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Abstract

We consider nonlinear parametric and semi-parametric models for time series and panel data in-

cluding unobserved dynamic effects. These regression models have anaffine specification with respect

to lagged endogenous variables and unobserved dynamic effects. We derive conditional moment re-

strictions based on suitable Laplace transforms. We show how to deploy these nonlinear moment

restrictions to identify the parameters of the affine regression model, and theparametric or nonpara-

metric distribution of the unobserved effects. This approach is appropriate for studying identification

in (nonlinear) latent factor models encountered in macroeconomic and financial applications as well as

in panel models with stochastic time effects.
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1 Introduction

This paper deals with identification in nonlinear models fortime series and panel data including unob-

served dynamic effects (or factors). Our results apply to possibly nonlinear regression models which

have a parametric affine specification with respect to both lagged endogenous variables and unobserved

dynamic effects. The dynamics of the unobservable effects is either parametrically specified, or let un-

constrained, leading to parametric and semi-parametric frameworks, respectively. By exploiting the affine

regression property we derive conditional moment restrictions based on appropriate Laplace transforms

of the endogeneous observable variables and their lags. Themain contribution of the paper is to show

how these continuum sets of first-, second-, and third-ordermoment restrictions can be used to identify

the regression parameters of the affine model as well as the parametric, or nonparametric, distribution of

the dynamic unobservable effects. Our findings are particularly innovative in the semi-parametric setting,

where identification results for dynamic nonlinear models with unobservable components are relatively

scarce. Compared to other identification approaches considered in the literature (see Sections 3.4 and 5.1

for reviews), we treat the distribution of the unobservabletime effects as a parameter of main interest,

and not as a nuisance parameter. Moreover, our identification strategy based on conditional moment re-

strictions is constructive as it naturally leads to estimators of model parameters within the class of the

Generalized Method of Moments (GMM). This paper focuses on deriving nonlinear moment restrictions

and studying identification, and we leave estimation and inference for future work. We postpone to the

concluding remarks a brief discussion on the implementation of the GMM estimators implied by our mo-

ment restrictions.

In Section 2, to motivate our paper we first provide examples of linear and nonlinear time series models

with unobserved dynamic effects encountered in macroeconomic and financial applications. They include

linear factor models for asset returns, multivariate stochastic volatility models, and models which are

appropriate to disentangle dynamic frailty from contagionphenomena applied to either market, or credit

risk. Then, we introduce a general specification which encompasses all these models. The conditional

Laplace transform of the endogenous variables is an exponential affine function of the lagged endogenous

variables and the unobservable effects, possibly given exogenous observable regressors.

In Section 3, we derive a continuum of conditional moment restrictions based on the Laplace transform

of a well-chosen linear combination of the current and lagged observations of the endogenous variables.
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These moment restrictions depend on the finite-dimensionalparameter of interest, but also involve the

Laplace transform of the distribution of the unobserved factor. We distinguish these moment restrictions

according to the lag order of the variables in the joint Laplace transform, which yields first-, second-, and

third-order conditional moment restrictions.

In Section 4, we explain how to identify the model parameterswhen the factor dynamics is specified

parametrically. The first-order nonlinear moment restrictions identify the nonlinear regression parameters

and the marginal distribution of the unobserved effect. To identify the dynamic parameters of the distribu-

tion of the unobserved process, we need second-order nonlinear moment restrictions based on the current

value, and the two most recent lags, of the endogenous observable variable. In nonlinear fully parametric

models with unobservable factors, the continuum set of conditional moment restrictions derived in this pa-

per is the basis for defining GMM estimators, which can be a computationally more convenient alternative

to Maximum Likelihood (ML) estimators implemented via simulation (see references in Section 7).

In Section 5, we consider a model with an unspecified dynamicsfor the factor. In this semi-parametric

framework, we first show how to eliminate the infinite-dimensional parameter, i.e. the transition distribu-

tion of the unobservable factor, from the second-order nonlinear moment restrictions by a suitable trans-

formation. We investigate the identifiability of the nonlinear regression parameters from these transforma-

tions of the second-order nonlinear moment restrictions. Then, once the regression parameters are identi-

fied, the transition distribution of the unobservable factor is identifiable from the second-order nonlinear

moment restrictions themselves. The identification results are illustrated by studying semi-parametric

identification in the multivariate Poisson model with common stochastic intensity and in a non-Gaussian

linear dynamic model with latent factor and contagion.

Section 6 considers nonlinear panel data models with stochastic time effects and exponentially affine

conditional Laplace transform, such as autoregressive count data models with unobservable common fac-

tors. We explain how the first-order nonlinear moment restrictions obtained by a cross-differencing ap-

proach can be used to identify the regression parameters andthe nonparametric stationary distribution of

the time effect.

Section 7 concludes. We establish our results under a set of regularity assumptions. We distinguish

between Assumptions A.1, A.2, ... used for the general time series setting, Assumptions B.1, B.2, ...

adopted in the general panel data setting, and Assumptions 1, 2, ... concerning the examples. Proofs of the

results are gathered in the Appendices. In Supplementary Materials available online, we derive the GMM
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semi-parametric efficiency bounds for estimating the regression parameters from a continuum of nonlinear

conditional moment restrictions. The patterns of these bounds are illustrated for the Poisson count panel

data model with stochastic time effect estimated by cross-differencing. In the Supplementary Materials

we also provide the proofs of some technical lemmas and additional identification results.

2 The model

We first provide examples of models with unobserved dynamic effects proposed in the literature. Next

we introduce a specification which includes all these examples and is used later on to derive the moment

restrictions in a general framework.

2.1 Examples

Example 1: A Gaussian Linear Factor Model for Asset Returns.

In Finance, the most popular model to explain the expected excess returns of risky securities is the

Capital Asset Pricing Model (CAPM) [see Sharpe (1964), Lintner (1965)]. It relies on a linear factor

model for asset returns with a single factor corresponding to the market return. In empirical work, the

market return is often treated as an observable factor. However, the market return is not easy to measure,

and an index return used as a proxy can provide an erroneous measurement. This is the well-known Roll’s

critique [see Roll (1977)], which explains why the basic CAPM model is sometimes replaced by a model

with unobservable factors.

Let us denote byyt the vector of returns forn assets, and byft the vector of values of the underlying

latent factors. The model is written as:

yt = Bft + εt,

whereB is the matrix of the factor sensitivities, the error terms are IIN(0,Σ) andΣ is a diagonal matrix.

In this strict (or exact) factor model, the dependencies across the asset returns are generated by the multiple

factorft, called systematic risk factor [Sharpe (1964), p. 436]. Such a model is compatible with the heavy

tails observed in the historical distribution of returns and with volatility clustering effects, whenever these

effects are created by conditionally heteroskedastic latent factors. In this respect, this type of modeling

includes the standard linear factor model [see e.g. Geweke (1977), Sargent, Sims (1977), Engle, Wat-
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son (1981), Fernandez-Macho (1997)] as well as factor ARCH models [Diebold, Nerlove (1989), King,

Sentana, Wadhwani (1994)]. We consider a specification witha conditionally heteroskedastic factor in

Example 5 in Section 4.

Example 2: Correlation Between Markets.

Let us consider the return vectoryt of market indexes corresponding to different stock exchanges. The

dependence between these markets can be analyzed by a dynamic model of the type:

yt = Bft + Cyt−1 + εt,

with εt ∼ IIN(0,Σ). This model accounts for both systematic risk factors and contagion effects across

markets, through the unobservable common factorft and the lagged returnsyt−1, respectively. This model

nests the linear factor model of Example 1 and a Vector Autoregressive (VAR) specification, which cor-

respond to the restrictionsC = 0, andB = 0, respectively [see Darolles, Gourieroux (2015) and the

references therein for a general presentation of contagionmodeling in Finance]. Such a specification may

be completed by a noisy measurement offt in the Factor Augmented Vector Autoregressive (FAVAR)

model introduced by Bernanke, Boivin, Eliasz (2005).

Example 3: Correlation of Default Risks.

The decomposition between exogenous common factors and lagged endogenous effects put forward

in Example 2 can be adapted to analyze default risk. Such a model is introduced in Darolles, Gagliardini,

Gourieroux (2014). The authors consider a population of hedge funds classified by management stylek,

for k = 1, . . . , K. For each management stylek, the observationyk,t is the number of liquidated funds at

a given montht, and vectoryt stacks these count data for the different management styles. The dynamic

Poisson model is:

yk,t ∼ P(ak + b′kft + c′kyt−1), k = 1, . . . , K,

where the variablesyk,t, k = 1, . . . , K, are assumed conditionally independent givenft andyt−1. This

modeling disentangles the contagion effects passing through the lagged liquidation count valuesyt−1 and

the effect of exogenous common shocks passing through the unobservable systematic factorft. The latter

is interpreted in terms of aggregate funding liquidity shocks in Darolles, Gagliardini, Gourieroux (2014).

Example 4: Stochastic Volatility Model.
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A multivariate stochastic volatility model for asset returns can be defined by the equation:

yt = a+ B vech(Σt) + Σ
1/2
t εt,

whereεt ∼ IIN(0, Id), the symmetric positive definite matrixΣt is the stochastic volatility-covolatility

matrix, andft = vech(Σt) is a vector stacking all its different components. By introducing the term

Bvech(Σt) in the vector of conditional expected returns, we allow for risk premia corresponding not only

to the volatility of the asset of interest, but also to the volatilities of the other assets, and to the covolatilities

as well. Gagliardini, Gourieroux (2014b) discusses the estimation of such multivariate stochastic volatility

models based on conditional moment restrictions.

2.2 General specification

In the general framework, the (nonlinear) regression modelis written by means of the conditional Laplace

transform. The latter provides the conditional expectations of exponential transformations of the en-

dogenous variableyt given the lagged valuesyt−1 = (yt−1, yt−2, ...) of these endogenous variables, and

the current and past values of the unobservable dynamic effects ft = (ft, ft−1, ...) and the covariates

xt = (xt, xt−1, ...). We denote byn = dim(yt) andK = dim(ft) the dimensions of the endogenous

variable and the unobservable factor, respectively, and weassumeK ≤ n.

Assumption A.1. (Affine Regression Model)We have:

E[exp(u′yt)|yt−1, ft, xt] = exp
{
a(u, xt, θ)

′[Bft + Cyt−1 + d(xt, θ)] + b(u, xt, θ)
}
, (2.1)

whereu ∈ U is the multidimensional argument of the Laplace transform,U ⊂ C
n, vectorθ and matrices

B, C are parameters, possibly constrained, anda, b, d are known functions. The model is correctly

specified with true values of the parameters in the conditional distribution denoted byθ0,B0, C0.

The model is called affine regression model, since the log-Laplace transform is an affine function

of both ft and yt−1. The specification above extends the Compound Autoregressive (CaR) processes

introduced in Darolles, Gourieroux, Jasiak (2006) to the case of covariates and unobserved stochastic

effects. Indeed, without processesxt and ft, the condition of AssumptionA.1 restricts the model to

(nonlinear) dynamics of the type:

E[exp(u′yt)|yt−1] = exp[a∗(u, θ)′yt−1 + b∗(u, θ)], say, (2.2)
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for some parameterized functionsa∗(·, θ) andb∗(·, θ). The dynamics in Assumption A.1 correspond to

special families of distributions, such that the Laplace transform (moment generating function) is expo-

nentially affine w.r.t. a subset of the parameters. Their associated autoregressive models and regression

models are obtained by letting these parameters be a linear function ofyt−1, ft and a (possibly nonlinear)

function ofxt. Some of these families are given below with the associated autoregressive model.

i) Gaussian family. We have the moment generating function:

E[exp(u′y)] = exp

(
u′m+

u′Σu

2

)
,

wherem andΣ are the mean vector and the variance-covariance matrix of the multivariate Gaussian

distribution. This family is used to construct autoregressive models and regression models by considering

m and/orΣ as function of the conditioning variables (see Examples 1, 2and 4). We get the Gaussian VAR

process (resp., the model in Example 2) when the conditionalmeanmt is affine in the lagged observations

(resp., in the current factor value as well) and the variance-covariance matrix is constant.

ii) Poisson family. If variabley follows a Poisson distribution with parameterλ > 0, we get:

E[exp(uy)] = exp[−λ(1− exp u)]. (2.3)

This Laplace transform is defined for any real (or complex) argumentu. The associated autoregres-

sive/regression model is obtained by specifying the time-varying stochastic intensityλt as a positive linear

function offt, yt−1 and a possibly nonlinear function ofxt (see Example 3).

iii) Binomial family. If variabley follows a Binomial distributionBin(n, p) with integer parametern and

probabilityp, we have:

E[exp(uy)] = (1− p+ p exp u)n = exp[n log(1− p+ p exp u)],

which is exponential affine in parametern. This property is used in the definition of autoregressive models

for integer-valued data. For instance, the INteger AutoRegressive (INAR) process is a Markov process

such that the transition distribution ofyt givenyt−1 is the distribution of the sum of independent Poisson

P(λ) and BinomialBin(yt−1, p) variables, with parametersλ > 0 andp ∈ (0, 1) [see e.g. Al-Osh, Alzaid

(1987), Bockenholt (1994), Brannas (1994)]. Then:

E[exp(uyt)|yt−1] = exp[−λ(1− exp u) + yt−1 log(1− p+ p exp u)].
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An extension of this model including unobservable effects is obtained by letting parameterλ be time-

varying as a linear positive function of latent factorft.

iv) The noncentered gamma and Wishart families.For the noncentral gamma family we have:

E[exp(uy)] =
1

(1− λu)ν
exp

(
− λ2um

1− λu

)
,

whereν, ν > 0, is the degree of freedom,λ with λ > 0 is the scale parameter, andm is the noncentrality

parameter.1 The above Laplace transform is defined for any real argumentu such thatu < 1/λ. The

corresponding autoregressive process is the AutoRegressive Gamma (ARG) process [Gourieroux, Jasiak

(2006)], that is obtained by lettingm be a linear positive function of the lagged valueyt−1, and is the

time discretized Cox, Ingersoll, Ross process [Cox, Ingersoll, Ross (1985)]. We get a specification with

unobservable effects by lettingm be a linear positive function ofyt−1 andft.

