~ A N—1 . a A N1 L
where (>\T+A3A0) Aj = sup H()\T—I-A(’SAO) AE‘)@ZJH de-
L(L3(Fyz,7),H0,1]) YeL?(Fy,r): H

19l 26, =1

PP et SN
notes the operator norm of (/\T + A(’SAO) Af. ! Then, it follows:

o 1 1 o
K AAHg su ’V x, z’ Ap|?, P-as.
T( (70) \/E2mme)(7ye§,zez ny,Y|Z( y| ) || SDH
1
We deduce that for ¢ : = C — ——— sup ‘Vny7y|Z(a;, y]z)‘ > 0 we have

24/7 (1 —7) zex,ycR,zc2

Pl|kr@a)]> S 1ael?

IN
i

1 .
T ——— sup ’V f x, Y|z ‘ >C
_2\/ T (1 — T) rzeX,yeR,zeZ v XVY'Z( | )

IN

rzeX,yeR,zeZ rzeX,yeR ze

P sup ‘Vny,Y|Z($ay|Z)‘ > sup 2 ’Vny,Y|Z(fU’y|Z)‘ +2ey/7(1— 7')]

rzeX,yeR,zeZ

< P sup ‘Vny,Y|Z(fan|Z) - Vny,Y\Z(fﬂ»yV)) > 2e/7(1 - T)] .

The latter probability converges to zero exponentially fast by an application of Bernstein’s

logT

Inequality similar to the proof of Lemma B.1, using that % + h¥™ = o(1) and kernel
T

K and variables X,Y have compact support. R

Finally, let us prove Statements (i)-(ii) above. To prove (i), define operator U :=

~ a1 . A
</\T+A8A0) Aj§. The adjoint of U w.r.t. scalar products <"‘>L2(FZ,T) and (.,.)y is

~ ~ ~ A \—1 ~
U* = Ay ()\T + A;;AO) . Further, we have ||/ 0+

)ﬁ(L2(F‘Z,7—),Hl[O,1]) - ‘

L(H'[0,1],L2(Fz,7))
from Kress (1999), Theorem 4.9. For any ¢ € H?[0,1], we have

~
) ‘

U ? = A ()\ Afl)il A ()\ /1/1)71
3 = + A5 : + A
Pllez(pyr) < O\ T o0 A0 AT T Aot <p>L2(z:~Z,T)

(s A30) " o Ao (0 + 23 0) )

H

_ H (A;;Ao)m (v + Ag;AO)*l SOHZ

'For a linear operator B : Hy — Hs between Hilbert spaces Hi, Ho, we denote by HBHL(HLHZ) the
operator norm HB||L(H1YH2) = sup ||B<PHH2~
peH1:elly, =1
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Moreover:

658 6 8) ], = [ 5407,

~1/2

IN

Wﬁ+%%>

L(H'[0,1],H'[0,1])

H(AT+A;;AO)1/2 (A3A0>1/2¢\\H

O+ 2340) ™" (350)" ]

el g, P-as..

Using < )\;1/2, and

L(H'0,1],H'0,1])
<Ar
2(fyr) =~ T
Statement (ii) follows from Lemma A.4 with @ = .

(O d30)

H
1/2

ol g, P-as., we get HU*gp

4.3 Proof of Lemma A.6

(i) Control of the nonlinearity term
First we consider the nonstochastic analogue of Equation (A.4).

Lemma B.3: Let function ¢ satisfy ¢ = ¥ + eK (@) ,where 1 is a known function, K

a nonlinear operator such that ||K (o) < ||¢l®, and € > 0. If e|[¢|| < 1/8, then either
2 2 3 2

[l = 1) < 32 81, or llel* = <=5

12
We can use Lemma B.3 with ¢ = ep = to bound the difference ||Ag||* — HAwH on

v

VAT

the set {5T HA@ZA)H <1/8A A < 8% A H/@T (A@)H <er |A@||2}, and derive the fol-
eT

lowing result.

1
Lemma B.4: Under Assumptions A.1-A.3, A.4 (ii)-(iii), and n < 11d we have for
Z
_ 1
any b >0, with C > ———— sup ‘Vyfx’yw(:c,y\z) ,
24/T (1 — 7') TEX YEY,2€Z

1] - e Jail] = O(rE il o] = )

[HA = Zé,TQDJrO( ) (SM.14)

3Ar
Note that for large T, probability P [HA@H > 86’2} on the RHS of (SM.14) controls

3

for both the event |Ap||* > ) and the event |A@|| > r, in which the first-order condition
€T

(4.1) does not hold.

11



(ii) A large deviation bound for penalized minimum distance estimators
Lemma B.5: We have
P [H¢ - (POH > ET] < k1 (Tv C (gTv )‘T)) + ko (Tv C (5T7 AT))

if er,Ap > 0 are such that C (ep, Ap) > 0, where

CleN = int  Qule)+ Al — Aligol?,. (SM.15)
PE€O:|[p—po||>e
and
| Asi Az lleol; + 20— /3 [l
ki (T,n):=P supsup’ (e, 2)| > \/ il \/ il , (SM.16)
00 zez \/T (1 —1T) 4
r T
1 2
ko (T\,n):=P |sup | —>—= m(p, Zt)" — Qoo >n/2|. SM.17
2 (T, n) s TT(l—T); (i, Z) () 77/] ( )

In an ill-posed setting, the usual ”identifiable uniqueness” condition (White and Wool-

dridge (1991)) inf Qoo () > Qoo (o) does not hold (see Gagliardini and Scaillet
0E€O:|[p—gpol|>e

(2011, GS)). It is replaced by the Inequality C (g, A) > 0 for the penalized criterion, and the
behaviour of C (g,\) as A,e — 0 matters for the rate of convergence of ¢. A lower bound

for the function C (¢, ) as A — 0 and ¢ = O (ﬁ) is given in the next result.

Lemma B.6: Under Assumptions 1-4 and A.4 (ii)-(iii) we have for any c < d?

Jnf Qo (p) A lellz = Allpollzr = eAT (V).

llp—eoll=dv/x

as A — 0, where T (X\) is defined in Assumption /.

From Lemmas B.5 and B.6 we deduce that for a constant ¢ > 0 :

P HA@\\?zd%T} < P

sup sup |Am (¢, z)\2 > el ()\T)2]

pEO zeZ
1 T
P —_— Zy)? — > el (M) |
P s |y Zm(% 1)? = Qoo ()| = AT ( T)]
t=1
(SM.18)
The next Lemma B.7 is proved by bounding terms sup sup|Asn (¢, z)> and
pEO zeZ
sup Zm ®, Zt — Qoo ()| in terms of suprema of suitable empirical processes
QOG@ TT 1_7-

over compact ﬁmte dimensional sets.

12



Lemma B.T7: Under Assumptions 1-4, A.1-A.3, A.4 (ii)-(ui), and

1—n(dz+1) 2mn 1 -
d,b >0 we have:
1424 1+2a’2(1+a) , for any d,b > 0 we have

0<y< min{
P [||A¢H2 > dZAT} ~0 (T’B> , P [HM}HQ > d2AT] ~0 (T’5> .

By combining Lemma B.4 and B.7, Lemma A.6 is proved.

4.4 Proof of Lemma A.7

From Lemma A.6, the conclusion follows if:

112
(i) E [Hmp” ] = O (Mr(Ar)), and,
) b [[ad]| = o0t
11 =0 T\AT)).
VAT
To show these statements, we use the decomposition (A.5) and give a series of inequalities
and bounds to show that the remainder term Ry given in (A.6) can be neglected. First,
from Cauchy-Schwarz inequality,

B |d[] = & [we + 8017 + £ [1Rai] + 0 (& [vr -+ 601) £ 1Rai?] ).

) (SM.19)
where Vi := (\r + A*A) ! A*(, and

1< elad ] e ]ae ]

c (E[Ive+Brll'] + E [||72T||4])1/2 E U]A@um . (SM.20)

IN

E [Hm&

IA

for a constant C. Second, we can isolate the estimation bias by writing
Vr+Br = (\p + A*A) ! 4 (é _ Eé) YO+ AFA) LA B [(AT FATA) AT A - 1} 0.
Thus,
. (2
E||Vr+ Brl?| = B [H(AT + )t (- B ]

2 2
+H()\T+A*A)fl ABE+ [Op+ A ) acA - 1] 800‘ | (sh21)

and for a constant C:
Ve +Br|t < © <H(AT raayta (C-w)|

2 4
+ H(AT LA AEE 4 [(AT ATA) A A - 1} <,00H ) . (SM.22)

13



In Lemma B.8 we give the asymptotic behavior of E [H (A\p+ A¥A ) (C EC)H ]

and E[

(Ap 4+ A*A)~! A* <(— E()H } In Lemma B.9 we prove that estimation bias

is negligible compared to regularization bias, and in Lemma B.10 we give bounds on
the remainder term. Combining Lemmas B.8 (i), B.9, B.10 (i) with Equations (SM.19),

(o)

1
(SM.21), and using My (Ar) = T Z (_:)\)2 511 + /BT )2dz, yields Statement (i)
j=1

above. Then, combining Lemmas B.8 (ii), B.9, B.10 (ii) with Inequalities (SM.20), (SM.22)
NIE

yields E [HAM)H } =0 (MT(AT)3/2>. The latter in turns implies Statement (ii) by using

Mr(Ar) = Vi(Ar) + 0 (3F) = 0 (Ar).

1/4 V1 (A3 2)

Lemma B.8: Under Assumptions A.1, A.2, A.4 (i), A.5, and if h}
Vr(Ar)

=o(1):

[HAHA*) (e[| -0 %i( e CUN E

o e fJoreaarte -] ~o (15 2o )

Lemma B.9: Under Assumptions A.1, A.2, A.3 (i), A.4 (i), and ~ < %

H(AT+A*A)—1A*E5+[(AT+A*A)—1A*A }%H (1+o0(1 /BT dz.

1
Lemma B.10: Under Assumptions A, and n < ) , v < —min{l — (dz + 1)n, mn}:

1
2(dz +2 2
(i) E [IRr]1?] = o (Mr(rr), and (i) B [|Rr]*] = o (Mr(3r)?).

4.5 Proof of Lemma A.8

We have ij,T(:c)Zj,T = ijj(x)\/f/ gi(s) [fx,yvz(s) - Eny’Z(s)} ds, where s =
j=1 j=1 8

(z,y,2) and S = X x Y x Z. The estimator fx y z(s) is defined by fx y z(s) = M
fg fZ* (Z)dz
5 5 S
where fx y,z+(s) is the kernel estimator fxy, z-(s) = T*hd ZK < thT >, Sy = (X, Y1, ZF).

T t=1
We use that both T'/T* and [, fz+(2)dz converge to P[Z* € Z]. Then, we get:

Zwﬂ f/g] )V fxyz(s i::i /gj( VK (Sth;‘S) ds-(140,(1)).

7=1

14



Moreover, by a change of variable,
1 St — S
ar Lo (B s = gs015(5)

+ [ 193 (St = hro) 15 (81 = o) - g;(S)1s ()] K ()

01(S0)1s (1) + L (S)) / 195 (St — hrv) — g;(50)] K (v)dv

+ / 45 (St = hro) [Ls (Si — o) — 1s (S9)] K (v)dv
=: g;(St)1s (St) + v r(St) + uj(S),

o 1 S—s .
and similarly h%/sgj(s)E [K ( e )] ds = FElvjr(S)] + Elu;r(S)]. Since
T* T
Zgj(St)lg (S) = Z (R¢), where Ry = (X4, Y3, Z;), the result follows if we can prove
that o
D)= D wyr(o) (2R = Elogr (R} = o), (5M.23)
and -
(o) = 7= S (e 3050 — E g o))} = 0p(1), (SM.24)
t=1 j=1
Let us first focus on Jr(z). Write gj(s) = ul_T)wj(z)lwo(w), v=(&mn,¢) and
gj (Bt — hrv) — gj(Ry) T(ll_T)W(Zt — hyQ) [L{Y; — hrn < o (Xi — hr&)} — 1o, (W)
b 032 = ) — ()] L (W)
Then, we have:
wa(R) =~ [0 b LY = e < 0 (X0 = b1} = 1o W] K (0)de
) [ 1052~ heQ) — v (2] K(Q)dC

=:0;7(Re) + 0,7 (Ry).

Inserting in (SM.23), this yields an analogous decomposition Jr(z) = Jr(z) + Jr(z) and
we have to prove that both terms are o,(1).

For Jr(x), we have E[jT()

2
(ZU}JT ){vjr(R) — E[Uj,T(R)]})

= Z wjr(x)w,r(x)Cov [U;7(R), v r(R)], from the i.i.d. assumption. Using the same ar-
7,l=1
guments as in the proof of Lemma C.2 (Section 8.17), we have E [v;7(R)*] < C H%H%Q(FZ)
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/ 1 {|y — o (z)] < C/ hT} fw (w)dw = (\/ hT>. Thus, by the Cauchy-Schwarz Inequal-

ity, Cov [0j,r(R),t,7(R)] = O (v/hr), uniformly in j,1. Moreover, Z lwjr(x)wr(x)| <
=1

2 2
(Z wj7T(x)) . Thus, we get F [jT(x)z] =0 (x/hT (Z wj’T(x)) ) . We use Cauchy-
j=1 j=1

Schwarz Inequality to get:

2
VT N i
- 2 (;W%(Cﬂ)) Z:: )\T+ |¢J 2 Z]
> wir(x) | =

o0 -

Vi ()2 =
Y Gt Z(AH )2@( o)

*Z 2! ¢;()” 5

Vr ()\T)

fore; > 1. Using

Now, since / Z )\T+ ]d)j( )2 51) dr = Vp(Arier), we get E [Jr(2)?] =

Vr(Ar;e1) = B = B
0 <\/EVT()\T)> . We deduce E [JT(:L‘)ﬂ = 0(1), which implies Jr(x) = op(1).

For Jr(z), as above E [jT(x)ﬂ = Y% wir(@)wr(x)Cov [;7(R), 3,7 (R)). By Tay-

lor theorem, using boundedness of 1,, and Assumption A.2 (i)-(ii), we get

Cov [@jj(R), 'INJl,T(R)] @) (hT sup sup E [|Va¢j (7 - C)ﬂ 1/2 5 [[V%pl (Z B C)’2:| 1/2) |

IC|<e aeN?z:|a|=m
uniformly in j,, for € > 0. To bound E [|V“¢j (Z — C)ﬂ, we use:

B(vewz-of] = [ |vawj<z>|2fz<z+<>dz
B (1920, 2)F] + [ 1990, () 26z +6) = Fa(2))dz

= [|Vawj //|Va% fX vz(w,z+ () — fxv,z(w, z)] dzdw.

By the mean-value theorem, the Cauchy-Schwartz inequality and Assumption A.4 (i) we
get:

B(1vie;z-0F] < B[veu@r]+id [ [ rva¢j<z>12q<w7z>dzdw

/2 1/2
< E [|Va¢j( )] } + ¢ E [Waw] ( fXYZ ) .

16



From Assumptions A.4 (i) and A.5 (ili) we get Cov[0;7(R), 9 r(R)] = O (h3"j™™).
2

o
Thus, F [jT(:c)ﬂ = O nm ijvT(m)jm . By the same arguments as above,
VT()\T;2m—|—z—:1)

E|Jr(z)*| = O h3™
{ T(x) :| < T VT()\T)
to prove (SM.24), and the conclusion follows.