The multivariate extension of the noncentral gamma family is provided by the Wishart family. The

Wishart distribution is a distribution for a stochastic symmetric positive semi-definite matrixY , with

dimension(K,K). Its Laplace transform can be written in matrix notation by considering a(K,K)

symmetric matrix of argumentsΓ and by writing a linear combination of the elements ofY asTr(ΓY ),

whereTr denotes the trace operator providing the sum of the diagonalelements of a square matrix. The

Laplace transform of the Wishart distribution is:

E[expTr(ΓY )] =
expTr[Γ(Id− 2ΣΓ)−1M ]

[det(Id− 2ΣΓ)]ν/2
,

whereν, ν > 0, is the degree of freedom parameter, the(K,K) symmetric positive definite matrixΣ

is a variance-covariance matrix and the(K,K) matrix M a noncentrality parameter. The autoregres-

sive process corresponding to the Wishart family is the Wishart AutoRegressive (WAR) process [see e.g.

Gourieroux, Jasiak, Sufana (2009), Chiriac, Voev (2011)]. The associated affine regression model is ob-

tained by specifying the noncentrality parameter matrixM as an affine function of the lagged values and

of the unobserved dynamic effect.

The affine regression specification in Assumption A.1 is completed by additional assumptions on the

unobservable dynamic effect, the regressors and their joint distribution.

1Whenm = 0 we get the (centered) gamma distributionγ(ν, λ) with degree of freedomν and intensityλ.
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Assumption A. 2. The joint process(f ′

t , x
′

t)
′ of the unobservable dynamic effects and the observable

regressors is strongly exogenous, that is, the conditionaldistribution of(f ′

t , x
′

t)
′ givenyt−1, ft−1 andxt−1,

is equal to the conditional distribution of(f ′

t , x
′

t)
′ givenft−1 andxt−1 only.

Assumption A.2 excludes feedback effects from lagged values of the endogeneous variable. Moreover,

Assumptions A.1 and A.2 imply that the conditional distribution of yt givenyt−1, f, x is equal to the con-

ditional distribution ofyt givenyt−1, ft, xt, wheref = (..., ft−1, ft, ft+1, ...) andx = (..., xt−1, xt, xt+1, ...)

denote the entire histories including past, current and future values of the dynamic effects, and the regres-

sors, respectively. Exogeneity of the unobservable component is typical in state space models. As far

as the observable regressorxt is concerned, we could accommodate feedback effects from lagged values

of y by including (some components of)xt among the endogenous observable variables. The develop-

ments in Sections 3-6 show that we can dispense of the exogeneity condition onxt (and onft) without

compromising completely the validity of our identificationstrategy.

The next assumption is convenient for expository purpose.

Assumption A.3. The joint process(f ′

t , x
′

t)
′ is a stationary Markov process of order 1.

Assumption A.3 is rather weak. Indeed, a Markov process of order p larger than 1 can easily be trans-

formed into a Markov process of order1 by changing the definition offt, xt and considering the new

factor obtained by stacking in a vector the current and lagged values off andx. Moreover, the stationarity

assumption is empirically relevant for the unobservable factors in the examples presented in Section 2.1,

e.g. the market portfolio return in Example 1 withK = 1 and the funding liquidity factor in Example 3.

The joint dynamics of(f ′

t , x
′

t, y
′

t)
′ is defined along the causal scheme displayed below, where each

arrow represents a direct causality effect.

The causality scheme.

. . . (ft−1, xt−1) −→ (ft, xt) . . .

↓ ↓
. . . yt−1 −→ yt . . .

Under Assumptions A.2 and A.3, the dynamics of the exogenousprocess(f ′

t , x
′

t)
′ is characterized by

its transition p.d.f.g(ft, xt|ft−1, xt−1), say. In the analysis of the next sections, this transition p.d.f. is
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either specified parametrically, or let unspecified, which yields - together with Assumption A.1 - a fully

parametric model, or a semi-parametric framework, respectively. In the former case, the parameters are the

regression coefficientsB,C, θ and the parameters of the transition p.d.f.g. In the latter case the parameter

set includes both the finite-dimensional componentB,C, θ and the infinite-dimensional parameterg. 2

3 Moment restrictions

In this section we define nonlinear moment restrictions by exploiting the exponential affine structure of

the model. These nonlinear moment restrictions differ by the number of lags of the endogenous variable.

More precisely, the first-order (resp., second-order, third-order) restrictions involve the first (resp., the

second, third) lag of the endogenous variable.

3.1 First-order nonlinear moment restrictions

Under Assumption A.1, we get:

E[exp{u′yt − a(u, xt, θ)
′[Cyt−1 + d(xt, θ)]− b(u, xt, θ)}|yt−1, ft, xt] = exp{a(u, xt, θ)′Bft}, ∀u ∈ U .(3.1)

The restrictions in (3.1) cannot be used directly for parameter identification, since they involve the unob-

served factorft, both in the function in the right-hand side (r.h.s.) of the equation and in the conditioning

set in the left-hand side (l.h.s.). However, they can be usedto derive conditional moment restrictions in-

volving observable variables only by integrating out both sides of equation (3.1) conditional onxt. Then,

by the Iterated Expectation Theorem, we get the following conditions:

First-order nonlinear moment restrictions:

E[exp{u′yt − a(u, xt, θ)
′[Cyt−1 + d(xt, θ)]− b(u, xt, θ)}|xt] = E

[
exp{a(u, xt, θ)′Bft}|xt

]
, ∀u ∈ U , (3.2)

where the conditional expectation in the right hand side is w.r.t. the (parametric, or nonparametric) model

distribution offt givenxt. Since the model is assumed correctly specified, these restrictions are valid for

the true values of the parameters and the true conditional distributions. The subscript0 denoting the true

2Concerning the transition p.d.f.g, our focus is on the identification of (non-)parametric features of the distribution of latent

factors(ft) given observable covariates(xt), since the distribution of the latter can be identified by standard methods.
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values is omitted for expository purpose. In (3.2) we have a continuum set of moment restrictions, because

the argumentu can vary over some domainU ⊂ C
n for which the Laplace transform exists. This domain

depends on the specific model.

Since the moment restrictions in (3.2) are conditional onxt, these restrictions are also valid for values

ut of the argument that are functions ofxt and possibly of parametersB, C andθ. Assumption A.4 below

introduces a new argumentv, say.

Assumption A.4 (Normalization): There exists a change of argument fromu to v = (v′1, v
′

2)
′ ∈ C

K ×
C

n−K , and a domainV ⊂ C
n such thatu(v, xt, θ, B) ∈ U , say, satisfies the equation:

a[u(v, xt, θ, B), xt, θ]
′B = v′1, ∀v ∈ V , B, θ, xt.

Under Assumptions A.1-A.4 we deduce from (3.2) the following moment conditions:

First-order nonlinear moment restrictions for the marginal distribution of (ft):

E[exp{u(v, xt, θ, B)′yt − a[u(v, xt, θ, B), xt, θ]
′[Cyt−1 + d(xt, θ)]− b[u(v, xt, θ, B), xt, θ]}|xt]

= E[exp(v′1ft)|xt], ∀v ∈ V . (3.3)

The r.h.s. of equation (3.3) involves the Laplace transformof ft conditional onxt.

3.2 Second-order nonlinear moment restrictions

In general, the first-order nonlinear moment restrictions (3.2) [or equivalently (3.3)] are not sufficient to

identify the entire set of model parameters. For instance, any (parametric or nonparametric) feature, which

characterizes the dynamics of the unobservable factor process(ft), is unidentifiable from restrictions (3.2),

because the latter ones only involve the distribution offt (conditional onxt). We derive below second-

order nonlinear moment restrictions which involve second-order lags in the endogenous variables and

dynamic features of the unobservable effects.

The second-order nonlinear moment restrictions are obtained by considering joint exponential trans-

forms ofyt, yt−1 givenyt−2, ft, xt, and accounting for an adjustment factor. Let us define:

ψt(u, θ, C) = a(u, xt, θ)
′[Cyt−1 + d(xt, θ)] + b(u, xt, θ). (3.4)
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We have by equation (3.1) and the Iterated Expectation Theorem:

E[exp(u′yt − ψt(u, θ, C) + ũ′yt−1 − ψt−1(ũ, θ, C))|yt−2, ft, xt]

= E{E[exp(u′yt − ψt(u, θ, C) + ũ′yt−1 − ψt−1(ũ, θ, C))|yt−1, ft, xt]|yt−2, ft, xt}

= E{E[exp(u′yt − ψt(u, θ, C))|yt−1, ft, xt] exp(ũ
′yt−1 − ψt−1(ũ, θ, C))|yt−2, ft, xt}

= exp[a(u, xt, θ)
′Bft]E[exp(ũ

′yt−1 − ψt−1(ũ, θ, C))|yt−2, ft, xt]

= exp[a(u, xt, θ)
′Bft + a(ũ, xt−1, θ)

′Bft−1], ∀u, ũ ∈ U . (3.5)

Then, we apply the conditional expectation givenxt only on both sides of the above equation. We get:

Second-order nonlinear moment restrictions:

E
[
exp

{
u′yt − ψt(u, θ, C) + ũ′yt−1 − ψt−1(ũ, θ, C)

}
|xt
]

= E[exp{a(u, xt, θ)′Bft + a(ũ, xt−1, θ)
′Bft−1}|xt], ∀u, ũ ∈ U . (3.6)

We get another continuum of moment restrictions, which can be used to complete identification.

To recover the joint Laplace transform of(ft, ft−1) conditional onxt, we need a change of arguments.

Under Assumption A.4, there exists a change of variables from argumentu to argumentv = (v′1, v
′

2)
′ ∈

C
K × C

n−K , and from argument̃u to argument̃v = (ṽ′1, ṽ
′

2)
′ ∈ C

K × C
n−K , such thatu(v, xt, θ, B) and

u(ṽ, xt−1, θ, B) satisfy:

a[u(v, xt, θ, B), xt, θ]
′B = v′1, a[u(ṽ, xt−1, θ, B), xt−1, θ]

′B = ṽ′1, ∀v, ṽ ∈ V , xt, xt−1, θ, B.

From equation (3.6) we get:

E
[
exp

{
u(v, xt, θ, B)′yt − ψt[u(v, xt, θ, B), θ, C] + u(ṽ, xt−1, θ, B)′yt−1

−ψt−1[u(ṽ, xt−1, θ, B), θ, C]
}
|xt
]
= E[exp{v′1ft + ṽ′1ft−1}|xt], ∀v, ṽ ∈ V . (3.7)

For ṽ = 0 the equations in (3.7) reduce to the equations in (3.3). Thus, the second-order nonlinear

restrictions include the first-order nonlinear restrictions as a special case.

3.3 Third-order nonlinear moment restrictions

The technique developed in Subsection 3.2 can be applied at any lag. In particular, the third-order non-

linear moment restrictions are derived by considering the joint Laplace transform ofyt, yt−1, yt−2 given
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yt−3, ft, xt, and accounting for adjustment terms. By using equation (3.5) and applying the Iterated Ex-

pectation Theorem, we get:

E[exp(u′0yt − ψt(u0, θ, C) + u′1yt−1 − ψt−1(u1, θ, C) + u′2yt−2 − ψt−2(u2, θ, C))|yt−3, ft, xt]

= E
{
E[exp(u′0yt − ψt(u0, θ, C) + u′1yt − ψt−1(u1, θ, C))|yt−2, ft, xt]

exp(u′2yt−2 − ψt−2(u2, θ, C))|yt−3, ft, xt

}

= exp[a(u0, xt, θ)
′Bft + a(u1, xt−1, θ)

′Bft−1]E[exp(u
′

2yt−2 − ψt−2(u2, θ, C))|yt−3, ft, xt]

= exp[a(u0, xt, θ)
′Bft + a(u1, xt−1, θ)

′Bft−1 + a(u2, xt−2, θ)
′Bft−2], ∀u0, u1, u2 ∈ U .

Then, as in Section 3.2, we apply the conditional expectation givenxt only on both sides, to get:

Third-order nonlinear moment restrictions:

E[exp(u′0yt − ψt(u0, θ, C) + u′1yt−1 − ψt−1(u1, θ, C) + u′2yt−2 − ψt−2(u2, θ, C))|xt]

= E
[
exp[a(u0, xt, θ)

′Bft + a(u1, xt−1, θ)
′Bft−1 + a(u2, xt−2, θ)

′Bft−2]|xt
]
, ∀u0, u1, u2 ∈ U . (3.8)

Similarly to Section 3.2, under Assumption A.4 we can apply the change of variables fromu0, u1, u2

to v0, v1, v2 such thata(u0, xt, θ)′B = v′0,1, a(u1, xt−1, θ)
′B = v′1,1, a(u2, xt−2, θ)

′B = v′2,1, wherev0,1,

v1,1 andv2,1 denote the(K, 1) upper blocks of vectorsv0, v1, v2, respectively.

3.4 Link to the literature on moment restrictions with latent variabl es

The moment restrictions derived in Sections 3.1-3.3 are of the form:

E[G(yt, xt, ft; β)|xt] = 0, say,

whereβ is the parameter vector consisting of the elements ofB, C andθ. 3 Unlike the conventional

Generalized Method of Moments (GMM) [Hansen (1982)], some of the variables entering the moment

function, namelyft, are not observable. Therefore, these moment restrictionscannot be used for identi-

fication and estimation in a standard GMM setting. Parametrized moment restrictions with unobservable

variables have been considered in Schennach (2014). Schennach (2014) introduces a consistent estimation

method for the identified set of parameterβ. In this method, the distribution of the unobservable variable is

3The moment functionG has a continuum of components in our setting.
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replaced by a least favorable distribution parameterized by an auxiliary parameterγ, say, whose dimension

is equal to the number of unconditional moment restrictions. The methodology of Schennach (2014) can

be applied to our framework at the cost of two drawbacks. First, in our framework the number of moment

restrictions, that is the dimension of vector functionG, is typically very large - in principle infinite, due to

the continuum of arguments for the Laplace transform - and thus the dimension of the auxiliary parameter

is also very large. Second, we are not only interested in the estimation of parameterβ, but also in the

estimation of the transition p.d.f. of the latent factorft. The estimated least favorable distribution does

not estimate consistently this p.d.f. In the following sections, we explain how to identify both parameter

β and the factor dynamics in parametric and semi-parametric settings.4

In a panel framework, Chamberlain (1992) considers models defined by conditional moment restric-

tions involving unobservable individual effects. After interchanging the role of individuals and time dates,

the analysis of Chamberlain (1992) applies to models of the typeE[yt − d(xt, β)−B(xt, β)ft|xt, ft] = 0,

say, and provides an identification strategy for parameterβ based on quasi-differencing. We stress two

important differences compared to our framework. First, inour setting the moment function is exponen-

tial affine w.r.t. the latent factorft, as opposed to linear. Secondly, we consider dynamic latentfactors

that are possibly serially dependent, while the individualeffects are typically assumed cross-sectionally

i.i.d. in the panel literature. Therefore, the results in Chamberlain (1992) cannot be directly applied to our

framework by simply interchanging the role of indicesi andt (even if we were considering a linear model

instead of an exponentially linear one).

4 Parametric identification

In this section, we assume that the dynamics of the unobservable effects is specified parametrically and

investigate the identifiability of the model parameters from the nonlinear moment restrictions introduced

in Section 3. We start with the first-order moment restrictions (Section 4.1) and then consider the higher-

order moment restrictions (Section 4.2).

4Conditional moment restrictions with latent variables have also been considered in Gallant, Giacomini, Ragusa (2017).

They consider a semi-parametric modeling in which the transition of the latent factor is parametrized, but the conditional

distribution of the observation given the factor is partly nonparametric.
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4.1 First-order nonlinear identification

Let us assume a parametric specification for the dynamics of the latent factor(ft) conditional on the

covariate process(xt), which yields a fully parametric framework. The discussionin Section 3.1 suggests

that identification of model parameters is possible from thefirst-order nonlinear moment restrictions (3.3),

where the conditional expectation in the r.h.s. is taken w.r.t. the model distribution of the unobserved

effects given the covariates. More precisely, let us denotebyγ the parameter characterizing the conditional

distribution offt givenxt and consider the next definition.

Definition 1. The regression parametersB, C, θ and the parameterγ are first-order nonlinearly identifi-

able iff the continuum set of moment restrictions (3.3) admits the true values of the parameters:B = B0,

C = C0, θ = θ0, γ = γ0, as the unique solution.

In models without covariates, first-order nonlinear identification concerns the parameters characterizing

the unconditional (stationary) distribution of the factorft. In any case, first-order nonlinear identifica-

tion is not possible for parameters that control the serial dependence in process(ft) (conditional on the

covariates), because restrictions (3.3) do not involve thedynamics of the unobservable effect.

As an illustration of Definition 1, let us discuss first-ordernonlinear identification in the factor models

encountered in Finance (see Examples 1 and 2). These models have no observable covariates. We con-

sideri) a pure Gaussian model, andii) a conditionally Gaussian model with one factor featuring stochastic

volatility. For the discussion below, it is important to distinguish the generic parameter values and distri-

butions from their true values. Therefore, we introduce explicitly the subscript0 for true parameter values

and expectations under the Data Generating Process (DGP) when it is needed.

Example 2: A Gaussian model with common factor and contagion (continues).

Let us consider the dynamic system:




yt = Bft + Cyt−1 + Σ1/2εt,

ft = Φft−1 + (Id− ΦΦ′)1/2ηt,

(4.1)

where the vectoryt of endogenous variables isn-dimensional, the vectorft of unobservable factors is

K-dimensional, withK ≤ n, the matrix of loadingsB has full rankK, and the vector of error terms
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is a standard Gaussian white noise(ε′t, η
′

t)
′ ∼ IIN(0, Id). We normalize the unobservable factorft by

setting its unconditional variance equal to the identity matrix. The serial dependence between the current

and lagged values of the endogenous variable is due to the dynamics of the common factor, but also to

the effect of lagged observable valueyt−1, which represents the contagion phenomena. The joint process

(y′t, f
′

t)
′ admits a Gaussian structural VAR(1) representation, and thestationarity condition requires that

the eigenvalues of matricesC andΦ are smaller than one in modulus.

Let us distinguish three cases, depending on the restrictions that are imposed on the matrix parameters

C, Φ andΣ in the model specification.

i) Let us first consider the special case whereC = 0, Φ = 0, and the variance-covariance matrixΣ is

diagonal. We getyt = Bηt+Σ1/2εt. Thus, the observationsyt, for t varying, areIIN(0,Σ+BB′), and the

cross-sectional dependence is entirely captured by the effect of the unobservable common factorft. This

is the static linear factor model used in exploratory factoranalysis [Lawley, Maxwell (1971), Anderson

(2003)]. The first-order nonlinear moment restrictions (3.2) satisfied by the true parameter valuesΣ0, B0

become:

E0[exp(u
′yt)] = exp

{
u′(Σ + BB′)u

2

}
, ∀u ∈ R

n, (4.2)

whereE0 denotes the expectation with respect to the DGP. Therefore,the continuum of moment restric-

tions (4.2) allows for identifying the value of the transformed parameterΣ0 + B0B
′

0. However, the iden-

tification of matrixΣ0 + B0B
′

0 is in general not sufficient for identifying matricesΣ0 andB0 themselves.

For instance, we haveΣ0 + B0B
′

0 = Σ0 + B0Q(B0Q)
′ for any orthogonal(K,K) matrixQ. Therefore,

identification requires additional constraints, such as the assumption that matrixB′

0B0 is diagonal. Then,

the order condition is satisfied if the number of linearly independent identifiable parametersn(n + 1)/2

is larger than, or equal to, the number of free structural parametersn(1 + K) − K(K − 1)/2, that is, if
1

2
[(n−K)2 − (n+K)] ≥ 0. This order condition is not sufficient for identifying the matricesΣ0 andB0

[see e.g. Lawley, Maxwell (1971), Section 2.3, for counterexamples]. Anderson, Rubin (1956) provides

either sufficient, or necessary, conditions for identification ofΣ0,B0 fromΣ0 + B0B
′

0.

ii) Let us now consider the case withΦ = 0, i.e. a static factor, but allowing for nonzero contagion

matrixC. Moreover, let us still assume that the variance-covariance matrixΣ is diagonal. Then, process

(yt) follows a VAR(1) model with constrained variance-covariance matrixΣ + BB′ of the innovations.
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The first-order nonlinear moment restrictions satisfied by the true parameter valuesC0,B0, Σ0 are:

E0 [exp{u′(yt − Cyt−1)}] = exp

{
u′(Σ +BB′)u

2

}
, ∀u ∈ R

n. (4.3)

Since the joint vector(y′t, y
′

t−1)
′ is multivariate Gaussian, the continuum of moment restrictions (4.3) is

equivalent to then(n+ 1)/2 equations:

V0(yt − Cyt−1) = Σ +BB′, (4.4)

that is:

Γ0(0)− Γ0(1)C
′ − CΓ0(1)

′ + CΓ0(0)C
′ = Σ+ BB′, (4.5)

whereΓ0(0) = V0(yt) andΓ0(1) = Cov0(yt, yt−1) are the true unconditional variance, and the true first-

order autocovariance, respectively, of process(yt).

Let us now study identification of the true parameter values from equation (4.4). We have:

V0(yt − Cyt−1) = V0[yt − C0yt−1 − (C − C0)yt−1] (4.6)

= V0[B0ft + Σ
1/2
0 εt − (C − C0)yt−1] = Σ0 +B0B

′

0 + (C − C0)Γ0(0)(C − C0)
′.

Thus, we have to look for the solutions(Σ, B, C) of the matrix equation:

Σ0 + B0B
′

0 + (C − C0)Γ0(0)(C − C0)
′ = Σ+ BB′, (4.7)

whereB0 andB are matrices of full rankK, such thatB′

0B0 andB′B are diagonal. This matrix equation

corresponds to a system ofn(n+1)/2 nonlinear equations that involven(1+K+n)−K(K−1)/2 unknown

free parameters in matricesΣ, B andC. For anyn ≥ K ≥ 1, we haven(1 +K + n) −K(K − 1)/2 >

n(n + 1)/2, i.e., more unknown parameters than equations, and the order condition is not satisfied. Let

us denoteE0 the set of solutions(Σ, B, C) of system (4.7). This set is identifiable by construction. We

deduce easily from (4.7) the following property:

Proposition 1. We have(Σ, B, C) ∈ E0 if, and only if:

Σ− Σ0 + BB′ −B0B
′

0 � 0,

where� denotes the ordering on symmetric matrices. Then,C = C0 −DΓ0(0)
−1/2, whereD is a (n, n)

matrix such thatDD′ = Σ− Σ0 + BB′ −B0B
′

0.
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We deduce the next two corollaries.

Corollary 1. The parameters are not first-order nonlinearly identifiable.

Proof: Parameter(Σ0, B0, C0) is first-order identifiable if, and only if, the setE0 is a singleton, consisting

of the single element(Σ0, B0, C0). This condition is not satisfied. For instance, the condition Σ − Σ0 +

BB′ − B0B
′

0 � 0 is satisfied when the smallest eigenvalue of matrixΣ − Σ0 is larger than, or equal to,

the largest eigenvalue of matrixB0B
′

0. Then, there exist several ways to derive matrixD, for instance by

considering the square root of matrixΣ− Σ0 + BB′ −B0B
′

0, or its Cholevski decomposition. Q.E.D.

Even if the identifiable setE0 is not a singleton, the next Corollary shows that the parameters are known

functions of the identifiable setE0 - under the identification condition for a static factor model (see para-

graphi)).

Corollary 2. Suppose that parametersB0 andΣ0 are identifiable from matrixΣ0 + B0B
′

0. Then, the

parameters are identifiable from the identifiable setE0.

Proof: From Proposition 1 we haveΣ +BB′ � Σ0 + B0B
′

0 for any(Σ, B, C) ∈ E0. We deduce:

Σ0 +B0B
′

0 = min{Σ + BB′ : (Σ, B, C) ∈ E0},

where the minimum is with respect to the ordering on symmetric matrices and is unique. Thus,Σ0+B0B
′

0

is identifiable. By assumption, the identifiability ofΣ0 andB0, and hence ofC0, follows. Q.E.D.

Corollary 2 shows thatthe standard order condition is not necessary for identification, when the true

parameter value is characterized by some extremality property in the identifiable set. Further, if we assume

Σ0 = σ2
0Idn (cross-sectionally homoskedastic errors), Corollary 2 together with the remark that scalarσ2

0

is the smallest eigenvalue of matrixΣ0 +B0B
′

0, imply that the parameters are identifiable from setE0 (see

the Supplementary Materials for a consistent estimation method based on this idea).

iii) Finally, let us consider the general case in which the autoregressive matricesΦ andC, and the

variance-covariance matrixΣ, are unconstrained, that is, a model with both contagion anddynamic factor,

and conditional contemporaneous correlations. Darolles,Dubecq, Gourieroux (2014) show that the factor

loading matrixB is identifiable under a full-rank condition for a multivariate partial autocovariance of

order 2 of the observable process. In the light of this resultinvolving second-order autocovariances, we
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expect that the nonlinear moment restrictions at order 1 in (4.5) are not sufficient for identification. Let

us check this. When the unobservable factor is dynamic,yt − C0yt−1 = B0ft + Σ
1/2
0 εt is not necessarily

uncorrelated with the lagged valueyt−1. From equations (4.4) and (4.6), the first-order nonlinear moment

restrictions are:

Σ0 + B0B
′

0 + (C − C0)Γ0(0)(C − C0)
′ + Λ0(C − C0)

′ + (C − C0)Λ
′

0 = Σ+ BB′, (4.8)

where matrixΛ0 = Cov0(yt − C0yt−1, yt−1) = Γ0(1) − C0Γ0(0) does not vanish in general. The matrix

equation (4.8) does not involve the factor dynamic parameter Φ, which is therefore unidentifiable from

the first-order restrictions. Moreover, this matrix equation does not admit a unique solution for(Σ, B, C),

and parameters(Σ0, B0, C0) are not first-order nonlinearly identifiable as well (see Proposition 2 in the

next subsection, which shows parameter unidentifiability even from second-order moment restrictions).