) = o(1), e1 > 1. Similar arguments can be used

4.6 Proof of Lemma A.9

From Lemma C.1, Lemma A.9 is proved if we show

0, (= 120I7). (SM.25)
VAT

From the proof of Lemma A.5 we know that

1 2 R
s [y fevizle,yl)| 18607, Pas.

1
<
H ™ /A1 2y/7(1 —7) zex yeR zez
2

and from Hansen (2008) that sup ‘Vny7y|Z(IL‘,y|Z)—vny7y|Z(l',y|Z) =
reX ,YyeR,zeZ

Kr (Ag) b

A~

Kr (Ag)

logT 9 . 1 . .
Op| ——=+h7"]. S < d b A t A4 ,
b <Th 4T 4, ThT ) ince n 114, an y using Assumption (iii)
sup vyijy‘z(l’, y|z)’ = Op (1), and the conclusion follows.

rzeX ,yeR,zeZ

4.7 Proof of Lemma A.10

Using the same arguments as in the proof of Lemma A.8, we have \/T /o2 (z) (Ar + A*A) ™

A*Bl(z fzw]T h / 9;(s)E [K (Sh S)] ds - (1 + o(1)). Further, we can use

hld/sgj(s)E[ <Sh >] ds = /g; /K(U [fxvz+ (s + hrv) = fxyz(s)| dvds and
S —

Assumptions A.2, A4 (i) to get oy

hd g s)E [K >] ds = O (h7'), uniformly in j.

j
- 1 1 . 1 hm
From wir(x) =0 — |, w \/T /o2 (x) (A AA) T AEl(2) =0 | —-L
" ;| (@) <0T(~’C) AT) ceet I/om (@) O+ A7) o 02 (x) /T T

By usin 71 h" =0 L h" ) h" o(1), the conclusion follows
P — S — _ = WS.
e oz O \om X |

4.8 Proof of Lemma A.11

First, by the same argument as in the proof of Lemma A.9 (use of Lemma C.1), it is
enough to show that \/T/o2.(z) |R7| ; = op(1). Second, from the proof of Lemma B.10,

17



5 1/2
we have the decomposition Ry = Z Rjr, where |Ri7|,; = Op (a/\TT b ()\T)> o

=1

/2 1/2 1 { (logT)?
Op<)\T bO\T)) |Rs,7lr = Op <)\T \/VT(/\T)> R4l = Op ()\ ( +h?>>

Thizt!
and
1 . logT m 1 .
|Rs,rll; = Op <)\T IAS]| iz +h2T ), ar = Th2 + h . Then, using b(Ap) =
T

-0 (N/VT ()\T)) and |AQ = O, (MT(AT)1/2> =0, ( Vr ()\T)) by Lemma A.7,
we get: |Rr|ly =

1/2 2
arp 1 ((logT) m \/VT (A1) logT

Op ( \p Vr ()\T)) + 0, <)\ (Thdz+1 + hp ThdZ .

1/2 o2
The conclusion follows since +/T/o2(x \/VT (Ar) = o (;) = o(1),

T

T/UT( ) (logT)? Vi (Ar)
hdz+1 + hT = T = o(1)  and

/ \/VT (A7) logT log T
\ Thdz ( Thiz +h" | = o(1).

5 Estimation of the asymptotic variance

5.1 Proof of Lemma A.12

We have
Har-ohrl) = 3o —L (407 - t3(a) 43 ( Z Z ) )
k) - J ]
j=1 (vj + Ar)? = (Uj + A7) (vj + Ar)
J Vj _ 1 2 N, N . Uj . vj
Moreover (7 +Ar)? (Vj+>\:r)12 () (v +A)? (AF = jv5) (75 — ;) , and Ga)? o) ’ <
W D5 — vl + [CZESYSI7ES YD) |7j — v;|. Thus:
1 NT ) 1 NT 1 . )
or < ’qﬁ — ¢j(x) ‘-1— 0j — vj| bi(z)
o7 (z) ot )‘T ’ ’ o7 (x) ; (vj+Arp)? 7
Nt
1 1 R )
* ; v — vj] ¢ (@)™, SM.26
U%(:U)jzl(uj+)\T) (yj—i—)\T)| i = Vil 85(2) ( )

18



For any j < Ny, we have |¢;(z)? — qu(a:)?’ < Eear, and |75 — 5] §(2)* < vjerr (%(37)2 + §§62,T) :
Moreover, by the Cauchy-Schwartz inequality:

r | e (9@ - fGer) o,
2 o I S L TG G Vi

=

1/2 1/2 1/2

Nr . » N N X
ZT quﬁj(x)Q ZT quﬁj(x)Q I \/@ ZT I/jgj €1,7 )
=1 (05 + Ar)? j=1 (vj + Ar)? 7 j=1 (vj + Ar)? Vi—er
Thus, from (SM.26), we get
o2 o.r() 5.7 () or(xz)oor(r) er or(x)o.or(r) €1,17V/€2,T

or < (1+er)ear+ €17+ 3

= o2 (a) o2 (2) 2@) Ji-ar i@ Ji-ar

N vi&: .
where JE,O,T(m) =0 (Vj‘f]')\]T)z. Now, by using US,T(JC) < of(x), UE,O,T('T) < UE,T(@ <

Co2.(x), for a constant C, and 62 (x) < o%(x) (0r + 1 — 1), the conclusion follows.

5.2 Proof of Lemma A.13

Point (i) follows from Lemma 4.2 in Bosq (2000). Point (ii) follows from Lemma 4.3 in Bosq
(2000), by using that |é; — o5 < |45 — s -

5.3 Proof of Lemma A.14

Let A = D.Z(@) and Ay = D.Z((po) be the Frechet derivatives of operator A at @ and g,
respectively. We have:

D=A"A-aa=(45A - A*A) +(AA- A;’;AO) .

Let us consider the first term, 12181210 — A* A, that does not involve the pilot estimator ¢. We
have ASAO —A*A=¢€D7! ([101210 — flA) , where:

~ 1 L (=
(AOAU—AA>¢($) = )/0 {TZf(ffasoo(l’)|Zt)f(5a<ﬂ0(5)‘zt)

T(1—7
- [ 1@w@la 1 € p)le) f<z>dz} 0 (€) de.

Since operator ED~! : L2[0,1] — H'[0,1] is bounded w.r.t. the norms ||.|| in L?[0,1] and
||l in H'[0,1] (see Lemmas A.17 (iii) and A.18 (ii) in Section 3) we get:

Ao — 4] < |[Aud -~ Aa.
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=a ~ 1
From Lemma C.8 (see Section 8.10.2) we have HAOAO - AAH =0y | ——=—=+h7 |. Thus,

JTh
Ax A * 1 m
HAOAO iy AH =0, | —— + 1y
a Th?,
Let us now consider the term A*A — AE’;AO, that involves the pilot estimator. It is equal
to A"A — Agdo = €DV (A A= Aydy), where:

~ < . 1 T ~ A
(Ad-Ad) o) = [ {;Z[f(x,wnzt)f(f,@(f)rzt>

=1
— f w00 (@)120) (€00 ()120)] } 0 (€) de.

By the convergence of the sample average over the Z;’s, and the convergence of the kernel,
the dominating term in A*A — A§Ag is A5Ap; — A*A, where Ag = DA(p) is the Frechet
derivative of A at ¢. Split AZA; — A*A as:

AfAg — A*A = (A — A") A+ A" (Ap — A) + (A5 — A7) (A5 — A).

Now, from the mean-value theorem and the Cauchy-Schwarz inequality, for any ¢ € L2[0, 1]
we have:

(As — A) o(2)] < / 1 (2, 6()]2) = £ (2, 00()|2)] [6(2)] da:
< s V7o) \/!so 2)||6(2)] da
< Cille = ol lloll,

where C := sup |V, f(z,y|z)| < oo by Assumption A 4 (iii). Thus, ||A; — A < Ci ||@¢ — ¢oll.
I’y7z
We get HA:%A;, — A*AHH = Op (||@ — ¢ol|) - The conclusion follows.

5.4 Proof of Lemma A.15

In order to prove Parts i) and ii) of Lemma A.15 we use the next Lemma B.11.

Lemma B.11: Let v; = —(j,log j). Then: (i) matriz D) (V(/T)V(T)) D1y converges to a

positive definite matriz as np — 0o, where Vipy = (Upg /2= Ungy 5 Unp—1 —vnT)/ and D7y
—1/2
denotes the diagonal matriz with diagonal elements Dy j = (Z;Z;Tl/z (Vi — vnT’k)) ;

(i) CéT)d(T)d/(T)m(T) = O(1) as ny, Ny — oo such that Ny = O(nr), where d(r) is the vector
with elements dr), = D(r) pk, vector {ry has elements ()1, = SUPp < i<ng [Vik — Vnpkls
and vector mp) has elements mry ), = Z;Z;;/z Vi k — Vngokel -

The results in Lemma B.11 hold also for w; = —log j, which is an element of v;.
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Part i)

We have 0 = U, exp ((vj - vnT)/ éz) and vj = vy, exp ((vj - vnT)l a) c1,/¢1,ny- Thus:

U; v, AU C1,5
L =T oxp ((vj — Unyp) (G — a)) —
vy Vnp Clng
1% C1.;
Since —~ — 1 = 0,(1) from Appendix A.5, the conclusion follows if ~ sup —Li 1‘ =
Unp nr<j<Nr | Clnr

/

o(1) and  sup

exp <(vj — Up,) (& — a)) — 1| = 0p(1). The first condition is satisfied

) ny<j<Nr
since: | _ |
C1,5 _ Cinp —C1
sup | —L — 1’ < sup ler,; —&| + ———— =o(1),
np<j<Nr | Clng Clnp np<j Clnp

by the convergences c1; — ¢1, with ¢; > 0, and nr — oco. Let us now consider the second

condition. We have & — a = (V(,T) V(T))_IV(,T)CL(T) where matrix V() is defined in Lemma

B.11 and vector a(ry is a(p) = (ap, /2, ,anT,l), with a; = log (7;/Un,) — log (vj/vpn,) +

log (¢1,j/¢1ny). By using that |e” — 1| < 2|z| for small z, we get:

(v = vne) (Vi) Vi) ™ Vimyaer)|
(SM.27)

Let us now bound the RHS. From Lemma B.11 (ii), vector v; — vy, is bounded componen-

twise by ((7), for any j such that np < j < Np. Moreover, the I-th component of (,T)a(T)
is such that

sup ‘exp ((vj - vnT)/ (& — a)) - 1‘ =0, ( sup

np<j<Nr np<j<Nr

[V(/T)G(T)L =y (Wi = g g) aj = Op (mipysar)

, -1
wherear =  sup  |a;| and vector m(ry is defined in Lemma B.11 (ii). From (V(T) V(T)>
nr/2<j<nr

Dy (D(T) (V(’T)V(T)) D(T)) Dyr) and Lemma B.11 (i) we get:

(V(/T)V(T))k’l = O () kdi1),) »

’ ! 1
where (V(T)V(T))k’l denotes the (k,[) element of matrix (V(T)V(T)) . We deduce:

! /

(v = nr) (ViryVir) ™ Viain)| = Op (Gydinrdiyminyar )

sup
ny<j<Nr

By (SM.27) and Lemma B.11 (ii), we get:

!

sup )exp <(vj — V) (& — a)) — 1’ = O, (ar).

np<j<Nr

By using a; = log <1 + w) —log (1 + VnT_VnT) +log (c1,j/¢1,ny) and [log (1 + z)| <
vj Unp
2 |z| for small z, we get:

ar =0, ( sup ") +o(1) = oy(1),

I<j<nr Vj
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from Appendix A.5. The conclusion follows.

Part ii)
S
Without loss of generality, we can normalize the periodic component such that Z x; = L.
j=1

Let ¢s;(2)* = 3420 dj—k(2)”
Lemma B.12: We have ¢gj(z)? = cs jexp (w;B), where c3;/caj =1+ o(1), as j — oo.

From Lemma B.12, the filtered spectral coefficients ¢S7j(a:)2 satisfy a decay behaviour
compatible with Assumption 5 (i) with v; replaced by w; = —logj. By applying Lemma
B.11 to wj, and a similar argument as in Part (i), we deduce:

s,(2)? — ¢s,5(x)?
sup

np<j<Nr ¢5,j($)2

= 0,(1), (SM.28)

where qfssyj(x)Q = ¢sny(z)? exp((w; — Wny)B) for ny < j < Np. The consistency of the
estimator of the periodic component is proved in the next Lemma B.13.

Lemma B.13: We have x; — x; = 0,(1), for j=1,..., 5.

Now, by using ¢;(2)? = ¢s,;(2)*Xjmods and ¢;(z)? = £x;, where & = ca; exp (w; ),
we have:

$j(2)? — ¢;(x)* = [GZA)SJ(CL’)Q — 05,5 (®)?| Rjmods + Xjmods [0, (®)* = &1+ € (Rjmods — X;) -

By combining bound (SM.28) and Lemma B.13, and using qbs,j(x)Q/&]’f =1+ o(1) from
Lemma B.12, the conclusion follows.

6 Characterization of the asymptotic MISE

The asymptotic MISE of ¢ can be characterized under a strengthening of Assumption A.5
(iii), namely:

A.5 (iii) bis: Functions 1; are in class C™ (R%) such that sup E [|V*; (Z)|§]l/§ < 00
JEN
for 3 >4 and any o € N with |a| < m.
Then, under Assumptions A.1-A.5 bis we have E [H@ - gpo\ﬂ = My (Ar) (1 4+ o(1)).

The proof follows by the same arguments as in the proof of Lemma A.7 and by replacing
Lemma B.8 (i) with the next Lemma B.14.

Lemma B.14: Under Assumptions A.1, A.2, A.4 (i), A.5 (i)-(ii) bis:

U\ o+ A4 (- B ] ;i( o 9l 4o
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7 An example

7.1 The model

Let us define the functions 5]- by ¢1(z) = 1 and $](x) =v/2cos[r(j — 1) z] for j > 2. They
build a complete orthonormal system in L? [0, 1] w.r.t. norm ||.||. Let further y1; = e~ =1
for j > 1, and a; > 0. Let us define the conditional density of (X, Z) given U = 7 by
the bivariate pdf (see Hall and Horowitz (2005) and Horowitz and Lee (2007) for similar
constructions)

Ix,ziv (%, 2|7) = Z,ulm (2), =z,z€][0,1]. (SM.29)

2

A sufficient condition for function fx 7y to be positive is Z,ul/ < 1/2, that is, ag >

7j=2
1 ~
2log 3. Moreover, by using that / ¢j(x)dx =0 for j > 2, it follows that the total mass of

0
Ix,zjv 1s 1, and that the distributions of X given U = 7, and Z given U = 7, are uniform.
We consider the separable model:

Y=g00(X)—|-U*,

where U* = G~1(U), variable U is uniformly distributed on [0, 1] and independent of Z,
the distribution of (X, Z) given U = 7 admits the pdf (SM.29), and G is a cdf such that
G(0)=rT.

7.2 The spectrum of operator AA
The operator A is given by:

, 1
Ap(z) = G (0) /0 Fxizw (]2, 7) p(@)dz,

and its adjoint w.r.t. the L? norm is:

G [
A =—"
vie) = 0 [ o Gl vl
Then, the operator AA is such that

B M2l
Ap(z) = SO i [ atw e

T(1—7
where:

1 e - ~
afr,€) = /O Faixw o) Fxize Elnr)ds =S 15 (2)35(6).
j=1

Thus, the operator AA admits normalized eigenfunctions ng in L2[0,1] and eigenvalues

G’ (0)? G (0)?