Furthermore, the extremal property of matrixΣ + BB′ with respect to the solution setE0 does not apply

when matrixΦ is not restricted to be zero in the model, and the parameters(Σ0, B0, C0) are not uniquely

defined from the identifiable set of solutions of equation (4.8).

The first-order moment restrictions inherit the identification problems usually encountered with the

Gaussian structural VAR model [see e.g. Sims (1980), Forni et al. (2000)]. In the general case the

parameters are not identifiable from conditions (4.8). However they may become first-order identifiable if

additional structural restrictions on parameter values complete appropriately the conditions (4.8).

Example 5: A conditionally Gaussian factor model with stochastic volatility in the factor.

Let us consider the multivariate model:

yt = βf
1/2
1,t ηt + εt, (4.9)

whereft = (f1,t, ηt)
′ is a bivariate factor, the scalar processes(f1,t), (ηt) and then-dimensional pro-

cess(εt) are mutually independent, withεt ∼ IIN(0,Σ) andηt ∼ IIN(0, 1). The process(f1,t) is an

Autoregressive Gamma (ARG) Markov process with conditionalLaplace transform:

E[exp(uf1,t)|f1,t−1] = exp

{
ρuf1,t−1

1− δu
− ν log(1− δu)

}
, (4.10)

corresponding to a noncentral gamma transition distribution, whereν > 0 is the degree of freedom pa-

rameter,δ > 0 is a scale parameter, andρ, with ρ ∈ [0, 1), is the first-order autocorrelation (see Section

2.2). The unconditional distribution off1,t is a central gamma distribution and, without loss of generality,
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it is possible to choose the parameters of the ARG process suchthat the unconditional scale parameter is

equal to1. This condition applies whenδ = 1 − ρ. Then, the stationary distribution isf1,t is the gamma

distributionγ(ν) with parameterν.

Let us consider the first-order nonlinear moment restrictions. They are given by:

E[exp(u′yt)] = exp

(
u′Σu

2

)
E
[
exp

(
u′βf

1/2
1,t ηt

)]

= exp

(
u′Σu

2

)
E

[
exp

{
(u′β)2f1,t

2

}]
(by the Iterated Expectation Theorem)

= exp

{
u′Σu

2
− ν log

(
1− (u′β)2

2

)}
, ∀u ∈ U ,

where argumentu varies in a suitable neighbourhoodU of the origin. Thus, for first-order nonlinear

identification we have to consider the system:

u′Σu

2
− ν log

(
1− (u′β)2

2

)
=
u′Σ0u

2
− ν0 log

(
1− (u′β0)

2

2

)
, ∀u ∈ U . (4.11)

By using the linear independence between the quadratic and logarithmic functions, we deduce:

u′Σu = u′Σ0u, ∀u ∈ U ⇔ Σ = Σ0,

ν log

(
1− (u′β)2

2

)
= ν0 log

(
1− (u′β0)

2

2

)
, ∀u ∈ U .

By identifying the quadratic and quartic terms in argumentu in the expansion of the two sides of the

second equation in a neighbourhood ofu = 0, we get:ν = ν0, (u
′β)2 = (u′β0)

2, ∀u ∈ U , which implies

β = β0. Therefore, the true values of the parametersν0, β0 andΣ0 are first-order nonlinearly identifiable.

As expected, the correlation parameterρ0 of the ARG factor dynamics is unidentifiable from first-order

moment restrictions.

Parameter first-order identifiability applies in the nonlinear and non Gaussian model of Example 5,

whereas it does not in Example 2. Indeed, the different laws of common factorf1,t and innovationεt in

Example 5 imply that the nonlinear moment restrictions leadto a continuum of equations [see (4.11)],

while in the linear Gaussian model of Example 2 this continuum of restrictions boil down to a finite

number of equations [see equation (4.5)].

4.2 Second- and third-order nonlinear identification

When the parameters are not first-order identifiable, we can increase the set of nonlinear moment restric-

tions to second- and third-order.
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Definition 2. The parametersB, C, θ andγ are second-order (resp., third-order) nonlinearly identifiable

iff the true parameter valuesB0, C0, θ0, γ0 yield the unique solution to the set of second-order (resp.

third-order) moment restrictions.

As noted before, the second- (resp., third-) order nonlinear moment restrictions include as special case

the first- (resp., the first- and second-) order nonlinear moment restrictions. Therefore, the parameters can

be more often second- (resp., third-) order identifiable than first- (resp., second-) order identifiable. In

particular, we expect that parameters characterizing the serial dependence of the unobservable factors are

second-order identifiable, whereas they are not first-orderidentifiable as already remarked in Section 4.1.

Example 2: A Gaussian model with common factor and contagion (continues).

Let us consider the unrestricted specification in (4.1). Thenonlinear moment restrictions at order1, 2

and3 are derived in Appendix 1.1. They are:

Γ0(0) + CΓ0(0)C
′ − Γ0(1)C

′ − CΓ0(1)
′ = BB′ + Σ, for order1,

Γ0(1) + CΓ0(1)C
′ − Γ0(2)C

′ − CΓ0(0) = BΦB′, to be added for order2,

Γ0(2) + CΓ0(2)C
′ − Γ0(3)C

′ − CΓ0(1) = BΦ2B′, to be added for order3, (4.12)

where the autocovariance functionΓ0(h) = Cov0(yt, yt−h) is identifiable. We explain in the Supplemen-

tary Materials that these nonlinear restrictions are well-chosen (parameter-dependent) linear combinations

of a subset of the Yule-Walker equations for the VAR(1) process(y′t, f
′

t)
′, which involve the autocovariance

function of the observable component(yt) only.

In the unrestricted specification, the number of unknown parameters isn2+nK+K2+n(n+1)/2 for

matricesC,B, Φ andΣ, respectively, subject toK(K − 1)/2 identification conditions from the constraint

on matrixB′B to be diagonal. The numbers of independent nonlinear momentrestrictions are:n(n+1)/2

at order1, n(n+1)/2+n2 at order2, andn(n+1)/2+2n2 at order3, respectively. As already remarked

in Section 4.1, Example 2, the parameters cannot be identified from moment restrictions at order1 only. It

is easily verified that the order condition for second-ordernonlinear identification is also not satisfied. In

fact, the next proposition shows that the second-order moment restrictions do not identify the true model

parameters.

Proposition 2. In the Gaussian linear model with common factor and contagion, for anyn andK the true

parameter value(B0, C0,Φ0,Σ0) is not second-order nonlinearly identifiable.
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The proof of Proposition 2 in Appendix 1.2 shows that the lackof identification from second-order restric-

tions holds true even when the restriction of a diagonal variance-covariance matrixΣ is imposed. Under

this restriction, the order condition for identification atorder2 is n2 ≥ n(2K + 1) + K2 + K and is

satisfied if the number of factorsK is sufficiently small compared to the number of endogenous variables

n. Proposition 2 shows that the order condition is not sufficient for second-order identification. The proof

of Proposition 2 also shows that the lack of identification applies both locally and globally.

Finally, the order condition for third-order identification in the unrestricted model is2n2 ≥ K(2n +

K + 1). This inequality is satisfied when the number of factorsK is sufficiently small with respect to the

dimensionn of the endogenous variable. Due to the nonlinearity of the system of matrix equations (4.12),

the analysis of global identification from third-order nonlinear moment restrictions is challenging and is

left for future research.

Example 5: A conditionally Gaussian factor model with stochastic volatility in the factor (continues).

The second-order nonlinear moment restrictions are based on the unconditional Laplace transform of

the joint process(y′t, y
′

t−1)
′. We get:

E[exp(u′yt + ũ′yt−1)] = E{E[exp(u′yt + ũ′yt−1)|f1,t]}

= exp

(
1

2
u′Σu+

1

2
ũ′Σũ

)
E

[
exp

(
(u′β)2

2
f1,t +

(ũ′β)2

2
f1,t−1

)]
, ∀u, ũ ∈ U . (4.13)

Parametersβ0 andΣ0 are first-order nonlinearly identified (see Section 4.1). Let us now check how to iden-

tify the factor dynamics from the second-order nonlinear moment restrictions. Let us assumeβ0,1 6= 0, and

apply the conditions above to argument vectorsu = (
√
2v/β0,1, 0, . . . , 0)

′ andũ = (
√
2ṽ/β0,1, 0, . . . , 0)

′,

where the real argumentsv, ṽ ∈ V are positive. We get:

E0

[
exp

(√
2v

β0,1
y1,t +

√
2ṽ

β0,1
y1,t−1

)]
= E [exp (v(f1,t + λ0) + ṽ(f1,t−1 + λ0))] , ∀v, ṽ ∈ V ,

where the shift factorλ0 = σ2
0,1/β

2
0,1 is identified from the first-order restrictions. Thus, we canuse these

second-order nonlinear moment restrictions to identify the dynamics of common factorf1,t. In particular,

parameterρ0 corresponding to factor autocorrelation is identified fromρ0 =
∂2ψ0(0, 0)

∂v∂ṽ

[
∂2ψ0(0, 0)

∂v2

]−1

,

whereψ0(v, ṽ) := logE0[exp(vf1,t + ṽf1,t−1)] = logE0

[
exp

(√
2v

β0,1
y1,t +

√
2ṽ

β0,1
y1,t−1

)]
− λ0(v + ṽ).

The second-order partial derivatives of functionψ0 in (0, 0) are identifiable from the function values for

positive argumentsv, ṽ ∈ V, becauseψ0 is twice differentiable in a neighbourhood of the origin.
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5 Semi-parametric identification

In this section, the dynamics of the unobservable effects islet unspecified, which leads to a semi-parametric

framework. We investigate the identifiability of the nonlinear regression parameters and of the distribution

function of the unobservable effects (conditionally on thecovariates) based on second-order nonlinear

moment restrictions. Semiparametric identification from third-order nonlinear restrictions is discussed in

the Supplementary Materials.

5.1 Second-order nonlinear identification

The second-order nonlinear moment restrictions (3.7) involve both the finite-dimensional regression pa-

rametersB, C, θ and the functional parameter, that is the joint distribution of ft, ft−1, or equivalently the

transition distribution of the unobservable effect (conditionally on the covariates). As noted in Section

3.2, they contain as special case the first-order nonlinear moment restrictions. Let us assume thatK < n,

that is, the number of latent factors is strictly smaller than the number of endogenous observable variables.

We first assume thatK is known, and leave the discussion on the identification ofK to the examples.

The r.h.s. of equation (3.7) is independent of the argumentsv2, ṽ2. Thus, the l.h.s. of (3.7), which is

identifiable up to the regression parametersB, C, θ, is independent ofv2, ṽ2 as well, when evaluated at

the true parameters. By differentiating the l.h.s. of (3.7) w.r.t. v2, andṽ2, and equalizing the gradients to

zero, we get a continuum set of conditional moment restrictions that only involves the finite-dimensional

regression parameters:

E
[∂u(v, xt, θ, B)′

∂v2

(
yt −

∂a[u(v, xt, θ, B), xt, B]′

∂u
Cyt−1 −

∂b[u(v, xt, θ, B), xt, B]

∂u

)

× exp
{
u(v, xt, θ, B)′yt − ψt[u(v, xt, θ, B), θ, C] + u(ṽ, xt−1, θ, B)′yt−1 − ψt−1[u(ṽ, xt−1, θ, B), θ, C]

}
|xt
]

= 0, ∀v, ṽ ∈ V , (5.1)

and:

E
[∂u(ṽ, xt−1, θ, B)′

∂ṽ2

(
yt−1 −

∂a[u(ṽ, xt−1, θ, B), xt−1, B]′

∂u
Cyt−2 −

∂b[u(ṽ, xt−1, θ, B), xt−1, B]

∂u

)

× exp
{
u(v, xt, θ, B)′yt − ψt[u(v, xt, θ, B), θ, C] + u(ṽ, xt−1, θ, B)′yt−1 − ψt−1[u(ṽ, xt−1, θ, B), θ, C]

}
|xt
]

= 0, ∀v, ṽ ∈ V , (5.2)

respectively.
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Definition 3. The regression parametersB, C, θ are semi-parametrically second-order nonlinearly iden-

tifiable if the continuum set of conditional nonlinear moment restrictions in (5.1) and (5.2) admits the true

parameter values as unique solution:B = B0, C = C0, θ = θ0.

Our identification strategy for the regression parameters is similar in spirit to a differencing approach

to eliminate the distribution of the unobservable time effects from the conditional moment restrictions.

Differencing methods are popular for eliminating unobservable individual effects in panel data, see for

instance Chamberlain (1992) for linear models, Bonhomme (2012) for a recent contribution in a nonlinear

setting relying on the conditional p.d.f. of the observablevariables, and the analysis in Section 6.

From equation (3.7) we get immediately the following proposition:

Proposition 3. If the regression parametersB, C, θ are semi-parametrically second-order nonlinearly

identifiable, the joint Laplace transform of(ft, ft−1) conditional onxt is identifiable (in a suitable neigh-

bourhood of the origin).

Before investigating the conditions for second-order nonlinear identifiability in some examples, let us

briefly compare this semi-parametric identifiability concept with the conditions for nonparametric iden-

tification in Markov processes with latent components provided in Hu, Shum (2012). Under the latter

conditions, the model is nonparametrically identifiable from the joint density ofyt, yt−1, yt−2, yt−3, or

equivalently from all the cross-moments based onyt, yt−1, yt−2, yt−3. The nonparametric identification in

Hu, Shum (2012) is largely based on the assumption of a uniquespectral decomposition of the conditional

expectation operator ofyt, yt−3 givenyt−1, yt−2. 5 For our identification strategy based on the structure of

the conditional Laplace transform of the affine regression model (Assumption A.1), a triplet of variables

yt, yt−1, yt−2 and a specific subset of cross-moment restrictions suffice.