~ _ —a1(j—1)
€ 7(1 —T)'uj 7(1 —T)e '
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Functions $j are eigenfunctions of operator D = 1 — V? such that Dqgj =
[1 + 72 (5 — 1)2} ggj. Moreover, we have:

H@HZ = <$j777$j> =1+7°(j—1)°.

7.3 The spectrum of operator A*A

The operator A*A = D1 AA admits normalized eigenfunctions

1 ~ 1, 7=1
0 i | Vil 322

in H'[0,1] and eigenvalues:

G0 1 =01 (—1).

v, =
Tor(l-T) 142 - 1)

Moreover,
1

1+a2(j—1)%

The asymptotic behavior of the spectrum is such that:

lo;1* =

vp=j eI, i) = j P eos? [w(j - 1al,  lel® =%

Thus, v; and ¢;(z)? satisfy Assumption 5, and [|¢;]|* =< j=7 with § = 2.

7.4 Asymptotic behaviour of V (Ar;¢), 07.(z) and o? ()

The asymptotic behaviour of Vi (Ar;e), o2 (x) and aiT(:E) as T'— oo can be derived using

the next Lemma B.15, which is a generalization of Lemma A.8 in GS.

Lemma B.15: Let v; < e aj < j_o‘3e_a4jxj for as, a3 >0, ag,aq > 0, where x;
is positive, bounded and such that sup;>.,,—o Minj>1.y;>c [j — | < oo for some € > 0. Let
ny € N be such that v,, <X as A\ — 0. Then, as A — 0:

00 @204 oo
Z a; _ )\—2+a4/o¢1n)\‘11 ’ Zf s < 201
()\ + I/j)2 1 s Zf ay > 20

=1

By using a; = v; ||<;3j||2j5, ag=ag+ 0 —¢e, ag = ag, ny < log(1/)\), we get:
o0

1 V; 1
Ve (Arie) = = Y ———— ||¢;|% 5% < Az log(1/A7)]~7F< .
sz; r +v5)° Tt
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By using a; = ujgbj(:v)g = Vng}jj_ﬁXj, ag = ag + 0, ag = ag, ny < log(1/\) we get:

7@ = 30 sy ts(@)? = A7 log(1/ 2]

where we have used that a periodic function x; satisfies the condition in Lemma B.15.
Finally, by using a; = vjco 7%, a3 = as + B, au = a1, ny < log(1/\) we get:

[e.9]

"X rnr

st =g g1/

Thus, UVTTW = 0(1) and 02 1(z) /o2 (z) = O(1).

7.5 Hyberbolic spectrum

A similar example can be developed if we chose 11 =1 and p; = Cj, j > 1, with C > 0
and oy > 2, in (SM.29). The pdf (SM.29) is well-defined if C' < (ay —2)/4. The eigenvalues
of AA are:

!

_Gor
E et

8 Proof of the secondary technical lemmas

8.1 Proof of Lemma B.1
V(z,y,z)
fz+(2)

, where U(z,y, z / fXYZ* r,v,2)dv

Let 7" = T to ease notation. Write fxz(v|2)Fy|x,z(ylz,2) = and similarly

N

V(z,y,2)
fze(2)

T
. vy 1 y—Y; r— X z— 7y
v = * dv = ———— IK K K|—
(xvya Z) /_Oo fX,Y,Z ($,’U,Z) v Th%:i_dz Z < hT ) < hT > ( hT 5

t=1

Fxiz(@|2) Py x 2 (ylz, 2) =

and I K (y / K (v)dv. Since

\i'(w,y,z)_lll(x,y,z) _ 1 \i/(CC Y,z ) W(x,y,z)_(lﬂ(x,y,z)) 1 fZ*(Z) _fZ*(Z)
fz*(z) fZ*(Z) fZ*(Z) 1+M fZ*(Z) fZ*(z) 1+ M,

[z (2 fzx(2)

. 2 log T
sup | fz+(z) — fZ*(z)‘ =0, < 8 + k2™ | by Assumptions A.1 and A.2, and Theorem 6

2€Z Th?
in Hansen (2008), and inf,cz fZ*( ) > 0 by Assumption A.1 (iii), the conclusion follows if

I 2 log T 5
sup \I/(x, Y Z) - ‘I/(:E,y, Z)‘ = 2T 4L pEm . (SM.?)())
z€l0,1],yeR,z€Z g Th1T+dZ T
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To show this result, as usual we distinguish the bias term and the stochastic term. The

“ Y A
bias term is E [\I’(az,y,z)} — U(z,y,2) = / (E [fX’yz*(a:?v,z)] - fxvy’z*(x,v,z)) dv.
—0o0
Since Y has compact support in [0,1], and kernel K has compact support (Assumption

A2), fxyz(x,0,2) = fxyz(x,0,2) =0 for v ¢ [—¢,1 + ¢] for large T and any ¢ > 0.

It follows sup ’E [\if(x, v, z)] —U(x,y, z)‘ = O (h7) by a standard bias expansion
z€[0,1],yER,2€Z
using Assumption A.1. Similarly, for the stochastic term

sup
z€[0,1],yeR,z€Z

logT
To show that the RHS is O, (1 /TZngrdZ>, we follow Hansen (2008), proof of Theorem 1,
T

and Bosq (1998), proof of Theorem 2.2. Write u := (x,y, z) € R? and let us introduce a

@(I‘,y,Z)—E [\P(xvyvz):H < sup @(l’,y,z)—E[\iJ(.’L'7y7z):H
z€[0,1],y€[—¢,1+¢],2€2

C
covering of = := [0,1] x [-¢,1 4+ €] x Z by ny balls Bjr := {u eR?: ju— wjr| < },
nr

j=1,---,np, where C is a constant, u;r € =, and nr is such that ny = O (T°) for some
1 logT

c > 0 and di =o0 - Sl . Kernel K is bounded and Lipschitz (Assumption
hd +2 hl+d

A.2), and I K is also Lipschitz. It follows that

B (u) xi;(uj,T)‘ < nTl?;;“ and ‘E [‘ii(u)} _E [xi:(uj,T)” < nT%ZH if w e B,

- 2
for a constant Cy and j = 1,---,np. Thus sup‘\I/ E[\I/(u)” < %
u€S nrhg?
sup | U(ujr) — E [\il(uﬂﬂ)} ‘ . Then
j::l"..7nT
R R Z R R 1
P {Sup U(u) - E [‘I’(U)H > 77T] < ZP [ V(ujr) — B [‘P(ujT)” > nT]
ueE=E X
7j=1
< npsupP [ U(u)— E [\i/(u)” > UT] ,  (SM.31)
ues
logT - A 1
for np =17 paNET and any constant 7 > 0. To bound P “li(u) —-FE [\I'(u)” > S0 |
T
T
— ., 2 1 ) 1 y—Y; r— Xy
u € 2, erte\I/(u)—E[ } T;Ht , = hf}ZHIK< . >K< oy >
-Y

K <z hr : ) -E hdz+1 < > K < ) K (Z hr > , and apply Bernstein’s

inequality [e.g., Bosq (1998), Theorem 1.2 (2)]. It is possible to show that Cramer’s condi-

C1

n—2
!
]’LdZ+1> n!, n €N, for a constant c;.
T

tion is satisfied, with F ||k (u)|"] < E [|Ht(u)|2} <
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Then we get for any u € =

1 2
=T
(&™)

T
2 C1 1
15 (ko) | +2 (W) ST

P > <2exp | —

Tnr

| =

T
Z Ki(u)
t=1

T
1
Using F [\m(u)ﬂ < CQ/h1T+dZ for large T, P Z,«;t(u) > §T77T < 2exp (—czn?logT),
t=1
. . — - - logT
uniformly in v € E. From (SM.31) P |sup |V(u) — E [\I!(u)” > Pl o(1) for n
ue= T

sufficiently large. Then (SM.30) is proved.

8.2 Proof of Lemma B.2

The second equality follows from (SM.9). Let us now prove the first equality. We first
consider the case [ < oo. Since the odd-order derivatives of functions ¢ and ¢ vanish at the
boundary, we have:

S — S 1 S—
(VP9, Vo) = V1oVl — (V¥ 1o, Vi)
—_ vs—2¢vs+1g0’(1) + <vs—2¢)7 vs+2(p>

= (1) gVl + (—1)% (e, V)
= (.(-V?)’p), (SM.32)

for s = 0,1,---,1. By summing over s, we get (¢, ¢)y = (¢, p(—=V?)¢). Let us now consider
n
! s!
= s=0
the limit n — oo: the LHS converges to (¢, ), while the RHS converges to (¢, p(—V?)p)
from Lemma A.17 (i) in Section 3. The conclusion follows.

=1 1
the case [ = co. We have for any n € N: Z ;(Vsqﬁ, Vi) = (¢, Z (=V?)%¢). Now, take
s=0

8.3 Proof of Lemma B.3

By Cauchy-Schwarz inequality, we have

el = [19l* +2¢ (9, K (0)) + €2 K ()1 (SM.33)
< 191+ 2e el + € llell

Thus, the squared norm ||¢||* satisfies the quadratic inequality

e loll* — (1 = 2¢ |wl)) lell® + [[]* > 0.

27



Let z; < z denote the roots of e222 — (1 — 2e ||¢||) z + ||| =

_ =26 |[9fl 5 V1 — el
1,2 - 252 .

Then, either [p||* < z1 or ||¢||* > 2. Using € ||¢|| < 1/8, and that /T +a > 1 + 3a—a?

for any a € [—1/2,0], we deduce that z < 8|¢||* and z > Thus, either [¢|?

8e2

3
8lv|* or |l¢|* > ok Now, let us assume we are in the case ||¢||* < 8||%||>. Then:
€

el = 11l < e =l = I (L)l < e lloll* < 8ellwl®-

Thus,
ol = 11| = il + 19l el = el < (1+ V) e gl < 32 .

8.4 Proof of Lemma B.4

C ? 112
= T = <
Let er \/E Define the set € {aTHAwH <1/8 A ||Ag|
8 A HIC <er||AP] } For large T, we have Q C {||A@| < r}, for any r» > 0.
et
12 NTE:
From Equation (A.4) and Lemma B.3, |[|Ag]* — HALZJH ‘ < 327 HALZJH if event Q hap-
112 12
pens, while |[|Ag|]? — HAwH ’ <4c? + HAwH on Q°, where ¢ := sup ||¢|| . Thus,
¢€O0
12 Al Al 2 21|12 c
1AG]| —HAwH 3325THA¢H 1{0} + (4¢ +HA¢H 1{Q°} .
We deduce:
o 12 o 12
B 1ael) - & [[ad]| < 2[j1aet - Jadf
NTE: 12
< 32E [HMH } FACP[Q) + E [HMH 1{90}].
From Cauchy-Schwarz inequality, F [HA@&H 1{90}] <FE [HA@Z)H } 90}1/2. Further,
c 2
C < D .
PO <P [HM’H 6402] +P [|A 12> 802] +P[ > = ladl ] From
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Lemma A.5, we get:

pliaer) - [|aif]| = o r[|adf] < acp[|adf > gy
+4¢2P [HA@HQ > ggﬂ
e [fad] ] P s > oazs]

+E [HAsz ]1/2P [HA@HQ N 22’2] 1/2

+O<

for any b > 0. Using E [HA@&H } < — “

conclusion follows.

],and\/%ga—i—bfora,bzo, the

8.5 Proof of Lemma B.5
To simplify the notation, we absorb temporarily the factor 7 (1 — 7) in the definition of m
and m. We have:

Pl — ol zer] < Qoo (9) + A7 2l < Qoo (@) + Ar ||¢||?q}

[ inf
P€O:|[p—pol|>eT

< P Qe (@) +Arligly —Arligolll > OlerAr)| . (8M34)
L T
Let us now bound Qo (¢) + A7 HSDHH in probability. Since Qo () = 7 Zm(‘ﬁv Z)? -
t=1
T
( Z (cﬁ)), and ¢ € ©, we have for any n > 0

P [Quo () + A7 915 2 0+ Az ol

IA

T

1 R A

7 2 m (8. 20" + A |8l = /24 M lleoll
t=1

1
To bound probability P, we denote (mi,ma) = TZml(Zt)mg(Zt) and |m|; =

T
1 . A A
(m,m)}/*>. Then T§ m (¢, 2)* = |Im (¢, )7 and Qr (@) = |l (p, )7 From the
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condition Qr () + Ar |8l < Qr () + Ar o3y, we deduce lm(@, )7 + Ar 2] +
2 (m(@, ), A3, )y + [ Ari(p, ) [ = [ Arin(go, )7 = Ar ol < 0. Using the Cauchy-

Schwarz inequality, we deduce that dp := \/Hm(gb, NE + Ar [|@]|5; satisfies 62 — 2dy 707 +

day,r < 0, where dy 7 = [|A(@, .|| and da r = [[A(B, )||F — [ Ao, )17 — Ar [lgol -
Then

or

AN
S
3
+

oW

_d
N

|

o8
ql\D
N
INA

2
oLs!

\

>

3
s
N

T
1 R
+4 | sup E A (9, Z)* + Mr [ poll3r

< Dr+ \/D% + A7 [leol 7,

where D := sup,cg SUp,cz | A1 (¢, 2)|. Further:

5 < 2D%+2Dr\/ D3+ A llolls + Az lleolly
< 4D7 +2Dr |l@oll g VA + Ar ol -
We get

PL =P[5} > 0/2+ r |golly] < P[20% + Dr llpoll g Ar > /4]

Since the parabola q(z) = 222 + z ||¢ol| ; VAT — /4 has roots

= llollzy VAT = \/ Az lloll7; + 21

4 )

T12 =

we deduce

_ VP lleollh + 20— Az ol

P <P |Dr 1

Thus,

_ VAol + 20— /a7 ol

P [Qw (@) + 1 ¢l = n+ Az llwollyy] < P |Dr ;

T

=Y M 2 - Quo (9)

t=1

+P |sup

PpEO

>n/2

(SM.35)

From (SM.34) and (SM.35), the conclusion follows.
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8.6 Proof of Lemma B.6

Let oy 4 := (A + A*A)~! A* Apg be the Tikhonov solution of the linearized problem Ap = r.
Below we show in Part a) that ||\ — ¢l = O ()\6) under Assumptions 4 (i) and (ii) be-
fore showing in Part b) that the statement of the lemma holds.

Part a): We follow the idea of the proof of Theorem 10.7 in Engl, Hanke and Neubauer
(2000), that consists in comparing ¢ and ¢y 4. By Lemma A.16 in Section 3 we have:

A(pr) —7=A(pxr — o) + R(ox, ¢0) 5 (SM.36)

and
A(paa) — 7 =A(pra — o) + R (x4, 90), (SM.37)

where

1 1
IR (23, 90)liagry) < 5elor—goll?s IR (02,4,90)liage,) < 5ellora — wol - (SM.38)

From the definition of ¢, we have:

Qoo (22) + A lleall7r < Qoo (0r,.4) + Mlenallz -

We deduce:

loallz + llox — wollzr — llealls
1
3 (Qoo (©r,4) = Qoo (1)) + [lor,4

llox = woll7r

IN

2 2 2
2+ lox = wollzr — llealls

1
5 (M4 6o30) = 7320y = 14 (23) = U2, ))
+lloxa — woll3 + 2 (@xa — 0, Po) g — 2{Px — Yo, Po) gy - (SM.39)
From (SM.37) we have:
IA(ora) = Tl 72,y = IA(PxA =725y + IR (92,8, 20) 1720, 1)

+2 (A (02,4 = ©0), R (92,4,90)) 125, 1) (SM.40)

Then, we get:

1 1
lox = wolzr < 3 A oaa— ) 72(mym) + 3 1R (oxa, 00)ll72 (1)
2 1
5 (A(era —v0), R(oxa:90)) 12y ) — 2 A (px) — THiQ(FZ,T)
+llera — wollF + 2 (oxa — 00, o) iy — 2{ox — 0, o) - (SM.41)
Now, from Assumption 4 (ii) there exists 19 € L?(Fz,7) such that @9 = A*Yy and

”wOHLQ(FZﬂ_) < 1/c. Indeed, ¢y = Z W%’ where {¢;, v, wj:j=1,2,...} is called

j=1 /
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the singular system of operator A with w; = ,/7; (Kress (1999), p. 278), and HwOH%Q(Fz,T) =

- <¢J7 ()0(])2
E L TOMH  Then, from (SM.36) we have:
U

j=1 I

LA (ex) = T2, my = AN = 7+ Mool T2, — A l%0ll72(sy )
—2XA (A (@A) = 7 %0) 27y 7
= [ A@x) = 7+ Mol Za(m,) — A vl 72,0
—2X{px = ®0,00) g — 2A (R (px; #0) , ¥0) 12y ,ry - (SM.42)
By replacing (SM.42) into (SM.41), and using (ox,4 — ©0, v0) iy = (A (ox.4 = ©0) ,%0) 12(5, 1>

we get:

1 1
2 2 2
loa— ol < 514 Gona =90 aqry m + 5 IR (@30, 90) (s,

2
3 (A (a4 —w0), R(ora, 900)>L2(FZ,T)

1
Y 1A (93) = 7+ Aol T2(r,.0) + 2 (R (02 00) » ¥0) L2017, 1)
+ (24 (ox4 = @0) + Mo, Vo) 125, 1y + lora — woll% . (SM.43)

From (SM.38) we have the inequalities:

2 (R (220, %0) 2071y < € [10ll 2y ) llon = 0l

1 2 1 4
2\ ||R(90A7A7900)HL2(FZ,T) < ECZ ||90,\,A — ol

Moreover, by using (SM.38), wxa — wo = —A(A+A*A) gy and (A + A*A) gy =
A* (A + AA") " g, we have:

2 1
2\ (A (SOA,A — o), R ((P/\,Aa @0)>L2(Fz,r) < XC | A (‘P/\,A - wo)HLz(FZ,T) H%\,A - 900”2

2
< cll¥ollrz(ry.r lera = woll”

and:

1 o 2
T 1A (x4 = 90) 2, ) H2A (P2, = $0) + X0, 80) o oy = X || (A4 A4 ™" o]

L2(Fy,r)

Thus, from (SM.43), we deduce:

2 2 2
lor—wolls < ellvollzage, m ko = woll” + (1+ e ol age, m) ) lora — woly

1 B 2
56 leona = ol + 4[| (A + 44%) g

L2(Fy,r)

Then, since ¢ [[vol|2(p, ) < 1, we get:

1 1 12
lox = olly =0 (Hw,A—@ouzU loaa = oll* + A% {| (A + 44 o )
L2(Fz,T)
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Now, from Assumption 4 (i):

(95,
lora— ol = Z e j] =0 (\),
* o > (b 7@0 _
H(/\+AA w‘LQFZ’ _ 22 /\jtvj O</\26 1>’

and we conclude that ||px — ol gz = O (XS).

Part b): From Part a) and Assumption 4 (i) it follows ||\ — ol| = o (\f)\) and [lox 4 — ol =

0 (ﬁ) For 1 :=d? —c > 0, let X be such that |[¢x — x|l <en/2 and |lox — woll < en/2,
where ¢ := dv/A. Then, by Assumption 2, we have

f ~ Moll?, = inf - Mol > inf - Mol
J?e Qoo () + Mol inf Qoo () + Ml > Jnf, Qoo () + Molly
llo—pol|>dvX lp—wpoll>e lo—erll=e(1-n/2)
= inf ~ Mol .
Jnf Qoo () + Mool 7

lp—pall=e(1=n/2)

The last equality comes from the fact that the minimum is taken on the boundary of set
{p €O |-l >e(l—n/2)} (otherwise the function Qo () + A HcpH?{ admits a local
minimum). Moreover, [¢ — || = &(1 —n/2) implies € > || — @y all > (1 —n). Thus:

inf Qoo () + Mlll > inf Qoo (©) + AllolF -
pEO: pEO:
le—wall=e(1-n/2) 52”@—90)\,,4”28(1—7])
We get:
inf Qoo () + Aol > inf Qoo () + Ml
ISR pEO:
llo—woll>dvA daVAZ[[o—px a||>d1vVA

where d; = d(1 —n) and dp = d.
Now, we prove that for ¢ < d2:

inf Qoo (9) + Mlgl% = Alloll?, + AT (), (SM.44)

%)
d2 VA2 ||p=px a|2d1vX

for small A > 0. Since > 0 can be chosen arbitrarily small, the conclusion follows.

The proof is by contradiction. Suppose that (SM.44) is not true for ¢ < d?. Then, there
exist sequences (\,), A\, — 0, and (¢,) C © such that div A, < |lon — x4l < dov/ Ay
and

Qoo (on) + An H%H% <A ”SDOH% + a1 dnl (An)
for ¢ < ¢; < d?. By using the linearization A(¢) — 7 =AAp + R (p, pg), Assumption A.4
(ii) and Lemma A.16, we get:
Qoo (pn) = (Apn, A"ADpn) g +2 (ADpn, R(n,20)) 12(1y.7) + IR (90 00) 1 T2y )
> (Apn, A*ADpn) g —2C || A]| [ Al
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Further, [[Aga]| < ¢n = e, 4l + 92,4 — 20l = O (VA , and we get:

(Apns A" ABGa) 1+ [@allly < A llpol + et Al (hn) + 0 (A3?).
By Assumption 4 (iii), we deduce for large n
(Apn, A"AD@n) i + An HQPnH?{ < An ||900||§{ + c2Anl (An) (SM.45)

for ¢; < ca < d2. Let us now show that the latter inequality cannot hold. For this purpose,
we derive an explicit expression for

Cle,N) = inf  (Ap, A"AAG) ; + Allell% -
@:l|p—px,a||>e

From GS, proof of Proposition 2, the penalized linearized criterion can be rewritten as

(A, A*ANQ)  + Ml oll7r = (@ — oaa, (ATA+X) (9 — oaa)) gy + A x4, 0) g -

Thus:

C(e,N) = inf (0 —oaa, (AA+X) (0 —pra)) g + A{ora,0)
@:||o—px,al|>e

- inf ’ ATA + A + A )
¥:||p]|>e <1/J ( ) Qp)H <()0)\,A (P0>H

= & w-\\iﬁﬂ (0, (ATA+ ) V) + Apaa, o)y
= T (A) 4+ Alpaa, po)y -

Moreover (px A, ¢0)y = looll3 + (paa — ¢0,%0) - Thus, we get C(g,\) = () +
A ||g00||§{ + A (@4 — @0, ¥0) - From Assumption 4 (i),

C (e, \) = 2T (A) + Aol + O ()\3/2> .
Now,
(Apn, A" ADpn) g + A llpallly = € (1D, An) = AT () + A ol + O (X372)
By Assumption 4 (iii) and ¢z < d2, this is incompatible with (SM.45).
8.7 Proof of Lemma B.7
(i) Proof of P [HA@HQ > d2AT} -0 (T*5> .
Let T* = T to ease notation. We have to bound the two probabilities in the RHS of

Inequality (SM.18). Let us consider the first one. From the proofs of Lemmas A.3 and B.1,
we know that

sup sup |Am (o, z)| < sup ‘fX|Z($|Z)FY\X,Z(y|x7 z) = fx1z(@|2) Fy|x,z(y|z, 2) |,
pEO z€Z z€[0,1),yER,z€Z
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1 U(z,y,2) — U(z,y,2)
Frelz Fze(2)—f e (2)
z(2) 1+ #2705

and fX|Z(9U|Z)FY|X,Z(y|93a z) = fxiz(x|2) Fy|x z(ylz, 2) =

B (@(x,y,z)) 1 fZ*(Z)_fZ*(Z)7 where \f/(:p,y,z) — /y fXYZ*(x v, z)dv =

fz+(2) ) f2+(2) 1 4 Jzr(&)=fz=(2)
T fz+(2)
1 y—Y x— X, z— 7
TthZ;IK( Iy )K( Iy >K< oy and ¥(x,y, 2) fXYZ*ﬂUUZ)
Then, using that } Z(J’) 2) | is bounded (Assumptions A.1 (i) and A.4 (ii)) and ing fze(z) >
zZ* z€
0 (see Assumption A.1 (iii)), for az := \/eArT (Ar)? we get:
¥ 1
P |supsup|Am (p,2)| >ar| < P sup (z.y,2) = ¥(z,9,2) > 97
pEO 262 z€l0,1)yeR2€Z | 1 4 fzx(2)=fz+(2) logT
fz+(2)
+P sup f2:(2) = f2:(2) > ar
z€0,1],yeR,2€2 |1 + %(J‘)Z(Z) log T
. ar
< P sup qj($7y7z)_‘ll(xayaz)’ >
z€[0,1],y€R,z€Z 2logT
. ar
P ‘ * - * ‘ >
P [sap|F ) = 126 > ]
fz:(2) = f2:(2)| _ 1
+2P |su > —. SM.46
) 2 (5M.46)

To bound the first probability on the RHS, as in the proof of Lemma B.1 we use that
U(z,y,2) — V(z,y,2z) = 0 for y outside a compact interval [—&,1 + &], because of the as-
sumptions of compact support for the kernel (Assumption A.2) and for Y. Further, using

that [\il(x,y,z)} — U(z,y,2) = O (L) uniformly in z, and A7 = o (loag

from As-

sumption 4 (i) and v < 1 Zbga’ we have
P sup B(a,y,2) — Uy, 2)| > 5
z€[0,1],y€R,z€Z 2 logT
< P U( )-FE [\i/( )} p—
su z,Y,2) — z,Y, 2
B : i A= TogT

z€[0,1],y€[—¢,148],2€2

Then, using a covering argument and Bernstein’s inequality as in the proof of Lemma B.1,

we have
Thf}ZHa%
<cnrexp|—-c———-5 |,
( (log T)?

P

sup

\i/(ll,‘,y, Z)_E |:ﬂ:/($7y7 :|
z€[0,1],y€[—¢,148],2€2

- 4logT
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1
for some constants ¢y, c2, where np is such that ny = O (T°) for some ¢ > 0 and iz =

T T
ar - ar —b
0 . Then, P sup V(z,y,2) —¥Y(x,y,2)| > =0 (T ), for any
(log T) z€[0,1],y€R,2€ 2 =3 log T
B dz+1a2
b > 0, since (1T7T)2T diverges as a power of T. The second probability in the RHS of
0og

(SM.46) is bounded in a similar vein, and the third probability is dominated by the second.
Finally, let us consider the second probability in the RHS of Inequality (SM.18). From

A7) Z m (¢, Z1)* — Qoo ()

the proof of Lemma A.3 (ii) we know that sup
pEO

T
es[léli} Tr(ll—TZ a(Zy, 0) — [G(ZaQ)])'7 where a(z,0) = fX\Z(UC’Z)fX\Z(ﬂZ)

=1
[FU‘XZ (u]z,2) T] [FU|XZ (v &, 2)— T], 0 = (z,&§u,v) € [0,1]4. Then, for ar :=
et (1 —7) Arl (Ap),

T
AT
P s ,Z [e’) =
wlelg TT(1—-1) tz:;m #2)" Qe (9)] 2 10g(1/)‘T)]
|z
<P sup |5 > (a(Zi,0) — Ela(Z,0)])| > ar| .
PECRIE Tg t

(SM.47)
Let us bound the probability in the RHS of (SM.47). Let us introduce a covering of [0, 1]4
C
with np balls Bjr = {g eR*: lo—o0jr| < }, j=1,--- ,np, where C is a constant,
nr

_ 1 AT
. 114, and i h that =0 (T°) f c d—=o0l1—7r7)
0j,r € [0,1]%, and ny is such that ny = O ( ) or some &> 0 an nr ? <10g (1A/)\T)>

Since function a(z, ) is Lipschitz w.r.t. ¢ € [0,1]* (Assumption A.3), we have for ® () :=

;ia(zt,g) - #(0) @ (osm)| < % and | [#(0)] - E[@(0;m)]| < S;,ifg E
t=1

T
Bjr, for a constant C7 and j = 1,--- ,np. Then,
1
P | sup T Z (a(Zt,0) = Ela(Z,0)])| = ar
96[071]4 t=1

< np sup P
0€[0,1]*

To bound the latter probability, by noting that function a is bounded by sup|a(z, )| <
2,0

4 sup fX|Z(x\z)2 =: Cy we get from Hoeffding’s inequality (e.g. Bosq (1998), Theorem 1.2
(1)

1 1
> 2aT] < 2exp <_8C2Ta2T> .



T
1 - _
Then, we get P | sup fZ(a(Zt’Q) — FEla(Z,0)])| > ar| = O (T_b), for any b > 0,
96[071}4 t=1
since Ta2T diverges as a power of 7.
N _
(ii) Proof of P [Hmp” > dZAT] ~0 (T*b) .
We have from (A.4) that on set {HA@H <rA HI@ (Ag HA(pH } it holds
A = 188 - Kr (AP < 1A¢] + —=1A]
|ad]| =1 1861+ = 1Al
1
where C' > ———=sup ‘Vny y|Z(:c,y\z)‘. Then, we get
2 T(l—T)x,y,z ’

P[HAJ;HQECJ?AT] < P[HA@]ZT]—#—P[HI@(AA

> 1Al ]
P [IIMDII z;dm} +P[ﬁrmwn > 1a W]
(SM.48)

The second term in the RHS is O (T*E) for any b > 0 by Lemma A.5. The first, third and
fourth terms in the RHS is O <T*5) for any b > 0 by Part (i).

8.8 Proof of Lemma B.8
8.8.1 Proof of Part (i)

The proof of Part (i) is similar to GS, proof of Lemma A.3. The main modification concerns
the nondifferentiability of the moment function w.r. t data (see Lemmas C.2 and C.3 below).
Let us first expand the function (Ap + A*A)™! (C EC) w.r.t. the basis of eigen-

functions {¢;} of operator A*A, with eigenvalues v;. We have

o

O+ 44714 (C=BE) = (65, O+ 4°4) A (E= BO) o
j=1

— i(()\TJrA*A)_lgﬁj,A* (¢-BO))nos
j=1
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Define the variables for j € N

1 N T
Zir = (65 VTA (¢ EB))n = 7 405, VT (€= B, m (SM.49)
- ] 2 (46 () L () [P, 2) = By, 2)]

(SM.50)
where 1g0(w) = H{y < ¢@o(x)} — 7 and w := (x,y). Then, we can write
* —1 4% (F A i - \/Z . )
(A + A7) 4 (E - BC) = T; 5oy Zidie We deduce
* AN—1 g% [ F A E _l - \/Z \/17l
E [H(/\TJrA ayta (- B ] = T;::l S e (6060 B Zin %),
’ (SM.51)

To derive the asymptotic behavior of the RHS, we need the following Lemmas.