5.2 Multivariate Poisson model with common stochastic intensity

The model is defined by:

yi,t ∼ P(β′

ift), i = 1, . . . , n, (5.3)

5This assumption is used to apply the identification strategyof Carroll, Chen, Hu (2010) introduced for models with nonclas-

sical measurement errors. Models with measurement errors can be written as specifications with observable and unobservable

components featuring specific restrictions. See e.g. Wilhelm (2013) for nonparametric identification of panel data models with

measurement errors in the regressors.
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where the count variables are independent conditional on the unobservable factor process(ft), and the

factor dynamics is let unspecified. The factor process and the regression coefficients are strictly positive.

This model corresponds to a special case of the specificationin Example 3, when the intercepts and

the contagion coefficients are zero. Since the factor is unobservable and its dynamic unspecified, the

identifiable nonlinear regression parameters are at best the elements of the rangeR(B) of the (n,K)

loadings matrixB with rows β′

i. We normalize the matrixB such that it has full column rankK and

B′B = IdK .

Let us derive the second-order nonlinear moment restrictions. From the Laplace transform of the

Poisson distribution we have:

E [exp (u′yt + ũ′yt−1)] = E [exp {ξ(u)′Bft + ξ(ũ)′Bft−1}] , ∀u, ũ ∈ U , (5.4)

where the components of the(n, 1) vectorξ(u) areξi(u) = eui − 1. LetB⊥ be a(n, n−K) matrix whose

columns define an orthonormal basis ofR(B)⊥, i.e. the linear space orthogonal to the range ofB, and

define the(n, n) orthogonal matrixB̃ = (B
... B⊥) with rows β̃′

i, say. This matrix is unique, as a function

of the column space ofB, up to a block-diagonal rotation. We use the change of variables:

v′ = ξ(u)′B̃ ⇔ ξ(u) = B̃v,

which yields functionu(v,B) with componentsui(v,B) = log(β̃′

iv + 1). Thus, we get:

E [exp {u(v,B)′yt + u(ṽ, B)′yt−1}] = E [exp {v′1ft + ṽ′1ft−1}] , ∀v, ṽ ∈ V . (5.5)

By using:
∂u(v,B)′

∂v2
= B′

⊥
D(v,B)−1, with D(v,B) = diag(β̃′

iv + 1),

the continuum set of moment restrictions (5.1) becomes:

E
[
B′

⊥
D(v,B)−1yt exp {u(v,B)′yt + u(ṽ, B)′yt−1}

]
= 0, ∀v, ṽ ∈ V . (5.6)

Let us now introduce an assumption on the factor dynamics.

Assumption 1. The factor process(ft) is not i.i.d., and the log joint Laplace transformψf (w, w̃) =

logE[exp(w′ft + w̃′ft−1)] is such that:

η′
∂2ψf (w, w̃)

∂w∂w̃′
η = 0, η ∈ R

K , ∀w, w̃ ∈ W ⇒ η = 0, (5.7)

for any neighbourhoodW of 0.
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We have
∂2ψf (w, w̃)

∂w∂w̃′
= C̃ov(ft, ft−1), whereC̃ov denotes covariance w.r.t. the modified measure with

expectationẼ(Z) = E[exp(w′ft + w̃′ft−1)Z]/E[exp(w
′ft + w̃′ft−1)], which depends onw, w̃. Hence,

Assumption 1 requires that, ifη′ft is a linear combination of the components offt which has a zero first-

order autocorrelation under the modified measure for anyw, w̃ ∈ W, then this linear combination is the

zero process. This condition is not satisfied if process(ft) is a strong white noise. This explains why we

exclude this possibility in Assumption 1. Under the additional condition that function
∂2ψf

∂w∂w̃′
is analytic

in a neighbourhood of0 in the complex domain, we can establish a closer link betweenAssumption 1 and

the white noise properties of the factor process (see the Supplementary Materials for the proofs). Namely,

when the factor is one-dimensional, Assumption 1 is equivalent to: Process(ft) is not i.i.d. In the general

framework with multidimensional factor, Assumption 1is implied bythe following condition:

If η′ft andη′ft−1 are independent, for aη ∈ R
K , thenη = 0. (5.8)

The latter condition is related to the literature on codependence [Gourieroux, Peaucelle (1992)] and serial

correlation common features [Engle, Kosicki (1993), Vahid, Engle (1993)].

Proposition 4. Under Assumption 1, the range of loadings matrixB in the Poisson model (5.3) is semi-

parametrically second-order nonlinearly identifiable.

Proof: Let us show that (5.6) admits the unique solutionB = B0 up to a rotation. For this purpose, let us

first rewrite (5.6) in terms of the true factor dynamics. From(5.4) evaluated at the true parameter values,

we have:

E [yt exp (u
′yt + ũ′yt−1)] =

∂

∂u
E [exp (u′yt + ũ′yt−1)] =

∂

∂u
Ψf [B

′

0ξ(u), B
′

0ξ(ũ)]

=
∂ξ(u)′

∂u
B0
∂Ψf

∂w
[B′

0ξ(u), B
′

0ξ(ũ)] = diag(eui)B0
∂Ψf

∂w
[B′

0ξ(u), B
′

0ξ(ũ)],

whereΨf (w, w̃) = exp[ψf (w, w̃)] denotes the joint Laplace transform offt, ft−1. We get:

E [yt exp {u(v,B)′yt + u(ṽ, B)′yt−1}] = D(v,B)B0
∂Ψf

∂w
[B′

0B̃v, B
′

0B̃ṽ].

Thus, the conditional moment restrictions in (5.6) are equivalent to:

B′

⊥
B0
∂Ψf

∂w
[B′

0B̃v, B
′

0B̃ṽ] = 0, ∀v, ṽ ∈ V . (5.9)
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SinceΨf > 0, we can replaceΨf by ψf in (5.9). Moreover, we can differentiate the resulting equation

w.r.t. ṽ2 to get:

B′

⊥
B0

∂2ψf

∂w∂w̃′
[B′

0B̃v, B
′

0B̃ṽ]B
′

0B⊥ = 0, ∀v, ṽ ∈ V . (5.10)

For anyB, the matrixB′

0B̃ has rankK. Hence, vectorsB′

0B̃v, for v varying, spanRK . Therefore, (5.10)

is equivalent to:

B′

⊥
B0
∂2ψf (w, w̃)

∂w∂w̃′
B′

0B⊥ = 0, ∀w, w̃ ∈ W∗, (5.11)

in a suitable neighbourhoodW∗ of the origin. From condition (5.7) in Assumption 1, we getB′

0B⊥ = 0.

Thus, the column space ofB⊥ belongs to the orthogonal complement of the column space ofB0, i.e.

R(B)⊥ ⊂ R(B0)
⊥. Since these linear spaces have the same dimensionn −K, we getR(B) = R(B0).

Q.E.D.

The proof of Proposition 4 shows that semi-parametric second-order identification can be achieved by

a subset of the nonlinear moment restrictions (5.1)-(5.2),and that the number of unobservable factors is

identifiable as well from the continuum of moment restrictions (5.6).

Proposition 5. Under Assumption 1, the true number of factorsK0, say, is equal to the smallest dimension

K of the column space of matrixB such that the continuum of moment restrictions (5.6) admitsa solution.

Proof: From the proof of Proposition 4 it follows that, if the continuum of moment restrictions (5.6)

admits a solution for a(n,K) matrixB, thenB′

0B⊥ = 0, whereB0 is a full-rank(n,K0) matrix andB⊥

is (n, n −K). If K < K0, we cannot findn −K linearly independent vectors that are orthogonal to the

columns ofB0. In that case the continuum of moment restrictions (5.6) does not admit a solution. Q.E.D.

Finally, from Proposition 3 the joint Laplace transform offt, ft−1 is identifiable from equation (5.5)

evaluated at the true valueB0.

5.3 Semi-parametric identification of the non Gaussian linear model withconta-

gion and common factor

In this section we focus on the semi-parametric identification in the non Gaussian linear model with

contagion and common factor:

yt = Cyt−1 + Bft + εt, (5.12)
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where(ft) is a Markov process and(εt) is a strong white noise process independent of(ft). Contrary

to Example 2 studied in Section 4, the distributions of processes(εt) and (ft) are let unspecified. We

assume that the unconditional distribution ofεt and the joint distribution of(ft, ft−1) admit Laplace trans-

forms in a neighbourhood of the zero arguments, that we denote by E[exp(u′εt)] = exp[ψε(u)] and

E[exp(v′ft+w
′ft−1)] = exp[ψf (v, w)], respectively. Model (5.12) satisfies the exponential affine property

in Assumption A.1, with an infinite-dimensional parameterθ corresponding to the log Laplace transform

ψε of the error distribution. The full parameter vector(B,C, ψε, ψf ) contains both finite-dimensional and

infinite-dimensional components, and we denote by(B0, C0, ψ
0
ε , ψ

0
f ) the true parameter values. We as-

sume that the (unknown) numberK of factors is strictly smaller than the number of endogenousvariables

n, and matrixB0 has full column-rank.

i) Second-order identification of the number of factors, factor loadings and contagion matrix

The second-order nonlinear moment restrictions are:

E [exp {u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2)}] = E [exp (u′εt + ũ′εt−1 + u′Bft + ũ′Bft−1)]

= exp {ψε(u) + ψε(ũ) + ψf (B
′u,B′ũ)} , ∀u, ũ ∈ U ,

which hold for the true parameter values. Let us consider thechange of variables:

u′B̃ = v′ ⇔ u(v,B) = B̃v,

whereB̃ = (B
...B⊥) is defined as in the previous subsection. Thus, we get:

E [exp {u(v,B)′(yt − Cyt−1) + u(ṽ, B)′(yt−1 − Cyt−2)}] = exp
{
ψε(Bv) + ψε(B̃ṽ) + ψf (v1, ṽ1)

}
,

(5.13)

∀v, ṽ ∈ V. The identification strategy is slightly different in this example compared to the general setting

in Section 5.1, because we have a second infinite-dimensional parameterψε in addition to the factor

dynamics. The r.h.s. of equation (5.13) is the product of a function ofv, a function ofṽ, and a function of

(v1, ṽ1). Thus, the cross-derivative w.r.t.v2 andṽ of the log of this product function, as well as the cross-

derivative w.r.t.v andṽ2, vanish. By computing the log of the l.h.s. of (5.13), taking the cross-derivative

w.r.t. v2 andṽ, and equalizing the result to zero we getB′

⊥
H(B̃v, B̃ṽ, C)B̃′ = 0, ∀v, ṽ ∈ V, where:

H(u, ũ, C) =
∂2 logE [exp {u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2)}]

∂u∂ũ′
. (5.14)
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Since the matrixB̃ is non-singular, we get equivalently the continuum of nonlinear restrictions:

B′

⊥
H(u, ũ, C) = 0, ∀u, ũ ∈ U . (5.15)

Similarly, by taking the cross-derivative w.r.t.v andṽ2 of the log l.h.s. of (5.13), we get:

H(u, ũ, C)B⊥ = 0, ∀u, ũ ∈ U . (5.16)

FunctionH in (5.14) is identifiable. MatricesB andC are semi-parametrically second-order nonlinearly

identifiable if the unique solution of (5.15) and (5.16) isB = B0, C = C0. FunctionH is not an expec-

tation, and (5.15) and (5.16) are not moment restrictions. Moreover, equations (5.15) and (5.16) generally

contain only a subset of the information in the second-ordernonlinear moment restrictions (5.13).6

Let us now show that parametersB andC are semi-parametrically second-order nonlinearly identifi-

able. In Appendix 2.1 we show that:

H(u, ũ, C) = C̃ov (yt − Cyt−1, yt−1 − Cyt−2)

= [B0 −∆] C̃ov




 ft

yt−1


 ,


 ft−1

yt−2






 B′

0

−∆′


−∆Ṽ (εt), (5.17)

where∆ = C−C0, andṼ andC̃ov denote variance and covariance w.r.t. the modified probability measure

with expectation operator:

Ẽ(Z) =
E[exp {u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2)}Z]
E[exp {u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2)}]

. (5.18)

This modified probability measure depends on parameter matrix C, argumentsu, ũ and datet.

Assumption 2. The factor process(ft) and the innovation process(εt) are not both Gaussian, and the

factor process(ft) is not i.i.d. Moreover: i) The(n+K)× n matrix:

M(u, ũ, C) = C̃ov




 ft

yt−1


 ,


 ft−1

yt−2






 B′

0

−∆′


−


 0

Ṽ (εt)


 ,

6To see better the link with Section 5.1, note that by considering the moment restriction (5.1) for the semi-parametric linear

model (5.12), concentrating out the functional parameterψε, and taking the derivative w.r.t.̃v we get equation (5.15). A similar

remark applies to the link between equations (5.2) and (5.16).
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is such that lin


⋃

(u,ũ)

R (M(u, ũ, C))


 = R

n+K , for anyC, whereR(·) denotes the range of a matrix, and

lin(S) denotes the linear space spanned by the elements of setS; ii) We have lin


⋃

(u,ũ)

R
(
Ṽ (εt)B

⊥

0

)

 =

R
n, for anyC, whereB⊥

0 is a n × (n − K) matrix whose columns span the spaceR(B0)
⊥, that is the

orthogonal complement ofR(B0).