Lemma C. 2 Let g(r) = ¢(2) (1{y < wo(z)} —7), where r = (z,y,2) = (w,z) €

RZxRY“Z=R? et Fxy,z be a distribution on R?, with margins Fyy on R? and Fz on

R, and let 1, Vi) € L*(Fz). Let k be a bounded product kernel on R with compact sup-
1

port. Define the function Agp(r) = /hdk <%> lg (r —v) —g(r)|dv, r € R, for h > 0.

Then there exists a constant ¢ > 0 (independent of h) such that:

[N ChQHVI/)Hiz(FZ)Jrff’lQ/\Vi/)(Z)IQC Séup(o)lfz(erC)—fz(Z)\dZ
€Dch

e llagey [ 1{l = ot < Vi fwtw)de

Lemma C. 3 Let{R, = (X;,Y;,Zy) : t =1,...,T} be i.i.d. variables, with value in a convex
set S CRY and density fxy z satisfying Assumptions A.1 (i) and A.4 (i), and such that
E1{Y <¢o(X)}—7|Z] =0. Let fX,Y,Z denote the kernel estimator of fx vz, with kernel
K satisfying Assumption A.2, and bandwidth hp — 0. Let G denote the set of functions

g= {g(r) =Pg(2) (H{y < po(z)} —7) ngHHl(FZ) < 00, HT/}g”Hl(FZ) < OO} 5

w2y
, with
/ (w, z)dwdz

q as in Assumption A.4 (i), that is ||w||?{1(pz) [ fz + [(V 2 fz.  Further, for
g € G and h > 0 denote p(g,h)? = / (r)?1{re 8S(h)}fX7y7Z(7")d7“, where S(h) =

where ||| g1 (g, denotes the Sobolev norm w.r.t. the density fz(z

{r eS8 :dist(r,5° < h}. Define Vr(g \f/ fX v,z(r) — Efx,y,z(r)} dr, T € N,

38



for g € G. Then

EVr(9)V(e)] = Cov [g(R), e(R)| + O (plg shr) ple, whr))
+0 (et (Woll i gy + Wl iy)) (Ielars oy + el i) )

uniformly in g,e € G, for a constant k > 0.

Lemma C. 4 Under Assumptions A.1, A.2, A.4 (i), A.5 (ii)-(iii): E [ZJ%T} = 1+O(h;/4j2),
uniformly in j € N.

Lemma C. 5 Let {Z;:j=1,2,...} be a sequence of zero mean r.v., and let (o), j,1 =

1,2,---, be an array of positive numbers. Denote the correlation pj; = corr (Z;, Z;) . Then
. . .2, 1/2
2 ]7
Z a B Zj 2] - Z aj b Z aj b Z S ——
jil=1 =1, A S

Let us now conclude the proof of Lemma B.8 (i). We apply Lemma C.5 to sequence

1 /Y VYV
Zj = Zjr in (SM.49) with o;; := T 1o o +ly (@5, 1) . It follows from (SM.51):
J

o e 4t (3 20) ] = iwwr 23] | (14 Rug),

(SM.52)
1/2

where |Ry 7| < Z P ¢]7¢l> ,and pj = corr(Zjr, Zir). By using

Py P o1 o o
lpji,r| <1 and Assumption A.5 (i), it follows Ry r = O(1). Furthermore, from Lemma C.4:

1 oo
*Z 2H¢JH E[Ziy] = *Z 2”%” +0 hzlr/4Tj§::1MH¢3”
B 174V (Ar;2)
= V(A1) <1+O<hT Vo) )) (SM.53)

From (SM.52) and (SM.53), the conclusion follows.

8.8.2 Proof of Part (ii)

It follows from the next Lemma C.6 and Lemma B.8 (i).

Lemma C. 6 Under  Assumptions  A.1, A.2, A (i), A.5:

e[l s a2 -0 (s [Jows s (-] )

39




8.9 Proof of Lemma B.9:

The proof is omitted since it is analogous to that of Lemma A.4 in GS. The reason is that —f
is an integral of the moment function 1 {y < ¢po(x)} —7 w.r.t. the kernel density estimator,
and the proof of Lemma A.4 in GS allows for nondifferentiable moment functions.

8.10 Proof of Lemma B.10:

We separate the proof of Part (i) into two parts (ia) and (ib). First we show (ia) If v <

%min{l —(dz+1)n,mn}, E H(l—i—S()\T) U)_IS()\T)U )

—0(1) and E [HS (\r) (?Hs] _

o(1), where m is the order of the kernel K, dz is the dimension of Z, S (Ar) := (Ar + A* A
and U = AjAg — A*A, then under Assumptions A.1, A.2, A3 (ii), A.4-A.5, we have

B ||Rr|*| = o (E [V + Brl*]).

1 1
Second we show (ib) If v < 3 min {1 — 2n,2mn}, and n < m

H (1+S0n0) " 50 UH8

, then under As-

sumptions A.1-2, A.4-5, we have F = 0O(1) and

E [HS(AT)UHS] = o(1).

Combining  (ia) and  (ib), and  using  that FE [HVT + BT||2}

= O (Mr(Ar)) from (SM.21) and Lemmas B.8 and B.9, part (i) follows. The proof of
Part (ii) follows the same lines, and is therefore omitted.

8.10.1 Proof of Part (ia)
The proof of Part (ia) follows the body of the proof of Part (i) of Lemma A.5 in GS. The

main modifications concern the proof of Lemma C.7 below, and the bound of term Rs 1
below. Let us write
Aooa N L
Ry = [()\T + AgAO) Az Ay — (\p + A*A) ! A*A} 0
Ax A -1 * -1 * R
4 [()\T+AOAO> — (\r+ A%4) }A E¢
~ooa\—1 ~ ~
- [(AT + A;;Ao) —(\r+ A*A)—l} A* (g - Eg)
~ooAaN—1 /. ~ ~
+ (A Agdo) (45 (¢-a) - ax)
aoAaN—L o/ o o
= (a+ Ajdy) (47— A5) (A@) - 7)
= Rir+Ror +Rsr+ Rar + Rs1. (SM.54)

We bound the terms R; 7 separately.

(i) Bound of E {HRLTHQ}: We can write
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. . . W1
Thus, we get Rir = —S (Ar) UBrp, where S (A\r) = ()\T+AE‘)A0) . Moreover, using

S(Ar) = S(Ar) = — (1 + 5 (M) U)_l S (A1) US (Ar), we get

Rir = [(1 +S () U)*l S(O) U — 1} S (\r) UBy. Thus

A\ 1 N N
Rirl < |[(1+5000) 5008 = 1) s 0 0] 152

IN

<H (1 +5 (A7) U)_l S (Ar) UH + 1) HS (A7) UH b(\r),

where:

b)Y = [1Brl? = /BT(a:)Qdaz.

We conclude, by Cauchy-Schwarz inequality:

1/2
A\ —1 . 4 41172
E [||R1,T||2} <E (H (1 +S () U) S (Ar) UH + 1) E [HS()\T) U ] b(Ar)?.
Since the first term of the RHS is O(1) and the second is o(1), it follows:
511/2
EIRirl?] " = o)) (SM.55)

(ii) Bound of F [HRZTHQ}: Similarly to previous lines, we have

(3 + A;‘;Ao)_l Qe+ A = A;;AO)_I (A3do — A%A) (v + 474) .
(SM.56)

Thus, we get

Ra

)

r=-SA\r)US(\p)A*EC = {(1 +S (A7) 0)_1 S(Ar)U — 1] S (Ar)US (\r) A*EC,
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from the arguments in point (i) above. Thus, by Cauchy-Schwarz inequality

2[Ryl

< S ) UH n 1>4 1/413 {HS(AT) UHT v HS(AT)A*E5H.

E (H (1 + S (\r) f])

)SATAEgu < |= cH F) (ATha??),h$=A%,andAT=o<b(AT>>,

we get HS Ar)A* EQH = 0(b(Ar)) . It follows

Using

E [HRQ,TH?]I " o b(M)). (SM.57)

(iii) Bound of E {HR&T”Q]: From (SM.56) and the arguments in point (i), we have

Rar = — ()\T n Agﬁo)_l (A;;Ao - A*A) O\ + A*A) ! A* (5 _ Ef)
- [(1 +S () U)_ S(A) U — 1] S () US(\) A* (5 - Eé) .
Thus we get
E[IRsrl?] "

. /
B ( (1+5000) " SO0 +1>2"S(AT)I7”2”S(AT)A* =] "
e[ o [Jsowa ¢~ )]
el e lsene]]"

p[Jsona s

IA

A REL
145 () ) S(Ar) U 1> HS(AT)UH

IN

1/8

IN

(
(1+S ) S (Ar) U +1>8
s

The first two terms of the RHS are O(1) and o(1), respectively. Then, it follows

A i (E [H(AT Ay a (C- K) ]ﬂ 1/2) (SM.58)

from Lemma C.6.
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(iv) Bound of E [HRMH ] We have [ Rz < |Razlly < Hs A1) H HA* (é - q) —Ax¢

‘H'
Moreover,

)\T H < 1/Ap, P-a.s.. Now, we use that AE“) =ED™ AO, where

20¢(x): x,v|z (%, p0(x)| Zt) ¥ (Zt) -

I—T

IIMﬂ

From Lemmas A.17 (iii) and A.18 (ii) in Section 3 the operator ED~! from L2[0,1] to
l . . 2% 2 A o * 2 _ N < A o o
H'[0,1] is continuous. We get HAO (C q) A*¢ ‘H =0 (HAO (C q) ACH). We get

E[[Ragl?] =0 (b ()?), (SM.59)

using the next Lemma C.7.
1
Lemma C. 7 Under Assumptions A.1-2, A.5, and v < §min{1 —(dz + 1)n,mn} :

E [Hlio (¢-4) - Aém b O)).

(v) Bound of E|[|[Rsr|*|: We bhave [R5zl < |Rsrly, < (1/30) [€D7,,

HA_ Ao £(L2(Fz,),L2(0,1]) HA(@ _T’ vy 127 i += €277 (L20.0.10.1]) =
oo (Lemmas A.17 (iii) and A.18 (ii)) and
AW@ = ZfX vz (2, @(@)|Z) ¥ (Z) -

Using triangular Inequality and Cauchy-Schwarz Inequality, for ¢ € LQ(F 7, T)

[(4=40) 4]

1 T . . 9 1/2
_— W(Zy Ix, z,o(x)|Zs) — fx, x,00(x)|Z)| dx
T ([ [Fxiste. 60120 - fxzto ol zo)] o)

IN

1 A ) A 9 1/2
< m HTﬂHLz(pZ,T) 2161123 (/ [fX,Y\Z(fUaSO(x”Z) - fX,Y|Z(5U>SOO(-T)|Z)} dx) :

Further, from the Mean Value Theorem, for z € Z we have /[fxmz(x,(ﬁ(m)]z)—

~ 2 ~
Fxyiz(eeo(@)]z)| do < 62 AG)% where & :=  swp |V, fxyiz(e,y,2)|. Thus,
z€[0,1],y€R,z€Z

< Ca||Ag||, and:

A=
we ge H 0 L(L2(Fz,7),L2[0,1])

B[R] < 55 [ 18al? 4@ -, . ]
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. 2 4 o
Now, since ||Ap||* < 4supyeq lell?, 1A (@) — T‘ L) < Ta=n and 6 < C’hT3 9z we

9 2
~2 N2l A(5) < 2 pl1% | A (@) —
have E[a 18g]2 (|4 ) T(LZ)(FZ’T)] < CllogT) [HAsoH [4@ =] s,

1{6 < clogT +Ch P22 E 1 {6 > clogT}]. For large ¢, the second term is O T-b , for
T

2
L2(FZ,T)] '

_ log T)? .
any b > 0. We deduce that E [HRE,,THQ] ~0 <(0§2)E [HA@HQ HA(@) - 7"
T

. 2
By a similar argument as above, using that HA(@) — THLZ(F : is bounded and is of the
ZT
order o T hQTm, and a large deviation bound argument, it follows
T
2] A2 (logT)2 1 2m _ A2
E[|Rs2|?| = 0 (E 8l =5 i ) | =0 (2 [1agl?]) - (sM.60)
Now, using Lemmas B.4 and B.7, andE[ ‘mp” ] “MJH dl{HAwH < d\/)\T}]
2
>
[m HMJH 1{HA¢H d\/)\T}} ( “MH D for d > 0, we get E [HA@H ]
< “Aw ]) Thus, from (SM.55), (SM.57), (SM.58), (SM.59), (SM.60) and triangular

Inequality we deduce

E[|Rr|?] =o <b()\T)2 +E M(AT +ara)tar (E- K HQ] Y E U‘Azpm) . (SML61)

12
From (SM.19) and Lemmas B.8 and B.9, we get E[ ] = O(b()\T)2—i—
. N
E [H()\T +A* A A (g - Eg) H D From (SM.61) we get:
2 2 x =1 px [ F AVE
E [HRTH } =0<b()\T) +E [H(AT+A At A (g—Eg)H D (SM.62)
Further, using that [see (SM.21) and Lemma B.9] E[HVT-FBTHQ} = b(\p)*+

. e
E H()\T + A*A) Tt A <C - EC) H ] , up to terms which are negligible asymptotically w.r.t.
the RHS, the conclusion follows.

8.10.2 Proof of Part (ib)

We have HS()\T)UH < HS(/\T)U‘HL

< SOy |0, » where s 00 0|

HS (A7) UHL(L2[O,1],L2[O,1}) denotes operator norm in L?[0,1]. Using ||S (A\r)|| 5z < 1/Ar and
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HﬁHHL < H5D_1HHL HZOAO — AA , P-a.s., we deduce
sond] < |son o], < E2 s s, - da) Pas. smay

Moreover, "(1+S()\T) U)ls()\T)UH < H<1+S()\T) [A])7 S()\T)U o <

H (1 + S (A1) U)_l . HS (A1) UHHL, P-a.s., which implies

E H(1+S(AT)U)_1S(AT)U N <p H(HS(AT)U)_l ;6 1/2E[HS()\T)UH;5LT/2,
(SM.64)

using Cauchy-Schwarz inequality. From the argument of Hall and Horowitz (2005) at p.
N\ 1 - 1
2025, we have |(1+50w)0) ' < c <1 +—1 {HS(AT)UH > }) <
H )\T H 2

om0, < s,

1 A 1
Cll+—1 HS (A1) UH > — 5 |, P-a.s., where we used that
AT HL — 2

in the second inequality. As in the argument of Hall and Horowitz (2005) in their Inequality
(6.27), from Markov inequality it follows

16
E

H(l—i—S()\T) o)

|=c (1 + /\11T6E [Hs () UHZLD , (SM.65)

for any [ € N, for a constant C' depending on [ but not on 7. From (SM.63)-(SM.65), and

using THE + h%m =0 (AQTJFE) , € > 0, the conclusion follows from the next Lemma.
T
L C. 8 Und A ti A.1-2, Ab5 d < !
emma C. nder ssumptions .1-2, . an A ——
P K 2(dz + 1)

= ~ 112¢ 1
E HAOAO — AAH =0 (agp), for any ¢ € N, where ar := —5 + h2m,
Thi

8.11 Proof of Lemma B.11
We have v; = —(j,log ). Then, v; — vn, = —(j — np,log(j/nr))". We have:

: ( S —nr)? X, (G —nr)log(j/nr) ) |

Vi Vipy = .
(1) *(T) >, log(j/nr)?

where Zj denotes summation over j = np/T,...,np — 1, and:

‘ —1/2
Dy = [ZJ (J— ”T)z} i
|2, log(j/nr)?
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Thus:

1 > ;(—nr)log(j/nr)
D) (V(T)V(T)) D1y = \/Zj(j—"T)2v1 > jlog(i/nT)? | .

Moreover:
_ o X —nr)
™ = ( ijlog (J/nr) > '

!

To find the asymptotic behaviour of D) (V(T) V(T)> D7y and m 7y we use the next Lemma.

Lemma C. 9 We have: (i)}, :Sj —nr) = —%(1—%0(1)); (i) 3 log (j/nr) = 4 (log2 — 1)
(1+o(1)); (i) 55 (G — nr)” = Br(1+0(): (iv) 3,108 /mr)? = nr (1 - 4 (log2)” ~ log2).
(1+0(1)); (v) X5 (7 = nr)log(j/nr) = 7§ (5 — 6log2) (1 + o(1)).

~—

NN

Thus, we get:
V3 5—61log 2
' Ly 5
Dr (V(T)V(T)> Dy — 2_21‘1g2_(1°g2) )

which shows Part (i). Moreover:
i O(nz"'?) N ( O(nZ) )
(1) O (n;I/z) ; (1) O(nr) )

Sy = < lojgv(jé\f;/nnTT) ) N ( OO(T(LlT)) ) ’

since Ny = O (nr) . Then, Part (ii) follows.

and:

8.12 Proof of Lemma B.12

From Assumption 5:

S-1 S-1
C2.i—k

$s5,5(1)* =D cajonexp (wj_g3) Xj—k = 2,5 exp (w;8) Y % exp ((wj—k — wy) B) Xj—k-

Then:

51

5-1 5-1
Coj—k Caj—k
> = exp (wjk —wi) B)Xj—k = D Xj—k+ D [ = exp ((wj—k — w;) B) = 1| Xj—k
k=0 k=0

= C2j C2,j
= 1+o0(1),

as j — 0o, since ¢z ; converges and wj_j — w; — 0 as j — oo, for any k. The conclusion
follows.
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8.13 Proof of Lemma B.13
Write

= = 25 3 ( Su(2)®  ou(x) >

- 2 2
T k:nT/2 <k<nr,k=jmodS ¢S’k (I‘) (bS,k (.T))

25 &% o
T 2 <¢s,k<x>2 1) Xk +olL),

T king jy<k<nrk=jmodsS

where & = co 1, exp (wif). Thus, from Lemma B.12 we get:

. i (x)? i () 2.k
X —xjl < sup |= - +C sup |—2= — 1] +o0o(1),
T T Gty | bsk(@)?2 dsi()? nr/2<k | Co
~ . |65 (2)*—¢;(2)*| _ .
for all j and a constant C. By using sup;<;<y, e = op(1) from Appendix
- J

Fe (2)2—de ()2
A5, Supi<icn, [ 95 )Efsd( "l op(1), ¢S,j(x)2/§; =1+ o(1) from Lemma B.12, and

J
c5 j/c2,j = 1+ 0(1), the conclusion follows.

8.14 Proof of Lemma B.14

The proof is along the lines of the proof of Lemma B.8 (i). We use the next Lemma C.10,
which is a modification of Lemma C.4.

Lemma C. 10 Under Assumptions A.1-2, A.4 (i), A.5 (ii)-(ii) bis: (i) E [ZJ%T] =1+
o(1), uniformly in j € N; (i1) E[Z; 12, 7] = o(1), uniformly in j,l € N, j # .

From Lemma C.10 (ii) we get corr (Z;r, Z; ) = o(1), uniformly in j,l € N, j # [. Then,
the conclusion follows from equation (SM.52), Assumption A.5 (i) and Lemma C.10 (i).

8.15 Proof of Lemma B.15

oo

p
When a4 > 2a7, the quantity J
jz—; (A +v5)

us now consider the case ay < 2cr;. Without loss of generality, let v; = jT2em I, aj =
j e Iy  and x; < 1. Then:

oo
converges to Zajl/j_z < ooas A — 0. Let
J=1

2

e oo —2 e )
a; ajv; Wy p
= = J7X;
2 G~ 2 Oy 1P 2 Gy 4 1
Q01 —
where w; :=1/v;, p:= a2 ag and 6 1= T (0,2).
a1 aq
Define:
e = (wy) 7\’
JO\) = )\6n P a; — ( J < ) %
W ; (A +v;)? ]; O, +1)2 \na )



The conclusion follows if we show that J (A) < 1. We give the proof when p > 0 (similar
arguments apply when p < 0). We split J (\) as

. Na(X) .
)\w] i P . 22 ()\wj)‘s J P .
(w; + 1) X O, + 12 \ny ) M
J j=N1(A\)+1 J
= (>\wj)(S ( j )p
e AL
J=Na(A)+1 ()\wj + 1) n
=: J1 ()\) + Js ()\) + J3 ()\) ,

N1 (\)

i=1

where Nj(A),Na(\) € N are such that Ni(\) < ny < Na(A), V;”(AA) = o(1),
1
Na(A)\” 2 ~ N1 (A) Na(A) —
( 2( )> <VN2()‘)> =o(1) and ry := max{n)‘ 1( >7 2() n)\} = o(1). First
nx Uny nx UDN
we show that J; (A\) = o(1), for i = 1,3. We have
Ni(}) (\w;) 5 N1(}) 1 y )
T\ < ) ST :( ) >
H ; (Awj +1)° Z iR oy YNy (M)
= o(l), (SM.66)
where we used Zw? =0 (wg) as n — 0o0. Similarly,
j=1
%) FY . _ 00
\ws 14 A 2440 e
J3(A) = Z )\( 'J)l ) <7:Z) Xji<—5 Z 1/]2 4P (SM.67)
j=Na+1 AW 1) A =N
A2+ il i
< —5 Z e—g’]jm’ (SM.68)

" J=N2(\)+1
where ( = (2 —460)ag > 0and m = [p — az(2 — 9)] < p. Now, by using:

) ' m oo ' m —(n
D e = <_ddf> ZB*Q = (—;i) 1i =0 (nme’cn) ;

Jj=n Jj=n

as n — 0o, we get:

Js(\) =0 (Agéjvg(x)ﬂu;;w —0 <<NZ§A)>p <V]zfz(:)>2_6> = o(1).

Second we can write Jz (A) as

N2(X) 5 Na(X) 5 .
(Awy) (Awy) =\’
J2(A) = X (1= i, (SM.69
o Z; Gy 417 +j=zvz<;)+1 (Aw; + 1) K T > ]X ( )
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J—mnx
o

= |(14+x)” —1] = O(ry), since the

and bound the second term in the RHS. For Nj(A)+1 < j < Na(\), the variable z :=

o p
<1+‘7 m) -1
nx

function z — (1 + z)” has bounded derivative around 0. We deduce that the second term

is such that |z| < ry. Thus,

NZ(/\) ()\w)5
in the RHS of (SM.69) is o Z ——22 ;|- Hence we get that the sum is such
J=NI O+ ()\wj +1)
NQ()‘) ()\w)ﬁ
that J(\) = Z — 22— x; | [1 +0(1)] + o(1). Moreover, note that
J= NI )41 (Awj +1)
el Aw;)° R Aw;) o pa (Awj) 0 > Aw;)°
2. e D D D T D MEREL
N 2N T N \2 N 12N T o 12N
j=N1(A\)+1 (Aw; +1) j=1 (Aw; + j=1 (Awj +1) J=Nz2(A)+1 (Aw; +1)
ad Aw;)?
= ( ]) 5 Xj + 0(1)>
) (/\wj + 1)

— g [T+ o(1)] + o(1). (SM.70)

By the assumptions on sequence x;, we can find 7 such that vz, < A and 7, =< 1. Then,
the conclusion follows by using that:

00 fiy—1 é
(Aw;)° . (Aw;) (Awi, )° (Aw;)
2: ] X,fE: 1y ) )2 m"’ }: J12X]7

= O+ 12 o Gy £ 1) (Awi, + 1 (Aw; +
and:
()‘wﬁx)é N
(wg, +1)27 77
nx—1 ) ny—1
(Awj)
0< Y oY S 2 Gw)’ =0 (0un)) =0 ().
j=1 J j=1
- (Aw;)° 25 N 25 (Vg )20
0< Y. SXG SATEN = (2 =0(1)
= Qi+ 1) jor ( A )
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8.16 Proof of Lemma C.1:
Let a € [0,1]. By the Cauchy-Schwarz inequality we have:

o) — o)l = | [ wws\ < Iz Vel < Vel

for any =,y € [0,1]. Then:
lol? = / p(z) — p(a) + p(a)]?dx = p(a)? + 20(a) / p(x) — p(a)] da + / () — (@) de

> p(a)® = 2lp(a)] Vel

Thus z = |¢(a)| satisfies the inequality 22 — 2||Ve|| z — |j¢||* < 0. We get:

2 2
21Vl + /4 1Vl + 4]0l
pla)| < : <2l -

Since this bound holds for any a € [0, 1], the conclusion follows.

8.17 Proof of Lemma C.2:

Let r := (z,y,2) =: (w,2) and v := (21,y1,21) =: (w1, 21). Using |g(r —v) —g(r)] <
2[¢p(z = 21) = ¥(2)] + [¥(2)| 1y (w — w1) = 1y (w)], where 1y, (w) := 1{y < @o(x)}, we

bove  Ag)| < 2 [ k(B e-a) -v@lda + )

1
/th (%) |1y (w —w1) — 1y, (w)| dwi, where for expository purpose we denote by k
any part k,, or k, of product kernel k(r) = ky, (w) k.(z), and we assume k > 0. Then, by
triangular inequality:

1AGhl 2(ry < 2 1A% 205y + 191 L2y XM L2873y (SM.71)

where Ay (z) 1= / M%Zk <Z—hl> |(z — z1) — (z)| dz1 and

1
@)= [ () Iy (0= w1) = Ly (w)
Let us first consider |Avy|2p,). Write Ayy(z) = /k‘ Q) |(z — h¢) — 9(z)] d¢ and use

h
Y(z—h¢) —YP(z) = _/0 (Vi (z — t€) - ¢) dt. Thus, we get

1/2

(= — hQ) — ¥(z)| < /Oh IV (2 — ) [¢] dt < | (/Oh V4 (= —to\?dt) 1/2 (/Oh dt)

ava( [ 1 (e - [ ar) -
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We deduce from the Cauchy-Schwarz inequality:

Vi [ K1 ( / v <z—t<>|2dt> " i
Viw/? (/k(c) (/Oh\w (z—toﬁdt) dc)m,

where - / k(C) [¢[ de. Thus, we get / A (2) 2 f2(2)dz
hwg// (/lvw(z—tC)IQfZ(z)ah*) d¢dt. Now, /\Vzp(z—tg)\sz(z)dz =
[ V0@ e t0ds < [ 196 GE fa2)dz+ [ 196 (R 12 440 - f2(2)] . Then,

/\Awh(z)\QfZ(z)dz < h2w2/w P fo(2)dz + hwg/o / /yw
|fz(z+t() — fz(2)| dzd{dt. Since k is bounded and has compact support, we get:

Arpy(2)

IN

IN

IN

1AYRT2(r,yy < BPw2 [[V[|72(r,) + coh?ws / Ve (2)]> sup  |fz(z+C) — f2(2)|dz,

¢E€Bc, 1 (0)
(SM.72)
for some constants ¢y, co > 0.
Let us now consider |[x|[z2(p,)- We use [ly (w—wi) =1y, (w)| < 1{y > ¢o(z)}
1{y < 11+ g0 — 1) }+1{y < 9o()} 1{y > g1 + pol(z — 21)} . Further, using go(z—z1) <

T—21
wo(z) + / V@O(ﬁ)d«E’ < @o(x) + [lvollg V|71, and similarly po(z — 1) > @o(x) —

ol V11, we have 1{y < w1+ go(z —21)} < 1 {y —vo(x) <y + [lpoll \/W} and
Hy >y +eo(x—x1)} <1 {y —o(x) > y1 — |lvoll g / \931|} Since function k is bounded

and has compact support, there exist constants cg,c3 > 0 such that y(w) <
es1{0 <y = pola) < c2vh fest {—eavh < y = wo(w) < 0} < 251 {Iy = pola)] < e/},
for small h. The conclusion follows from (SM.71) and (SM.72) for a suitable c.

8.18 Proof of Lemma C.3:

In this subsection we suppress the subscript xy,z in f and f. We have

EWr@Ve@) =T [ [ o) [(#e) - Bf@) (F) - EFw) | dody.

Let us compute the cross-moment of kernel estimator in the RHS:

~

B|(f@) - Bf@) (f&) - BiW)]
= L0 () < )] - e Gl el )
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Thus, we get

BWoVe) = g [ [o@etr [k (55 ) K ()|
(g oo [ (57 ) G [ oo [ (557 )

=: Ar — Br(g)Br(e). (SM.73)

Let us derive the asymptotic expansions of these two terms.

i) Asymptotic expansion of Bp. Let us first consider the second term in (SM.73). We
have

o = o (o
= // f(x+ hrz)dzdzx // f(x+ hpz) — f(x)] dzdz.

This term can be bounded by |Br(g)| < /!g(x)\ (/ |K(2)||f (x + hrz) — f(z)] dz> dx.

Since K has a bounded support (Assumption A.2 (ii)), and by the mean-value Theorem,
/\K(Z)\ |f (x+ hrz) — f(z)|dz < hy </ | K (2)] |z|dz> q(x), for large T', where ¢ is defined
in Assumption A.4 (i). Then, by Cauchy-Schwarz inequality and Assumption A.4 (i),

Br(g)| < hr [ lg()|ae)de < ch ( / |g<:c>|2q<x>dx) v ( / q(x)dx)l/z,

for a constant c¢. Thus, using that 1 {y < ¢o(z)} — 7 is bounded,

Br(g) =0 (hT IIngp(pZ)) : (SM.74)

ii) Asymptotic expansion of Ap. Let us now consider the first term in (SM.73). We

have
a5 () < (572)] =g e (w22 s et b
We get
Ap = hldT///g(x)e(y)K(u)K<u+xh_Ty>f(x)dud:cdy
v | [ [ ot ok (1w 22 1 ot ) = )] dudady

= AVIT + AVQT-

52



To rewrite these terms, we have

1 T —y
—K d

= /K(u+ z)e(x — hpz)ls(x — hpz)dz

= </ K (u+2)1ls(z — h;m)dz) e(x) + /K (u+2)le(x—hrz) —e(x)] ls(x — hrz)dz.
Thus, we get

ng = / (//K K (u+2)1s( x—hTz)dzdu> dx

// D @)K /K u+z)[e(x — hrz) —e(z)]1s(z — hrz)dzdudz
= Cov[g(R),e(R)]

/ e(z)f(x) (//K K (u+2)1se (w—hTz)dzdu>d
+//gx ) K(u (/K u+z)[e(x_hTz)_e(x)]ls(ﬂf—hTz)dz>dudx.

Ay = / / / K () K (u+ 2) Ls(@ — hr2) [f (¢ + hru) — ()] dedudz

// (/ K (u+2)[e(z — hrz) — e ()] Ls(z — hTz)dz)

[f (z + hru) — f(z)] dudzx.