In Assumption 2 we explicitly exclude the case of Gaussian factor and innovation processes. Indeed,

in such a case the log Laplace transform of(yt − Cyt−1, yt−1 − Cyt−2) is quadratic, its second-order

partial derivative matrix is constant, and thus equations (5.15)-(5.16) are independent of argumentsu

and ũ. We get a system of equations which correspond to the additional moment restrictions for order

2 given in (4.12). We have verified in Section 4.1 that these restrictions (even when considered together

with the first-order moment restrictions) are not sufficientfor identifying the parameters. In fact, in the

Gaussian case, Assumptions 2 i) and ii) do not hold, since matricesM(u, ũ, C) andṼ (εt) are independent

of u, ũ. When the processes are not Gaussian, equations (5.15) and (5.16) in general imply a continuum

set of restrictions depending on the values of argumentsu, ũ. Assumptions 2 i) and ii) require that some

variance and covariance matrices of the variables under themodified expectation operator̃E have sufficient

variation w.r.t. the arguments(u, ũ), so that the associated ranges span the entire Euclidean space, for any

C. A necessary condition for Assumption 2 i) is that process(ft) is serially dependent, otherwise the

upper(K,n) block of matrixM(u, ũ, C0) vanishes (see Lemma A.1 in Appendix 2). This fact explains

why we explicitly exclude the case of a white noise factor process similarly as in Assumption 1. When

the model is restricted to haveC = 0, i.e. no contagion, we can replace Assumption 2 i) with the weaker

Assumption 1, and we can dispense of Assumption 2 ii). This parallels the analysis in Section 5.2 on the

Poisson model with common stochastic intensity.

Proposition 6. Under Assumption 2, the dimensionK of the factor space, the contagion matrixC, and

the column space of matrixB in model (5.12) are second-order nonlinearly identifiable.

Proof: Let us first prove that equation (5.15) identifies the factor dimensionK0, the range of matrixB0 and

some features of matrix parameterC0. Using (5.17) and the definition of matrixM(u, ũ, C) in Assumption

2, we can write (5.15) asB′

⊥
[B0 −∆]M(u, ũ, C) = 0, ∀u, ũ ∈ U . From Assumption 2 i) we get:

B′

⊥
[B0 −∆] = 0. (5.19)
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ForK = K0, equation (5.19) is satisfied iff i) the columns of matrix∆ are linear combinations of the

columns of matrixB0, i.e., parameter matrixC is in setC = {C ∈ R
n×n : C = C0 +B0α

′, α ∈ R
n×K},

and ii)R(B⊥) = R(B0)
⊥, i.e. R(B) = R(B0). ForK < K0, equation (5.19) has no solution, because

the column space of matrix[B0 −∆] has dimension larger or equal toK0, while the number of columns

of B⊥ is strictly larger thann −K0. Therefore,K0 is identifiable as the smallest factor dimensionK for

which (5.15) has a solution. Moreover, the column space of matrix B0 and setC are identifiable as well.

Let us now show that matrixC0 is identifiable from equation (5.16). Suppose thatC ∈ C, that is

∆ = C − C0 = B0α
′ for some(n,K) matrixα. Then, from equation (5.17) we get:

H(u, ũ, C) = B0[Id − α′] C̃ov




 ft

yt−1


 ,


 ft−1

yt−2






 Id

−α


B′

0 −B0α
′Ṽ (εt). (5.20)

Let v ∈ R(B0)
⊥. Then, from equation (5.16) withR(B⊥) = R(B0)

⊥, we getB0α
′Ṽ (εt)v = 0, ∀u, ũ.

Since matrixB0 has full column-rank, we deduceα′Ṽ (εt)v = 0, ∀u, ũ, ∀v ∈ R(B0)
⊥. From As-

sumption 2 ii) it followsα = 0, that is,C = C0. Q.E.D.

ii) Second-order nonlinear identification of the distributions of the factor process and innovations

Let us now consider the identification of the distributions of the innovation process(εt) and unobserv-

able common factor(ft). Proposition 3 does not apply here, because the r.h.s. of (5.13) involves two

functional parameters, namelyψε andψf . We focus on the case in which the common factor is an expo-

nentially affine (i.e. CaR) Markov process (see Section 2.2). Then, the Laplace transform of the transition

is such that:

E[exp(u′ft)|ft−1] = exp[a(u)′ft−1 + b(u)], (5.21)

where functionsa andb are let unspecified. Under the stationarity condition [see Darolles, Gourieroux,

Jasiak (2006)] and by the Law of Iterated Expectation, the Laplace transform of the stationary distribution

E[exp(u′ft)] = exp(ϕf (u)) is such thatϕf (u) = b(u)+ϕf [a(u)]. Thus, we haveb(u) = ϕf (u)−ϕf [a(u)],

and the distributions of processes(εt) and(ft) can be parameterized by the functional parametersa, ϕf

andψε. We denote bya0, ϕ0
f andψ0

ε the true parameters.

The (n,K) factor loading matrixB0 has row rankK. Let us assume that the firstK rows ofB0 are

linearly independent (possibly after renumbering of the individuals). Then, as identification constraints

for the unobservable factor, it is convenient to assume thatthe upper(K,K) block of matrixB0 is the
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identity matrixIdK and that the factor process has zero unconditional mean. We have:

ỹt = ft + ε̃t, (5.22)

whereỹt andε̃t denote(K, 1) vector processes which contain the firstK elements ofyt − C0yt−1, and of

εt, respectively. Let us define the function:

τ0(u, v;h) =
E0[exp(u

′ỹt + v′ỹt−h)]

E0[exp(u
′ỹt)]E0[exp(v

′ỹt−h)]
,

that is, the ratio between the joint Laplace transform ofỹt and ỹt−h for horizonh ≥ 1, and the product

of the two marginal Laplace transforms. Since matrixC0 is identifiable from Proposition 6, processỹt

involves observable data and identifiable parameters only.Thus, functionτ0 is identifiable. Moreover, in

Appendix 2.2 we show that:

τ0(u, v;h) = exp
(
ϕ0
f [a

◦h
0 (u) + v]− ϕ0

f [a
◦h
0 (u)]− ϕ0

f (v)
)
, ∀u, v, ∀h ≥ 1, (5.23)

wherea◦h0 denotes functiona0 compoundedh times with itself. Functionτ0 depends on the DGP by means

of the functional parametersa0 andϕ0
f of the factor process only, and we have:

τ0(u, v; 2) = τ0[a0(u), v; 1], ∀u, v. (5.24)

Proposition 7. Consider the semi-parametric model with common factor and contagion defined by equa-

tions (5.12) and (5.21). Suppose that Assumption 2 holds andfunctiona0 : D0 → R0 is one-to-one,

where domainsD0 andR0 are neighbourhoods of0 in C
K , andR0 ⊂ D0. Then: i) functiona0(u) is

second-order identifiable foru ∈ D0, ii) functionϕ0
f (u) is second-order identifiable foru ∈ R0, and iii)

functionψε(u) is second-order identifiable forB′

0u ∈ R0.

Proof: i) Let us first show that functiona0 is identifiable on domainD0. By using the one-to-one property

of functiona0 and the convexity of functionϕ0
f , in Appendix 2.3 we show that functionτ0(·, ·; 1) is such

that:

τ0(u1, v; 1) = τ0(u2, v; 1), ∀v ⇒ u1 = u2. (5.25)

Then, for any givenu ∈ D0, the valuea0(u) is identifiable from (5.24) because functionτ(·, ·; 2) is

identifiable.

ii) Let us now prove that functionϕ0
f is identifiable onR0. Since functionτ0(·, ·; 1) is identifiable, the

function:
∂ log τ0
∂v

(u, 0; 1) =
∂ϕ0

f

∂u
[a0(u)]−

∂ϕ0
f

∂u
(0),
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is identifiable as well. Since the unconditional expectation of the latent factor is normalized to zero, we

have∂ϕ0
f (0)/∂u = E0(ft) = 0. It follows that:

∂ log τ0
∂v

(u, 0; 1) =
∂ϕ0

f

∂u
[a0(u)].

Since functiona0 is one-to-one and identifiable by part i), the above equationimplies that∂ϕ0
f/∂u(u) =

∂ log τ0/∂v[a
−1
0 (u), 0; 1] is identifiable foru ∈ R0. Then:

ϕ0
f (u) = ϕ0

f (u)− ϕ0
f (0) =

∫ 1

0

∂ϕ0
f

∂u
(tu)′udt =

∫ 1

0

∂ log τ0
∂v

[a−1
0 (tu), 0; 1]′udt,

is identifiable.

iii) Finally, let us show the identification of functionψ0
ε . This follows from:

E0[exp(u
′(yt − C0yt−1))] = exp(ϕ0

f (B
′

0u) + ψ0
ε(u)),

where the l.h.s. is identifiable, andϕ0
f (B

′

0u) is identifiable ifB′

0u ∈ R0 from part ii). Q.E.D.

6 Nonlinear cross-differencing in panel data

In this section we study semi-parametric identification in (nonlinear) panel data models with stochastic

time effects. In this framework, moment restrictions basedon cross-differencing can be used to achieve

parameter identification. Identification is studied for a number of time periodsT tending to infinity, and a

finite cross-sectional dimensionn.

6.1 Linear and nonlinear panel data models with unobservable effects

We introduce the modeling framework by means of some examples.

Example 6: The Gaussian Panel Model with Stochastic Time Effect.

The one-dimensional observed endogenous variable is defined by the regression model:

yi,t = ft + x′i,tα + εi,t, i = 1, . . . , n, t = 1, . . . , T,

wherexi,t denotes the observed explanatory variables and the error termsεi,t areIIN(0, σ2) conditional

on thex variables. The time effectft is assumed stochastic, independent of the error terms, and is unob-

servable for the econometrician.
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Example 7: Count Panel Data with Stochastic Time Effect.

This model is similar to the model in Example 6, except that the conditional distribution is Poisson to

account for the interpretation of the endogenous variable as a count variable [see e.g. Blundell, Griffith,

Windmeijer (2002)]. We have:

yi,t ∼ P(ft + x′i,tα + yi,t−1c), i = 1, . . . , n, t = 1, . . . , T,

with possibly effects of the lagged count corresponding to the same individual. This model is used for

the dynamic analysis of corporate defaults by segmenti of corporates [see e.g. Agosto et al. (2016)].

In this applicationft represents the systematic (systemic) factor, and the modelis the basis for the stress

test exercises conducted for financial stability. The modelis appropriate to disentangle the direct effect of

an exogenous systematic shock(ft) from the indirect contagion effect passing through the lagged counts.

Such models are also used for a joint analysis of trading activity and the measure of systematic illiquidity

risk, whenyi,t is the number of trades on stocki on dayt [see e.g. Quoreshi (2008), Fokianos (2012),

Bourguignon, Vasconcellos (2016)].

The general panel data specification, that we consider in this section, is defined in the next assumptions.

Assumption B.1. (Affine Panel Data Regression)

i) Variablesyi,t andft are one-dimensional.

ii) The individual histories(yi,t, xi,t, t varying), for i = 1, . . . , n, are independent conditional on(ft).

iii) The individual conditional Laplace transform is givenby:

E[exp(uyi,t)|yt−1, ft, xt] = exp{a(u, xi,t, θ)[ft + cyi,t−1 + d(xi,t, θ)] + b(u, xi,t, θ)},

where argumentu ∈ U is scalar.

Assumption B.2. Process(ft) is strongly exogenous, strictly stationary and Markov of order1.

Assumption B.1 is a stronger version of Assumption A.1, whichis suitable for the panel data set-

ting. Examples 6 and 7 are compatible with Assumption B.1. Thedynamics of the unobservable effects

(ft) is let unspecified except for the nonparametric restrictions in Assumption B.2, which yields a semi-

parametric framework.

By Assumption B.1 iii), the panel model has a particular structure defined in terms of Laplace trans-

form. This structure is appropriate for models encounteredin Finance and Insurance, when measuring sys-

tematic and idiosyncratic risks. It is not appropriate for dynamic discrete choice panel models or dynamic
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censored panel models used for instance for the analysis of labor force participation. First, qualitative or

censoring features are not easily written in terms of Laplace transform. Second, these latter models focus

more on individual unobserved heterogeneity than on stochastic time dependent factors [see e.g. Hu, Shiu

(2013) for a study of nonparametric identification in these other models].

6.2 First-order nonlinear moment restrictions by cross-differencing

In the framework of panel data with stochastic time effect defined by Assumptions B.1 and B.2, the

analogue of the first-order moment restrictions (3.1) can bewritten for the different individuals as:

E
[
exp{uyi,t − a(u, xi,t, θ)[cyi,t−1 + d(xi,t, θ)]− b(u, xi,t, θ)}|yt−1, ft, xt

]

= exp[a(u, xi,t, θ)ft], ∀u ∈ U , ∀i = 1, . . . , n. (6.1)

Conditions (6.1) can be combined across individuals to eliminate the common effectft in the r.h.s. Then,

by applying the conditional expectation givenxt, yt−1, we get moment restrictions which involve param-

etersB, C, θ only. This provides an extension of the quasi-differencingmethod to a nonlinear cross-

sectional framework. Specifically, let us assume:7

Assumption B.3. The functionu→ a(u, xi,t, θ) is continuous and strictly monotonous w.r.t. the argument

u, for any givenxi,t andθ.