Similarly

We conclude

Ar = Covlg(R),e(R)

- [ st ( | [ E@E @156 - hTz>dzdu> da
/ (//K (u+t2)le(z —hrz) —e(x)]ls(z — hTz)dzdu> dx

/ //K K (u+ 2)1s(z — hrz) [f (x + hru) — f(x)] dzdudz
// (/ K((u+z)le(x—hrz) —e(z)]1s(z — hTz)dz> (SM.75)
[f (x + hru) — f(x)] dudx
=: Covlg(R),e(R)]|+ Air+ Asr + Asr + Asr. (SM.76)

Let us now bound terms A; r-A4 1, separately.
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iii) Bound of A; 7. We have
4111 </rg Me(a)l 1(0) ( | B (2) 151500 — sz ) i

where K (2 / |K(u)K (u+ 2)| du. By Assumption A.2 (ii), K has bounded support in-

cludedin B,(0),xk =2 sup |z|. Then, /K(z) 1s(x)lge(x—hpz)dz < cl{z € dS(khr)},
z€ supp(K)
for large T, for a constant c¢. Thus,

[Avr| < C/ lg(@)|le(z)| 1{z € 0S(khr)} f(x)dz < cp(g, shr)p(e, Khr), (SM.77)

by Cauchy-Schwarz inequality.

iv) Bound of Ay 7. We have Ay r = /g(a;) </ k(z)[e(x —hrz) —e(z)] 1s(x — hTz)dz>

f(z)dz, thus |[Ayp| < /|g x)| Aep, (z) f(x)dz, where Aep, (x /|k‘ )| e (x — hpz)
—e ()| dz and k(z / K(u)K (u + z)du. By the Cauchy-Schwarz inequality, we have
[Azr] < Nl ey I eng 2y (SM.78)

To bound the term ||Aey,;, HL?(F)’ we can apply Lemma C.2. Function k is bounded and has
compact support by Assumptions A.2 (i), (ii). We get

Benslary < b IV0lar, + b [P0 s |2z +0) ~ ol ds
CeBchT(O)

sl [1{l= ool < ev/ir} fiv(w)do

Term /1 {\y —o(z)| < c\/hT} fw(w)dw is O (v/hr). Further, from Assumption A.4 (i)

and using sup |V.fz(z+ ()| < / sup  |Vxyz(w,z+()|dw < /q(w,z)dw, we
CEBchT(O) CeBchT(O)

deduce sup  |fz(z+C) — fz(2)] < chT/q(w,z)dw. Thus, HAehT||2L2(F) =
CGBchT(O)

1/2
O (W3 IV¥elGa(ry) + 1 Ve lFa(r,,) + bl

Hz/JeH%Q(FZ)> . We conclude from (SM.78): Ag 7

3/2 1/4

= O (A1 Wl gy 19%el gy + B W | 2y I8l gy + e I oy el iy ) -
(SM.79)

v) Bound of A3 1. We have

aal < ([ 15 @1dz) [la@liet ([ 15 @I1F -+ hr) - f(@)ldu) do
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Again, by Assumptions A.2 (i), (ii) and A.4 (i), / |K (uw)]|f (x + hru) — f(z)|du < chrq(x),

for a constant ¢ and large T'. Thus,

<étn [ o6 lto)atorie < e [ ooatoe) : (/ e(m)Q(J(m)dai>l/2

from Cauchy-Schwarz inequality, and using that 1{y < po(x)} — 7 is bounded

|As 1

Asz = O (e gl 2y el 2y ) - (SM.80)

vi) Bound of Ay 7. We have Ay = /K(u) </g(33) [Aeyhp (2)] [f (x + hru) — f(x)] dac) du,

where Aey, p, () = /k(z,u) [e(x — hrz) —e(x)] 1s(x — hrz)dz and k(z;u) = K(u + 2).
Since K has bounded support,

Asr] < / 1K () ( / 19(0)| | Aenp (@] | (2 + hrw) — £(2) dw) du = / 19(2)] Ay (2)mr(z)de

where Aep,(x) = /1{|z! < alle(@—hrz)—e(x)|dz and wp(x) =

/ |K (u)||f (z + hpu) — f(x)| du, for a constant ¢;. By Cauchy-Schwarz inequality,

Al < ( f \g<x>|2w<x>da:)l/2 (/186 @ mr (o)) " (SM81)

Since mr(x) < cahrq(z), for a constant ¢, we get
[ 9@ wr@de = 0 (hr 1gliage, ) - (SM.82)

To bound /|AehT (2)|? 7 (2)dz, we apply the argument in the proof of Lemma C.2, with
k(z) = 1(|z| < ¢1). Then,

/ Aen (WP rr(u)du < chZ / Ve ()2 r 5 ()2

—l—ch%/ |V@Z)e(2)|2 sup |mrz(z+C) —7mrz(2)|dz
CEBehT (0)

v [ WP rrziz) [1{ln- @) < ev/hr} mnwwydu,

where 77 7(2) = /WT(U},Z)d’LU and 7w (w) = /WT(w,z)dz. Using that for large T,

SUP¢eR,, . (0) mr,z(z 4+ ) < eahr [ g(w, z)dw, for some constant ¢y, we deduce
3/2
/ [Aen, (@) mr(@)de = O (B IVeelFagr,) + B 1elFar,)) - (SM.83)
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From (SM.81), (SM.82) and (SM.83) we get

5/4

Ay =0 (h?F |WQHL2(FZ) HV¢6HL2(FZ) ”Wqu (Fyz) H1/JeHL2 Fz)) (SM.84)

From (SM.73), (SM.74), (SM.76), (SM.77), (SM.79), (SM.80) and (SM.84), we derive

the asymptotic expansion of E [V (g)Vr(e)]:
E[Vr(g)Vr(e)] = Covlg(R),e(R)] + O (p(g, shr)p(e, shr)) + O (hT 1991l L2y Vel 25y
+hr ng”LZ(FZ M’eHL?(FZ + h ”¢g||L2 (Fz) vae”m(FZ + hT ngHL? (F'z) vaeHL? (Fz)

WY gy 1l gy 5 gy ey ) -

8.19 Proof of Lemma C.4:

Let wus apply Lemma C.3 with wu = (w,z), and g(u) =

u) = (1/@) (Adj) (2) 1y f(fo_(i))} T gj(u), for any j € N. We have V [g; (R)] =
)

(

1 1 1 1
T (40 27 B [0 <o)} = 7)* 1 2] = e B[40 (2] =
;(%,A A¢j)g = 1. Thus, we get

2
E [ZJZ’T] =1+0 (p (gj,/@hT)Q) + 0 ( i/t <H¢JHH2 Pt 193l 72 Fz)) ) ’

Let us now bound the terms in the RHS. We have p (g, khr)* = E [gj (R)>1{R € dS (nhT)}} <
1

[r(1—7)"

R ;i (2)%q(w, 2)dwdz
Using 5 > 4 we get p (g, khr)? = O (h;ﬂ). Moreover, Hq/)jH%Q(FZ) = / ff }(q)w (z dw)dz

1/2

and by the Cauchy-Schwartz inequality//1/13-(2:)2 (w, z)dwdz < E \1/1] </ 7 ) .
x,v,z(s
From Assumptions A.4 (i) and A.5 (ii) it follows that ||1[1JHL2 Fp) = O(1), uniformly in j € N.

|VQ]Z)] 1/2
Similaly, [V 1s,) < f{qu i (/ Roa™) | 00 v g

A4 (i) and A.5 (iii). The conclusmn follows.

E[[y; (2)]] 25 p [R €8S (khp)]""%° =0 (h;_z/g) from Assumption A.5 (ii).

8.20 Proof of Lemma C.5:
This is given in the technical report of GS.
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8.21 Proof of Lemma C.6:

From the proof of Lemma B.8 (i), we have (A\p + A*A ) (( EC) = ch’TZj,Tqu,
=1
here cjp := ] and Z;r are defined in (SM.49), (SM.50) Usi
where ¢;r = N v nd Zjp ar ned in 49), .50). ing
o
H()\T + A )7 (%ZJ E%Z)) =Y cirarZirZir (¢, ¢), we get
jl=1
[H Ar+ A*A)7 <1/J El/}) ] = Z ¢jrerCm,rn, 7 E (21211 Zim, 7 Zn, 7]

j7l7m7n:1

b5, d1) (Om, dn). Let us now bound the expectation terms. By applying twice the Cauchy-
j

Schwarz inequality, | E (250 Zi1 Zmr Znrll < E [Z2) B [24] B [28,7) E (28 0]
Let ¢ :=cjrE [Z;%T]lM. Then, we get

Bl +ana (5-50)[ < X eatmmatar om0l

7 lmmn=1

Sl +4 S Epar ol (e, o)l

JjeN (5,1)eD2

+ Y0 Eadtr (sl el + 210,007
(4,1)eD?

+2 Z & e rem,r |61 (1, dm)| + 4 Z & L rem,r (b5, 00| (D5, dm)]
(4.l,;m)€D3 (j,1,m)eD3

+ Y GaarCm sl (G5, 80 |(Dm dn)]
(4,l,m,n)€D*

=: J1+4Js + J3+2J4 +4J5 + Js,

where D? denotes the set of d-tuples, which consist of d different natural numbers. Let us

now bound separately the different terms.
(i) Bound of J;. We have

s o
1< S Sl ol = [ 3 Erleil? | = ah,
j=1

ji=1
1/2
where we denote qT = Z T ||¢j|| T Z 2 H¢JH E [ } .
j=1
(ii) Bound of .J,. Using EiT H(;S]H <@, j €N, we get Jo < g2 Z cirer |5, o)
(7:H)eD?

Let us consider the term

S cirtur (o 01| = Z%Tll%” > aa ol oy

(3.l) €D Li#]

o7



|< j7¢l>’

Using Cauchy-Schwarz inequality, for any j we have ZEZ,TH@H AN =
il 1o

l:l#j

1/2 ) 1/2 ) 1/2
Z 512,T ]? Z % <aqr Z % . Thus, we get again
oy iz il Nl iz 19l Ll

by Cauchy-Schwarz inequality,

oo ' 9 1/2
Y grarlieno)l < ar ) gGrllesl (Z W)
7j=1

(j,1) €D iz 19311 el
1/2 1/2
AN (65, &1)” o
< qr ZC%T ;1 Z Z — = P,
= 2 g P ol
(SM.85)
1/2
— - <¢j7 ¢l>2 . . 4 —
where p := Z — < 0o by Assumption A.5 (i). We deduce Jo < g7.p.

2
g l=1:1#£3 ||¢J|| [l

(iii) Bound of J3. We have J; < 3 Z TClT H%H H@blH < 3‘1T
(4,1)eD?

(iv) Bound of Ji. We have Jy < [ > &1 llg51° | D @rlmr (1, om)| < ara,
J (I,m)eD?
using (SM.85).

(v) Bound of J5. We have

J5

IN

Z el [ 3 ar el 100 g, (s Omil

P oMl 1651 Tom
2
= 2l 2 arlal il
LI#j J

= N AT R Tk

(rb 7¢l ~
we get J5—QTZZ P, 1) —(ﬁpQ.
j L) ;11 [l

(vi) Bound of Js. Finally, Jg < Z & 7€ 1Cm, 1T | (D5, 01| | (D D)
(4,1)€D2,(m,n)eD?

o\ /2
Using 2 [l¢51° < 2 for all j € N, and 3 ey ) 122200 5 (Z M) ,

4,1)eD?

2
( > Cj,TCz,T<¢>j,¢z>) < grp?, using (SM.85).
(
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R N (4
To summarize, we have proved FE [H()\T + A*A)_1 A* (w — Ew> H ] < Cg. Using a re-
sult similar to Lemma C.4, and Assumptions A.4 (i), A.5 (ii) and A.5 (iii), we can show

oo

that @& = O (1Z(A+)Q¢] ) Since E [H(ATJrA*A)—lA* (¢—E¢)H2] -

7j=1

1 & V;
Ol = — || 2 by Lemma B.8 (i), the conclusion follows.
(T]lew)g I 0

8.22 Proof of Lemma C.7:
Let 1,,(w) = 1{y < ¢o(z)} — 7. We have

( (¢-a) - 4) @)

= f (z,p0(2), Zt) 2
N 1 —T ; fZ(Zt) /1@0(w)fX,Y,Z(w,Zt)dw

(2, 90(2)]2) / Ly () fry. (10, 2)dwod

T
- T7-(11—7-)ZAJ@XvYaZ(w’@O(x)’Zt)f(thV/lwo(w)AfX,Y,Z(waZt)dw

1 .
+ {T7_(ZJ£XY|Z «73 (PO( )‘Zt)fZ(Zt)/Lm(w)AfX’Y’Z(w’Zt)dw (SMSG)
/fXYZ z, po(z)|2 )/1 o(w )Afx,Y,z(w,z)dwdz}

Af2(2Z) | f2(Z0) + f2(Z4)
_T7-(11_7-)ZfX7Y,Z($a<PO(fE)aZt) 220 [ 72(2) + %)
t=1

F2(20)2 f2(2,)?
=: Il(.%') + IQ(:E) =+ Ig(x')

/ILPO(W)AfX,Y,Z(w,Zt)dw

We consider in details term I3(z); the analysis of the other terms is similar.
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Write

Ig(x)
. £0(Z) ]
— o {fXYZ x, 900 ) Zt)f;(Zt) /1¢0( )f(u) Zt)d
/fXYZ z, (), Z)Eo(z)/Lpo(w)f(w,z)dwdz}
r-1 Xo(Zt)
+T'2; {fX7Y72(‘T7(‘00( )7Zt) fZ(Zt) /LPO(w)b(waZt)dw
—/fx,Y,Z(%@o(ﬂﬁ),Z)Eo(Z)/1¢O(w)b(w,z)dwdz}
- Yo(Zt)
T2hdZ Z {fxyz z, po(x), Zt)fZ(Zt)

/fXYZ z, po(T), Z)Zo(z)d?:}/1¢0(w)Kh(w—Wt)dw
=: Iy (x) + Iaa(x) + Ioz(z),

where  ¥o(2) = 1/(fz(z)r(1 = 7)), fw,Z) = fxvzi(w, Z) —

E [JEX,Y,Z,—t(UJaZt”Zt}, b(w,Z;) = E {fX,Y,Z,—t(w,Zt)!Zt} — fxvz(w, Z;) and fx vz is

the kernel density estimator based on the sample of 7' — 1 observations excluding (W, Z;).

Note that b(w, Z;) is equal to the bias function F [Afxy’z(w, z)} evaluated at z = Z;. Let
first ider I Using f ! T ith

us first consider Io;. sing f(w,2) T—1 S%ﬁ ks(w,z), with rg(w,z)

Ky (w— W) Ky (2 — Zs) — E[Kp (w— W) K, (2 — 2)], Kn(u) := %K (%) we have

ZT: ETI { ), Zt) / ks (W, Zp) 1o (w)dw

t=1 s=1,s%#

121(.%') =

3=

- / (o) 2) [ )1 0) ) s

-

where a (x, po(x), z) := fX7y|Z(:17,g00(a;)|z)Eo(z). Variables U (z) satisty E [Ug(z) | Wy, Zs] =
EUs(x) | Wi, Z] = 0, for s # t. By symmetrization:

Ini ( T2 ZZUst

t=1 s<t

where Ug(z) 1= Ug(x) + Uss(z), and E[ () ]WS,Z] =F [Ust(.’ﬂ) | Wy, Zy| = 0, for
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s < t. Weget:E[/Igl dw}: 4ZZ/E dac< /E st (

t=1 s<t
2
( / Kh<w—ws>1¢0<w>dw) Kn(Z— Z,Yale, po(), Z0)?

dominant, and is O (h;dz) uniformly in « € [0,1] by Assumption A.4 (ii). We get

The term E in E [Ug(z)?] is

1/2 1
E [||121||2} =0 <d/2> = o (Apb(Ar)) from the conditions on 7 and ~.
Thy?
Let us now consider I3. Since the observations are i.i.d., and the bias term b(w, Z;) is

1/2
of order O (h), we get E [1\122”2} =0 <T1/2 hm) = 0 (Arb(\p)).