Under Assumption B.3 we can defineu(v, xi,t, θ) as the solution of the equationa(u, xi,t, θ) = v, and

replace argumentu by u(v, xi,t, θ) in equation (6.1). We get:

E
[
exp{u(v, xi,t, θ)yi,t − v[cyi,t−1 + d(xi,t, θ)]− b[u(v, xi,t, θ), xi,t, θ]}|yt−1, ft, xt

]
= exp(vft),

∀v ∈ V , ∀i = 1, . . . , n. (6.2)

Then, let us consider a pair of individualsi andj, with i 6= j. We deduce:

E
[
exp{u(v, xi,t, θ)yi,t − v[cyi,t−1 + d(xi,t, θ)]− b[u(v, xi,t, θ), xi,t, θ]}|yt−1, ft, xt

]

= E
[
exp {u(v, xj,t, θ)yj,t − v[cyj,t−1 + d(xj,t, θ)]− b[u(v, xj,t, θ), xj,t, θ]} |yt−1, ft, xt

]
,

∀v ∈ V , ∀i, j, i 6= j. These restrictions still depend on the unobservable component through the condi-

tioning sets. But, by taking the conditional expectations ofboth sides with respect toyt−1, xt, we get the

following set of moment restrictions:

7For panel data, Assumption B.3 implies Assumption A.4, since the argumentsu andv are both scalar.
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First-order nonlinear moment restrictions with cross-differencing:

E
[
exp{u(v, xi,t, θ)yi,t − v[cyi,t−1 + d(xi,t, θ)]− b[u(v, xi,t, θ), xi,t, θ]}|yt−1, xt

]

= E
[
exp{u(v, xj,t, θ)yj,t − v[cyj,t−1 + d(xj,t, θ)]− b[u(v, xj,t, θ), xj,t, θ]}|yt−1, xt

]
,

∀v ∈ V , ∀i, j, i 6= j. (6.3)

We get a continuum of moment restrictions that is indexed by the pairs of individuals and scalar argument

v. The restrictions involve parametersc andθ of the affine regression model, but no parameters of the

distribution of the stochastic time effect. This leads to the following definition.

Definition 4. The regression parametersc andθ are first-order nonlinearly identifiable by cross-differencing

if the true valuesc = c0, θ = θ0 yield the unique solution to system (6.3).

We have the following proposition:

Proposition 8. If parametersc and θ are first-order nonlinearly identifiable by cross-differencing, then

the conditional distribution offt givenxt is nonparametrically identifiable by equation (6.2).

Thus, in panel models defined by Assumptions B.1-B.3, we obtainsemi-parametric identification of the

nonlinear regression parameters and stationary distribution of the unobservable effects (given the co-

variates) without using higher-order moment restrictions, but cross-differencing instead. Higher-order

nonlinear moment restrictions can be used to identify the transition distribution of the unobservable ef-

fects as in Section 5. The cross-differencing approach is easily extended to multidimensional panel data

yi,t = (y1,it, . . . , yK,it)
′ with stochastic time effectsft = (f1,t, . . . , fK,t)

′ specific to each type of variable.

The approach above is a nonlinear cross-sectional extension of the standard quasi-differencing ap-

proach usually proposed for panel data with fixed individualeffect and based on the first-order moments

only [see Mullahy (1997), Wooldridge (1997), (1999)]. Indeed, the derivative of a Laplace transform

E[exp(uyi,t)] w.r.t. argumentu atu = 0 is equal to the expectationE(yi,t), if this expectation exists. By

construction, we havea(0, xi,t, θ) = 0, ∀xi,t, ∀θ. Thus, an analysis of the restrictions in a neighbourhood

of u = 0 is equivalent to an analysis in a neighbourhood ofv = 0. The analogue restrictions based on the

first-order moments are simply deduced from (6.3) by equating the derivatives of both sides of equation

(6.3) with respect tov atv = 0. Our nonlinear cross-differencing approach takes into account not only the

first-order moment of appropriate transformations of the observations, but also higher-order moments by
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means of the exponential transform with varying argumentv. Thus, the set of moment restrictions (6.3)

is more informative than the ones usually considered in the panel literature and based on the first-order

moment only. In the Supplementary Materials we derive the GMM asymptotic efficiency bound for esti-

mating parametersc, θ from (6.3), and investigate the efficiency gain resulting from the nonlinear moment

restrictions in Example 7.8

Example 7: Count Panel Data with Stochastic Time Effect (continues)

Let us illustrate the nonlinear cross-differencing approach above with the model for count panel data.

We haveyi,t|yt−1, ft, xt ∼ P(ft + x′i,tα + yi,t−1c). The conditional Laplace transform is:

E[exp(uyi,t)|yt−1, ft, xt] = exp{−(ft + x′i,tα + yi,t−1c)(1− exp u)}, (6.4)

with functiona in Assumption B.1 given bya(u) = 1−exp(u), independent of parameters and regressors.

The moment restrictions (6.3) become:

E
[
exp{uyit + (1− exp u)(x′i,tα + yi,t−1c)}|yt−1, xt

]

= E
[
exp{uyj,t + (1− exp u)(x′j,tα + yj,t−1c)}|yt−1, xt

]
, ∀i 6= j, ∀u ∈ U . (6.5)

Since functiona is independent of the regressors, we have not applied the change of argument, which is

simply 1 − exp u = v, or equivalentlyu = log(1 − v). By considering the first-order expansion of the

moment restrictions for arguments close tou = 0, the equality of the first-order derivatives of the l.h.s.

and r.h.s. of (6.5) w.r.t.u in u = 0 yields:

E[yi,t − x′i,tα− yi,t−1c|yt−1, xt] = E[yj,t − x′j,tα− yj,t−1c|yt−1, xt], ∀i 6= j, (6.6)

which are the moment restrictions considered in Windmeijer(2000), Blundell et al. (2002).

The conditional moment restrictions (6.6) identify the true parameter valuesα0, c0, because these

restrictions are equivalent tox′i,t(α − α0) + yi,t−1(c− c0) = x′j,t(α − α0) + yj,t−1(c− c0), ∀i 6= j, which

impliesα = α0 andc = c0. A fortiori, the true parameter values are first-order nonlinearly identifiable

from the more informative set of conditional moment restrictions (6.5). In particular, this holds true even

if the arguments’ setU is restricted to be a subset of the real line.

8The GMM efficiency bound derived in the Supplementary Materials is for largeT and finiten. The semi-parametric effi-

ciency bound in the asymptotics withT andn tending jointly to infinity at an appropriate relative rate is derived in Gagliardini,

Gourieroux (2014a).
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7 Concluding remarks

The aim of this paper is to highlight how continuum sets of conditional moment restrictions based on

appropriate Laplace transforms can be used to identify nonlinear time series or panel data models with un-

observable dynamic effects. The identification approach requires regression models which are exponential

affine in lagged endogenous variables and unobservable dynamic effects. It can be applied both with a

parametric specification for the dynamics of the unobservedcomponent as well as when the distribution of

the unobservable process is let unspecified. We provide several examples inspired by macroeconomic and

financial time series models, as well as microeconomic panelmodels, to show the variety of specifications

for which this identification approach can be used.

Our identification strategy is constructive and leads to moment-based estimation methods which can

be computationally less demanding compared to standard parametric approaches such as the Maximum

Likelihood (ML) approach9, or other recently proposed semi/non-parametric estimation methods10. In-

deed, the continuum of nonlinear conditional moment restrictions can be the basis to define convenient

moment-based estimation methods avoiding the numerical computation of multidimensional integrals [see

e.g. Carrasco, Florens (2000), Singleton (2001), Jiang, Knight (2002), Chacko, Viceira (2003), Carrasco

et al. (2007), Carrasco, Florens (2014); see also Darolles, Gagliardini, Gourieroux (2014) for an applica-

tion to the estimation of the default risk model with frailtyand contagion in Example 3]. When the model

involves observable explanatory variables, the conditional moment restrictions have to be transformed into

unconditional moment restrictions via the choice of instruments. Moreover, when a continuum of moment

restrictions are used, the implementation of GMM estimators with optimal weighting involves the adop-

tion of a regularization approach to deal with the non-invertibility of the variance-covariance operator.

9The likelihood function involves multidimensional integrals, whose dimension increases with the numberT of observa-

tions, since the unobserved factor path has to be integratedout. ML estimation can be implemented by simulation-based

methods [see e.g. Cappé, Moulines, Ryd́en (2005) and Doucet, Johansen (2010) for methods relying onparticle filtering and

similar ideas, and Gourieroux and Monfort (1997) for indirect inference and similar methods]. In a semi-affine, parametric non-

linear state space framework, Bates (2006) develops a nonlinear filtering and estimation method that requires the computation

of numerical integrals with dimension equal to the number ofendogenous observable variables.
10In specific semiparametric frameworks with unobservable components which differ from our, Bonhomme (2012) and

Schennach (2014) introduce consistent estimation methodsrelying on functional differencing, and entropic latent variable

integration via simulation, respectively. The spectral operator decomposition deployed by Hu, Shum (2012) for nonparametric

identification could be the basis for introducing consistent estimation methods, which however seem not easy to implement.
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The detailed discussion of the implementation of such GMM estimators is out of the scope of this paper.

Further, since the(l + 1)-th order nonlinear moment restrictions include thel-th order nonlinear moment

restrictions as a special case, forl = 1, 2, the use of higher-order restrictions - even when not necessary

for parameter identification - leads to GMM estimators with equal or better asymptotic efficiency.

This paper focuses on nonlinear models with unobservable time effects. We stress that semi-parametric

identification strategies developed for panel data with individual unobservable effects generally cannot be

directly applied to our setting by interchanging the role ofindividuals and time dates, because we allow for

dynamics in the unobservable time effects. However, it would be interesting to combine the identification

strategies developed in this paper and in the panel data literature to study models with both individual and

time unobservable effects. Moreover, in a panel data framework with a conditional moment function that

is linear in the unobservable effects, Chamberlain (1992) shows that the estimator of the regression param-

eter obtained by quasi-differencing reaches the semi-parametric efficiency bound. It would be interesting

to address this question in our exponentially affine framework with a continuum of conditional moment

restrictions and investigate, e.g., if the GMM efficiency bound for cross-differencing derived in the Sup-

plementary Materials corresponds to the semi-parametric efficiency bound for the regression parameter.

We leave these challenging questions for future research.
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Appendix 1: Identification in the Gaussian linear model with com-

mon factor and contagion

In this Appendix we study the identification of the Gaussian linear model (4.1) with common factor and contagion.

A.1.1 Higher-order nonlinear moment restrictions

Sinceyt − Cyt−1 = Bft +Σ1/2εt, the second-order nonlinear moment restrictions are:

E0[exp{u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2)}] = E0[exp(u
′Bft + ũ′B′ft−1 + u′Σ1/2εt + ũ′Σ1/2εt−1)], ∀u, ũ.

Since the variables are Gaussian, the restrictions concernthe expression ofV0(yt−Cyt−1), which corresponds to the first-order

moment restrictions, and the expression ofCov0(yt − Cyt−1, yt−1 − Cyt−2). The first-order nonlinear restrictions are:

Γ0(0) + CΓ0(0)C
′ − Γ0(1)C

′ − CΓ0(1)
′ = BB′ +Σ, (a.1)

corresponding toV0(yt − Cyt−1) = V0(Bft +Σ1/2εt), and the additional second-order nonlinear restrictions are:

Γ0(1) + CΓ0(1)C
′ − Γ0(2)C

′ − CΓ0(0) = BΦB′, (a.2)

corresponding toCov0(yt−Cyt−1, yt−1−Cyt−2) = Cov0(Bft+Σ1/2εt, Bft−1+Σ1/2εt−1), whereΓ0(h) = Cov0(yt, yt−h).

Finally, the additional constraints from the third-order nonlinear moment restrictions correspond to the equalityCov0(yt −
Cyt−1, yt−2 − Cyt−3) = Cov0(Bft +Σ1/2εt, Bft−2 +Σ1/2εt−2). They are:

Γ0(2) + CΓ0(2)C
′ − Γ0(3)C

′ − CΓ0(1) = BΦ2B′. (a.3)

A.1.2 Lack of identification from the second-order nonlinear moment restrictions

(proof of Proposition 2)

In this section we show that the true parameter valuesB0, C0, Σ0 andΦ0 are not identifiable from the second-order nonlinear

moment restrictions. For this purpose, we prove that the setof solutions(B,C,Σ,Φ) of the nonlinear matrix equations system in

(a.1)-(a.2) is not a singleton. In order to show that the lackof identification holds even when the restriction of a diagonal matrix

Σ is imposed, we establish the existence of solutions(B,C,Σ0,Φ) different from the true parameter value(B0, C0,Σ0,Φ0).

Let us first write the autocovariance matricesΓ0(1) andΓ0(2) in terms of the true model parameters. By replacing the

second equation of system (4.1) into the first equation, we have:




yt = BΦft−1 + Cyt−1 +Σ1/2εt +B(Id− ΦΦ′)1/2ηt,

ft = Φft−1 + (Id− ΦΦ′)1/2ηt.

Thus, the joint process(y′t, f
′
t)

′ follows the restricted VAR(1) model:

 yt

ft


 =


 C BΦ

0 Φ




 yt−1

ft−1


+ ut,
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whereut is a Gaussian white noise process with variance-covariancematrix:

Ω = V (ut) =


 Σ+B(Id− ΦΦ′)B′ B(Id− ΦΦ′)

(Id− ΦΦ′)B′ Id− ΦΦ′


 .

We have:

Cov




 yt

ft


 ,


 yt−1

ft−1




 =


 C BΦ

0 Φ


V




 yt

ft




 ,

and:

Cov




 yt

ft


 ,


 yt−2

ft−2




 =


 C BΦ

0 Φ




2

V




 yt

ft




 =


 C2 CBΦ+BΦ2

0 Φ2


V




 yt

ft




 .