Finally, to bound I3, we use /1@0 (w)Kp, (We —w) dw’ < / |10 (Wi — hyv)| | K (v)]| dv <
c I
2||K|| - Then we get |[Iz3(x)| < Tz Z (30(Zt) + E[20(Z1)]), by Assumption A.4 (ii).
T =1
By Cauchy-Schwarz inequality, it follows
C 911/2
B[] < T B2
1/2 logT
Since inf,ecz fz(z) > 0, we conclude F |:HIQ3H2:| =0 (fl(’)lfdz> = o (Arb(A7)).
T

8.23 Proof of Lemma C.8:

We have
(20121090) () = / <TT — ZT: v,z (2, o )fit()i);;,Z(&@O(ﬁ)Zt)) o (€) de
and (EA90> (z) = o /(/ fX,Y,Z(xa900(1')};25;(2,}’2(57900(5)72)fz(z)d2> o (€) de.
Thus,
HEOAO—EAHz - T / / f XYZ( wolx )fit();jYZ(g ,p0(€), Zt)

=1
fxyz(@, po(x), 2) fx,v,2(§s po(§), 2) ?
_ / e fZ(z)dz} dwdg
_ . T 2 _. 2|2
= ,/X/XI(:U,(S) dxdé =: 1 (017)° P-a.s..
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We decompose I (z,&) as

ixy.z(x,00(x), Z1) fxv 2 (& ¢0(E), Z2)
f2(Z)?

/fXYZ z, 0(2), 2) fx,v,2(€, 0(€), 2) So(2)dz

I(x,6) =

IIM%

TT 1—7)

+ / Fxy.z(@, po(x), 2) fxy.z(€ po(€), 2)T0(2)dz

—/fX,Y,Z(UC,LPO(UC),Z)fX,Y,Z(f,@0(5)»2)20(Z)d2’
— fl(x7£)+j2(x7£)v

%)’

where Y is defined as in the proof of Lemma C.7. Then,
1

3¢
‘LZ (10,1 )] )
2¢
E[ i;

' LQ([O,l]Q)] = /E [fj (r1)?- --Ij (7"4) } dry---dre, where r := (z,§), and by repeat-
edly applying the Cauchy-Schwarz inequality we get

=3
j=1

Moreover, for any j,

P-as., and FE {HEOAO - EAHQC} * ZE [

A

2 {fj (r1)* Ij (r2)* - - I (rc)ﬂ < E [Ij (r1)4] 1/2E [fj (ra) o (TC)ﬂ 1/2
< FE [Aj (7’1)4] 12 [fj (r2)8} V4 g [jj (Tc)gcr/(%l)

< lClE[j(Tl

~ . ~ 1% 1/¢ 1/2 N =
Thus, we get £ [HAOAO —AAH } < </ / (x,€) 2C dxdf) , with { =

26~ We deduce that the Lemma is proved, if we show that
/ / (z,€ 2N} dxdé = O (afY) for any N € N, (SM.87)

and any j = 1,2. This is implied by E [fj (:r,ﬁ)ZN] =0 (a?), uniformly in z, ¢ € [0, 1]. Let
us prove (SM.87) for the different terms.
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i) Bound of I;. Write:

Ii(z,6) = 1 i Ixy,z(@,00(x), Zt) fx,v,z(&, 00(§), Zt)
t=1

Tr(1—7) fz (Z)°

—/fX,Y,Z(anSDO(x)aZ)fX,Y,Z(&sOo(ﬁ)aZ)Eo(z)dz

1 T Afxyz(x, 00(x), Z4) fxv,z(€ 0(€), Zt)

+TT(l -7) Z fz(Z)?

t=1

- / Afxyz(e, 00(@), 2) Fxrz (6, po(€), 2)o(2)dz

1 d Fxyz(x, o0(x), Z)Afxyz(€ 00(€), Zt)
+T7’(177') ; fZ (Zt)2

—/fX,Y,Z(%900($)7Z)Afx,y,z(§7 ©0(§), 2)Xo(2)dz

1 a Afxy.z(x, 0o(x), Ze) Afxy,z(€ 00(€), Zt)

Y =) 2 f2 (20

t=1

—/Afx,y,z(%s@o(m)yZt)Afxy,Z(éa¢O(§)aZt)20(z>d2’
4
= Zflj($,£).
=

We focus on the second term Iis. By controlling term fZ (Z;) in the denominator, we see
that the dominant component is:

T
T (. 6) o= %Z Afxyz(z, @o(x)}ZZE)ZJZ);,Y,Z(fa po(§), Zt)EO(Zt)

—/Afx,y,z(l‘»SOO(fL’)»Z)fX,Y,Z(fawo(ﬁ)az)zo(z)dz

t=1
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Il
Mﬂ

< , po (v Zt)fXYZ(£v¢0(£)>Zt)ZO(Zt)

fz (Zy)
/f z,00(x), 2) fx,v,z(& vo(&), )EO(Z)dZ>

t=1

1 & v), Zt) fx,v,z(&, ¢o0(§), Zt)
=) ( s S0(Z)

—/b(x,gpo(x),z) Ixyz(&, @0(5)»2)20(2)d«2>

1
Thy?

Ixy,z(& e0(&), Zt)
fz (Zy)

- [ K - 20zl ), z)%(z)dz) ,

+

T
07 X Kile - Xapota) - 1) Sa(Z)
t=1

with the notation introduced in the proof of Lemma C.7. We consider in details the first
term I1211(z, &) (the second and the third ones can be bounded along the lines of terms 5o

T
- 1
and I3 in the proof of Lemma C.7). Write f (z, ¢o(z),2) = T—1 ks(z,z), where
s=1,s#t
ks(x,2) = Kp(x—Xs)Kp(vo(z)—Ys)Kn(z2—Zs)— E [Kp(x — X)Kp(po(z) = Y)Kp(z — 2)).
Then,

T
hon(8) = 25> Z [fistt) (€ 7)) / /is(:c,z)a(f,z)fz(z)dz}

where a(€,2) = fx vz (§,v0(§)

z) ¥o(z). We get for N € N:

T

T T T
FE f1211($,£)2N] = TT Z Z s Z Z E [Usltl e Usth2N] .

t1=1s1=1,s1#t ton=1sany=1,sanF#l2N

Variables Uy satisfy E [Ug | X5, Zs] = E[Ugt | Xt, Zi] = 0, for s # ¢t and any z,& € [0, 1].
Thus, the expectation E [Usgy, - - - Us,yt,n] can be different from zero only if the ordered
2N-tuple (s1,t1, - ,San,tan) is such that each element has multiplicity at least 2. Let

us first bound the number C'(N,T) of such 2N-tuples. We have C(N,T) ZC’ (N,T),

where C;(N,T) is the number of 2/N-tuples with j different elements. Moreover C (N, T) =
¢;(N)T(T'—1)---(T — j+ 1), where ¢j(N) is the number of ways in which we can build
j groups using 4N different elements. Thus, C(N,T) = O (T 2N ) Further, the dominant
term in E [Usltl "'Usth2N] is B [Kh(x - XS1)Kh(900( ) - YL‘n)Kh(Ztl - Zsl)a’(£7 Ztl) T
Kh(m - XSQN)Kh(SDO(x) - YSzN)Kh(thN - 52N) (57 thzv)] This is  bounded by
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(log T)2N 7 2N an (log T)2N
O (}W . Thus, we get E |:I]_2]_]_(l', f) ] = 0 T4NT h2N(2+dZ)
T T

O (%)N =0 <<T22T>N> = O(a¥), where we used % =0(1).
ii) Bound of I5. Let us write
B = [Afvaleo), )yl w). )5z
+ [ Afxrale n(©),2) o po(o), DE0()dz
4 / Afxyz (@, go(@), 2)A fx v, 2(8, 20(€), )T (2)dz
=: Iy (2,6) + 22 (x,&) + L2 (,§) .

Let us start from term Io; (x,€). We have E [121 (z,€) 2C /E lAfX v,z(z, o), 2 ]
®

le,Y,Z(f,SOO(f) 2)%0(2)1dz, where ; denotes product from ! = 1tol = 2(. Let Afxyz(;r, o(z),2) =
f(l',gDo(flﬁ),Z) + b( z,p (.TI),Z), with f( 790()( )7 ) = fXYZ (.%' ‘PO(x)vZ)

—-F [fX,Y,Z (90,4!?0(90)@)} and b(z, po(x),2) = E [fX,Y,Z (UCNPO(JU),Z)] — Ixv.z(z,po(z), 2).
We get

] % -

Plinw o] = 3 (5) () #af )l v o ) SaGalata )
2(—J

(/ b(z, po(x),2) fxv.z (€ po(€), 2) Eo(Z)dZ> . (SM.88)

From Assumptions A.4 (ii)-(iii), /b(a:, wo(x),2) fx, v,z (& ¢o0(§), 2) Eo(z)dz = O (h7'), uni-

formly in z, ¢ € [0, 1]. Furthermore, by writing f (x, ¢o(z Z Ki(x z) and us-

ing the independence of the observations, we can erte E [l:lf (z, po(x), zl)]
[7/2] Dy
= Z Tjn JIn (2,21, ..., 27), where J, (z, 21, ..., 27) is a term splitted in a sum of products of

n=1

n expectations, Dy, :=T (I'—1)--- (I'=n+1), and | J/2| denotes the largest integer which
is smaller or equal to J/2. To derive the order of the term in F |:f21 (x,& )QC] corresponding

to Jy (z, 21, ..., 27), note that all the powers h;dz can be eliminated by a change of variable,
while a power h;z coming from variable X and Y can be eliminated for each expectation

term contained in J, (z, 21, ..., z5). Thus, /Jn (IE,Zl,...,ZJ)i]:l fxy.z (& vo(§),z1) Xolz1)
1

Lidz = O(hQ(Jn)>, uniformly in z,£ € [0,1]. This implies /E[;]lf(x,zl)]
T
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L7/2]
J J 1 !
i=1fx,y,z (§,00(8), 21) Xo(21)j=1dz; @ (; (Th%)Jn) 0 ((Th%) fJ/ﬂ)’
—_ » ¢ = 1 -
since (Th%) - o(1). From (SM.88) we get F [121 (z, 5)24} =0 Z T (h%m)ﬁ "
7=0 (Th#)
-0 i <1>k (th)C__k =0 <a5> uniformly in z, £ € [0, 1]

The bound for the term E |:f22 (x,& )25] is obtained similarly, interchanging « and &. Fi-
nally, let us consider the term FE [fgg (z, 5)25}. We have FE [f23 (z, 5)25] =

/E [lAfXxZ(a:,goo(x),zl)AfX7y7Z(€,cpo(§),zl)LEo(zl)ldzl, where the product ; is from

l=1tol=2(. Let Cy,Cy denote subsets of {1, 2, ,26} , and let C{,C§ be their comple-
ments. We can write

B (i 0.9%] = 3 [ Blicesf (@000 2y, £ (6 90(6), )]

C1,C2
(leCfB (@, 0(), 21) pecs b (€, o (€), Zp)>l Eo(21)idz

- 0 (Z (RyAe~eal=1C2] /E [1601,}?(307@0(%),21)1)602 J?(f,sDo(i)azp)} lecyuc,dzi)

C1,C2
(SM.89)

where |C| denotes the cardinality of set C. Similarly to above, for any two subsets C;
and Ca such that |C1| + |C2| = J, we can write E [leclf(w, ©0(7), 21) pec, f (& po(€), z/p)} =

Dy
Z L g (2,6, {z,1 €CLUC}).  Moreover, /Jn (x,&,{z1,1 € C1 UCa}) 1ec,uc.d

1 1

=0 20 GG | uniformly in z,£ € [0,1]. Thus, among the terms in the sum

T
(SM.89) such that |C1| + |C2| = J, the dominant one is that with |C1| = |Cq|, if J is even,

or the ones with |C;| = |C2| £ 1, if J is odd. These dominant terms are of the order
1 1
@) <h2T(J_”) h%ZU/ﬂ ) We deduce, for any C; and Cy such |C1| 4 |Ca] = J,

1eC1UCo

CT 1 1 1
= 0|2 -0 .
= (Tng) <(Th2T) I gz ﬂ)

[ Bliceif @@, z)yec, 6000, )]
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_ ¢ _
7 2¢ _ m\4¢—J
ThU.S, we get E [123 (xa 5) ] = 0] Z ( T) (Th2 |‘J/2‘| hdz |‘J/2'| )
J=0

2 k . 2¢
B 1 om 20—k | 1 2m
=0 (kzo (Th%—i_dZ) (hT ) ) =0 ((Th?“dz + h7 > ) Since h2+2dz =0(1

2

. . 1 om B 1 ~ 2] ¢ .
implies <Th2T+dZ + h7 ) =0 <Th2 + hZ ), we get E |:123 (x,§) } = O(aT>, uni-

formly in z,& € [0, 1].

8.24 Proof of Lemma C.9

We have
nr/ n n n?
> (G —nr) Z r/2( 2T/2+1) —(1+o(1).
j j=1
Moreover:
1
S log (i/na) = nr - o (3/nr) = nr ( / By + 0(1>> = "% (log2 — 1) (1+0(1)),
J J

where we use the property of a Riemann sum and

1
1
/ log(y)dy = [ylog(y) — ylly ), = 5 (log2—1).
1/2

Similarly:

nr/ n n n n3
Z]_nT :Z _ T/2 T/221)(T+1)_2Z(1+0(1))

1

Zlog;(j/nT)2 =nr (/ log(y)*dy + 0(1)> =nr (1 - % (log 2)* — log 2) (1+0(1)),

1/2

1

>0 - logtifrr) = b3 o ( - 1) log(j/n) = ( /

; 1/2

(y — 1) log(y)dy + 0(1)>

2
— Tg (5—61og2) (14 0(1)),

where we use

1 1
1
/ log(y)?dy = [ylog(y)*],, - 2/ log(y)dy = — (log2)* —log 2+ 1,
1/2 1/2
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[y

1 1
/ (y —1)log(y)dy = / ylog(y)dy—/ log(y)dy
1/2 1/2 1

v’

2

—1/1 dy— L (log2 — 1) = = (5 61og2)
1/221yy2g ~ 16 82/

8.25 Proof of Lemma C.10

The proof is along the lines of the proof of Lemma C.4. We apply Lemma C.3 with
g(u) = gj(u) and e(u) = gi(u), for any j # I € N. We have Cov[g; (R),q(R)] =

W<¢j,A*A¢z>H =0, for j # 1. Thus, we get E [Z;1Z, 1) = O (p(gj, chr) p (91, khT)) +
J

O (" (13120 + 12y ) (Wl 2y + 1112y ) ) umiformly in j # 1. By
similar arguments as in the proof of Lemma C.4, and using Assumptions A.4 (i), A.5 (ii) and
A5 (iii) bis, ijHLQ(FE), IVl 25, and HV%HLQ(FE) are bounded and p (g, khr) = o(1),
uniformly in 7 € N. The conclusion for part ii) follows. The proof of part i) is similar.
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