For the true parameter values, we deduce:

Γ0(1) = C0Γ0(0) +B0Φ0∆0(0), (a.4)

Γ0(2) = C2

0
Γ0(0) + (C0B0Φ0 +B0Φ

2

0
)∆0(0), (a.5)

where∆0(0) = Cov0(ft, yt) is the true contemporaneous cross-covariance betweenft andyt.

Let us now rewrite the second-order nonlinear moment restrictions using the above formulas for the true autocovariances.

Since the true parameter values solve equations (a.1)-(a.2), these equations can be written as:

Σ0 +B0B
′
0
+ (C − C0)Γ0(0)C

′
0
+ C0Γ0(0)(C − C0)

′ + (C − C0)Γ0(0)(C − C0)
′

−Γ0(1)(C − C0)
′ − (C − C0)Γ0(1)

′ = Σ+BB′,

B0Φ0B
′
0
+ (C − C0)Γ0(1)C

′
0
+ C0Γ0(1)(C − C0)

′ + (C − C0)Γ0(1)(C − C0)
′

−Γ0(2)(C − C0)
′ − (C − C0)Γ0(0) = BΦB′.

By using formulas (a.4)-(a.5), we get

Σ0 +B0B
′
0
− (C − C0)∆0(0)

′Φ′
0
B′

0
−B0Φ0∆0(0)(C − C0)

′ + (C − C0)Γ0(0)(C − C0)
′ = Σ+BB′,

B0Φ0B
′
0
− (C − C0)[Γ0(0)− C0Γ0(0)C

′
0
−B0Φ0∆0(0)C

′
0
]−B0Φ

2

0
∆0(0)(C − C0)

′

+(C − C0)Γ0(1)(C − C0)
′ = BΦB′. (a.6)

Let us rewrite the term in the square brackets in (a.6). By computing the variance of both sides of equationyt = B0ft +

C0yt−1 +Σ
1/2
0
εt, we have:

Γ0(0) = B0B
′
0
+ C0Γ0(0)C

′
0
+Σ0 +B0Cov0(ft, yt−1)C

′
0
+ C0Cov0(yt−1, ft)B

′
0
.

By using thatCov0(ft, yt−1) = Φ0Cov0(ft−1, yt−1) = Φ0∆0(0) from (4.1) and stationarity, we get:

Γ0(0)− C0Γ0(0)C
′
0
−B0Φ0∆0(0)C

′
0
= B0B

′
0
+Σ0 + C0∆0(0)

′Φ′
0
B′

0
.
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Thus, the second-order nonlinear moment restrictions become:

Σ0 +B0B
′
0
− (C − C0)∆0(0)

′Φ′
0
B′

0
−B0Φ0∆0(0)(C − C0)

′ + (C − C0)Γ0(0)(C − C0)
′ = Σ+BB′, (a.7)

B0Φ0B
′
0
− (C − C0)[B0B

′
0
+Σ0 + C0∆0(0)

′Φ′
0
B′

0
]−B0Φ

2

0
∆0(0)(C − C0)

′

+(C − C0)Γ0(1)(C − C0)
′ = BΦB′. (a.8)

Let us now consider solutions(B,C,Σ,Φ) of the matrix equations system (a.7)-(a.8) such that:

C = C0 +B0AB
′
0
Σ−1

0
, Σ = Σ0, (a.9)

whereA is a(K,K) matrix. By replacing (a.9) into (a.7), we get:

B0

[
Id−AB′

0
Σ−1

0
∆0(0)

′Φ′
0
− Φ0∆0(0)Σ

−1

0
B0A

′ +AB′
0
Σ−1

0
Γ0(0)Σ

−1

0
B0A

′
]
B0 = BB′. (a.10)

The symmetric matrix:

R0 = Id−AB′
0
Σ−1

0
∆0(0)

′Φ′
0
− Φ0∆0(0)Σ

−1

0
B0A

′ +AB′
0
Σ−1

0
Γ0(0)Σ

−1

0
B0A

′ = Id− Φ0Φ
′
0
+ V0[Φ0ft −AB′

0
Σ−1

0
yt],

is positive definite. Let us define:

B = B0R
1/2
0
Q0, (a.11)

where the orthogonal(K,K) matrixQ0 is such thatQ′
0
R

1/2
0
B′

0
B0R

1/2
0
Q0 is diagonal. Then, matrixB defined in (a.11) solves

equation (a.10) and satisfies the restriction thatB′B is diagonal.

Finally, let us replace (a.9), (a.11) into equation (a.8). We get:

B0

[
Φ0 −AB′

0
Σ−1

0
B0 −A−AB′

0
Σ−1

0
C0∆0(0)

′Φ′
0
− Φ2

0
∆0(0)Σ

−1

0
B0A

′

+AB′
0
Σ−1

0
Γ0(1)Σ

−1

0
B0A

′
]
B′

0
= B0R

1/2
0
Q0ΦQ

′
0
R

1/2
0
B′

0
,

which is satisfied if:

Φ = Q′
0
R

−1/2
0

[
Φ0 −AB′

0
Σ−1

0
B0 −A−AB′

0
Σ−1

0
C0∆0(0)

′Φ′
0
− Φ2

0
∆0(0)Σ

−1

0
B0A

′

+AB′
0
Σ−1

0
Γ0(1)Σ

−1

0
B0A

′
]
R

−1/2
0

Q0. (a.12)

Thus,(B,C,Σ,Φ) defined in (a.9), (a.11), (a.12) is a solution of the second-order nonlinear moment restrictions.

The above set of solutions of the second-order nonlinear moment restrictions is indexed by matrixA. When the elements

of this matrix are selected sufficiently close to zero, the solution (B,C,Σ,Φ) gets arbitrarily close to the true parameter value

(B0, C0,Σ0,Φ0). This shows that unidentifiability applies both locally andglobally.

Appendix 2: Semi-parametric identification in the non-Gaussian lin-

ear model with common factor and contagion

In this Appendix we first show equation (5.17), which is used to prove Proposition 6 on the identification in the semi-parametric

linear model with contagion and CaR common factor considered in Section 5.3. Then, we show equation (5.23) and property

(5.25), which are used to prove Proposition 7.
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A.2.1 Proof of equation (5.17)

Let us defineh(u, ũ, C) = logE[exp (u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]. We have:

∂h(u, ũ, C)

∂u
=
E[(yt − Cyt−1) exp (u

′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]

E[exp (u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]
,

and:

H(u, ũ, C) =
∂2h(u, ũ′, C)

∂u∂ũ′
=

E[(yt − Cyt−1)(yt−1 − Cyt−2)
′ exp (u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]

E[exp (u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]

−E[(yt − Cyt−1) exp (u
′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]

E[exp (u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]

×E[(yt−1 − Cyt−2)
′ exp (u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]

E[exp (u′(yt − Cyt−1) + ũ′(yt−1 − Cyt−2))]

= C̃ov(yt − Cyt−1, yt−1 − Cyt−2),

whereC̃ov denotes the covariance w.r.t. the modified probability measure P̃ defined by (5.18). By usingyt − Cyt−1 =

B0ft + εt −∆yt−1, where∆ = C − C0, we get:

H(u, ũ, C) = C̃ov(B0ft + εt −∆yt−1, B0ft−1 + εt−1 −∆yt−2). (a.13)

Let us now compute the covariance in the r.h.s. Using the model yt = C0yt−1 + B0ft + εt, we can writeyt as a linear

filter of εt andft. Thus, the change of measure fromP to P̃ is such that:

dP̃

dP
=

exp(

∞∑

j=0

a′jεt−j +

∞∑

j=0

b′jft−j)

E[exp(
∞∑

j=0

a′jεt−j +
∞∑

j=0

b′jft−j)]

, (a.14)

for some coefficientsaj andbj that depend onu, ũ andC. This change of measure is multiplicative w.r.t. variablesεt−j and

ft−j , for j varying. We use the next Lemma, which is proved at the end of this subsection.

Lemma A.1: LetX andY be independent random variables under the probability measureP . Define the modified probability

measureP̃ , absolutely continuous w.r.t.P with derivativedP̃ /dP = a(X)b(Y ), for some functionsa andb withE[a(X)] =

E[b(Y )] = 1. Then, variablesX andY are independent also under the modified probability measureP̃ .

From Lemma A.1, under̃P variablesεt, for t varying, are independent, and independent of the factor process(ft). Then,

from (a.13) we get:

H(u, ũ, C) = B0C̃ov(ft, ft−1)B
′
0
−B0C̃ov(ft, yt−2)∆

′

−∆C̃ov(yt−1, ft−1)B
′
0
−∆C̃ov(yt−1, εt−1) + ∆C̃ov(yt−1, yt−2)∆

′.

By usingC̃ov(yt−1, εt−1) = Ṽ (εt), and rearranging terms, equation (5.17) follows.
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Proof of Lemma A.1: Let g andh be functions, that are integrable w.r.t. the distributionsof random variablesX andY ,

respectively. We have:

C̃ov[g(X), h(Y )] = Ẽ[g(X)h(Y )]− Ẽ[g(X)]Ẽ[h(Y )] = E[a(X)b(Y )g(X)h(Y )]− E[a(X)b(Y )g(X)]E[a(X)b(Y )h(Y )]

= E[a(X)g(X)]E[b(Y )h(Y )]− E[a(X)g(X)]E[b(Y )]E[a(X)]E[b(Y )h(Y )] = 0,

sinceX andY are independent underP , andE[a(X)] = E[b(Y )] = 1. Since the covariancẽCov[g(X), h(Y )] vanishes for

any integrable functionsg andh, variablesX andY are independent under̃P . Q.E.D.

A.2.2 Proof of equation (5.23)

By equation (5.22), the serial independence of process(ε̃t), and the independence between processes(ft) and(ε̃t), for any

h ≥ 1 we haveE0[exp(u
′ỹt+v

′ỹt−h)] = exp (ψε̃(u) + ψε̃(v))E0[exp(u
′ft+v

′ft−h)], whereψε̃ is the log-Laplace transform

of ε̃t. It follows:

τ0(u, v, h) =
E0[exp(u

′ỹt + v′ỹt−h)]

E0[exp(u
′ỹt)]E0[exp(v

′ỹt−h)]
=

E0[exp(u
′ft + v′ft−h)]

E0[exp(u
′ft)]E0[exp(v

′ft−h)]
. (a.15)

Let us now compute the ratio in the r.h.s. By usingb0(u) = ϕ0

f (u)− ϕ0

f [a0(u)], the transition of the factor is such that:

E0[exp(u
′ft)|ft−1] = exp(a0(u)

′ft−1 + b0(u)) = exp
(
ϕ0

f (u) + a0(u)
′ft−1 − ϕ0

f [a0(u)]
)
.

By using the Law of Iterated Expectation, we can showE0[exp(u
′ft)|ft−h] = exp

(
ϕ0

f (u) + a◦h
0
(u)′ft−h − ϕ0

f [a
◦h
0
(u)]

)
, for

anyh ≥ 1. Then, we have:

E0[exp(u
′ft + v′ft−h)] = exp

(
ϕ0

f (u)− ϕ0

f [a
◦h
0
(u)]

)
E0

[
exp

(
[a◦h

0
(u) + v]′ft−h

)]

= exp
(
ϕ0

f [a
◦h
0
(u) + v] + ϕ0

f (u)− ϕ0

f [a
◦h
0
(u)]

)
. (a.16)

By usingE0[exp(u
′ft)] = exp[ϕ0

f (u)] andE0[exp(v
′ft−h)] = exp[ϕ0

f (v)], from equations (a.15) and (a.16) we get (5.23).

A.2.3 Proof of property (5.25)

From (5.23) we haveτ0(u, v; 1) = exp
(
ϕ0

f [a0(u) + v]− ϕ0

f [a0(u)]− ϕ0

f (v)
)

. Thus, (5.25) is equivalent to:

ϕ0

f [a0(u1) + v]− ϕ0

f [a0(u1)] = ϕ0

f [a0(u2) + v]− ϕ0

f [a0(u2)], ∀v ⇒ u1 = u2. (a.17)

To prove property (a.17), let us assume thatu1, u2 ∈ D0 are such thatϕ0

f [a0(u1) + v] − ϕ0

f [a0(u1)] = ϕ0

f [a0(u2) + v] −
ϕ0

f [a0(u2)], ∀v. By considering infinitesimal vectorsv, it follows ∂ϕ0

f/∂u[a0(u1)] = ∂ϕ0

f/∂u[a0(u2)]. Then, we get:

0 =
∂ϕ0

f

∂u
[a0(u2)]−

∂ϕ0

f

∂u
[a0(u1)] =

∫
1

0

∂2ϕ0

f [a0(u1) + t(a0(u2)− a0(u1))]

∂u∂u′
dt(a0(u2)− a0(u1)). (a.18)

Now, functionϕ0

f is strictly convex. Indeed, we have∂2ϕ0

f (u)/∂u∂u
′ = V u

0
(ft), whereV u

0
(·) denotes the variance-covariance

operator w.r.t. the probability measurePu
0

defined by the change of measuredPu
0
/dP0 = exp(u′ft)/E0[exp(u

′ft)]. Thus,

matrix
∫

1

0

∂2ϕ0

f [a0(u1) + t(a0(u2)− a0(u1))]

∂u∂u′
dt is positive definite, and in particular non-singular. Then,from (a.18) it

follows a0(u2)− a0(u1) = 0, i.e. a0(u1) = a0(u2). By the one-to-one property of functiona0, we concludeu1 = u2.

49




