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Semi-Parametric Estimation of American Option Prices

Abstract

We introduce a novel semi-parametric estimator of the price of American options in a discrete
time, Markovian framework. The estimator is based on a parametric specification of the stochas-
tic discount factor and is nonparametric w.r.t. the historical dynamics of the state variables. The
estimation method exploits the no-arbitrage conditions for a non-defaultable short term bond, the
underlying asset and a cross-section of observed prices of American options written on it. We use
the dynamic programming representation of American option prices to make explicit the nonlinear
restrictions on the Euclidean and functional parameters coming from option data. We obtain an
estimator of the transition density of the state variables process by minimizing a statistical mea-
sure based on the Kullback-Leibler divergence from a kernel-based transition density, subject to
the no-arbitrage restrictions. We use the estimator to compute the price of American options not
traded in the market by recursive valuation. Other functionals of the transition density interesting

for financial applications can be estimated in a similar way.

Keywords: American option, kernel estimator, semi-parametric estimation, dynamic program-
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1 Introduction

This paper deals with the estimation of American option prices in a discrete time, incomplete market,
Markovian framework. The state variables vector includes the return on the fundamental asset and
other relevant pricing factors, such as the asset stochastic volatility and the discount rate. An Ameri-
can option differs from the corresponding European security since the holder has the right to exercise
the option on or before the maturity date (see Broadie and Detemple [2004] and Detemple [2005] for
reviews on valuation of American-style derivatives). Thus, the American option valuation problem can
be faced as an optimal stopping time problem (see Bensoussan [1984], Karatzas [1988] and Karatzas
[1989]).! Equivalently, at each date the option value is the maximum between the exercise payoff
and the continuation value, that is, the risk adjusted and time discounted conditional expectation of
the one-period-ahead option value. This dynamic programming argument suggests that, in a discrete
time framework, the pricing of an American option can be represented by a backward recursive ap-
plication of a valuation operator that embodies both the exercise decision and the computation of the
continuation value.

The literature on dynamic programming approaches to American option pricing has mostly focused
on parametric models for the risk-neutral dynamics of the state variables vector, such as the Black-
Scholes, stochastic volatility and jump-diffusion models. The time is discretized and, for given values
of the model parameters, the backward recursive option valuation is performed assuming a finite set
of possible values for the state variables at each date. In lattice methods the state variables domain
is discretized in a deterministic way depending on the model (see, e.g., the binomial tree of Cox,
Ross and Rubinstein [1979], the trinomial tree of Boyle [1988], the multinomial tree of Kamrad and
Ritchken [1991] and the efficient lattice algorithm in Ritchken and Trevor [1999]). In Monte Carlo
methods the state variables domain is discretized in a stochastic way based on a special choice of the
space sampling (see, e.g., the random tree of Broadie and Glasserman [1997], the regression-based
Monte Carlo methods of Carriere [1996], Longstaff and Schwartz [2001] and Tsitsiklis and Van Roy
[2001] and the stochastic mesh of Broadie and Glasserman [2004]). For instance, in regression-based
Monte Carlo methods a sample of state variables paths is artificially generated from the model. The
conditional expectation that gives the continuation value at a given date and state is approximated
by using nonparametric regression methods applied to the simulated cash-flows or option values at
the future dates. Glasserman [2004] explains how regression-based Monte Carlo methods can be

interpreted as stochastic mesh approaches.

! Alternative characterizations of the American option pricing problem for special parameterizations of the state vari-
ables process include for instance the free boundary formulation (see, e.g., McKean [1965], Brennan and Schwartz [1977],
Barone-Adesi and Whaley [1987] and Huang, Subrahmanyam and Yu [1996]).



Despite this huge body of literature on valuation, the analysis of statistical estimation methods with
American option price data is very limited, likely because of the complexity induced by the pricing
problem. Nonparametric estimation methods are particularly convenient in this respect, since they
allow to bypass this complexity by postulating a flexible link function relating the American option
price with observable contract characteristics and state variables. For instance, Broadie, Detemple,
Ghysels and Torrés [2000a] and Broadie, Detemple, Ghysels and Torrés [2000b] consider kernel-
based regression methods including the moneyness strike, the time-to-maturity, the asset stochastic
volatility and dividend yield among the regressors. In an empirical study, these authors find that both
dividend yield and stochastic volatility are important determinants of the American option price. Other
nonparametric approaches, such as splines and neural networks, are also possible (see Daglish [2003]
for a comparative study as well as Hutchinson, Lo and Poggio [1994] and Garcia and Gencay [2000]
for the use of neural networks to price European options).

We depart from this literature by combining the dynamic programming formulation with a semi-
parametric specification of the risk-neutral distribution in discrete time. Specifically, the historical
transition density f of the Markov state is left unconstrained and treated as a functional parameter,
while the Stochastic Discount Factor (SDF) is assumed to be in a parametric family indexed by the
finite-dimensional parameter §. The goal is to estimate the true values f, and 6, of the model parame-
ters by the information in a time-series of state variables observations and a cross-section of observed
American option prices. The estimates of §, and f; are used to estimate the prices of American options
that are not actively traded on the market at the current time. We also propose new semi-parametric es-
timators for a class of linear or nonlinear functionals of # and f that include historical and risk-neutral
conditional cross-moments of the state variables, such as leverage effects (see Black [1977]) and term
structures of skewness and kurtosis measures (e.g., Bakshi, Kapadia and Madan [2003]).

The semi-parametric setting introduced in this paper is intermediate between fully parametric and
fully nonparametric approaches. The advantage w.r.t. the former approach is the flexibility in mod-
eling the historical transition density, which allows to get estimators of the option prices and exercise
boundary in a rather general model setting. Moreover, we get a proper distribution theory for the esti-
mators without introducing ad-hoc pricing errors. The advantage w.r.t. the latter approach is that the
estimated pricing model is arbitrage-free. In nonparametric approaches, ensuring the absence of arbi-
trage opportunities by imposing shape restrictions on the pricing function might be difficult, since such
shape restrictions are not completely known for American options in a general framework (see, e.g.,
Ait-Sahalia and Duarte [2003], Yatchev and Hirdle [2006] and Birke and Pilz [2009] for constrained
nonparametric estimation of the state price density from European option data).

The information contained in the historical state variables and cross-sectional option data is ex-



ploited through the associated no-arbitrage restrictions. In our framework these restrictions are multi-
period and involve the recursive valuation operator for American options. The resulting constraints on
6y and f; are nonlinear w.r.t. both parameters and do not correspond to standard moment restrictions.
This feature yields a setting that is different from the ones of the Generalized Method of Moments
(GMM, see Hansen [1982] and Hansen and Singleton [1982]), the Extended Method of Moments
(XMM,, see Gagliardini, Gouriéroux and Renault [2011]) and other semi-parametric settings consid-
ered in the literature (e.g., Ai and Chen [2003]; see also Powell [1994] and Ichimura and Todd [2007]
for reviews). This difference explains the methodological novelty of our paper. To get numerically
tractable estimators, we consider a two-step approach. First, the SDF parameter 6, is estimated by
minimizing a distance criterion that corresponds to a quadratic form of the empirical constraint vec-
tor. Second, the historical transition density fj is estimated by minimizing an information-theoretic
criterion subject to the set of no-arbitrage restrictions with estimated SDF parameter. The information
criterion is based on the Kullback-Leibler distance of f, from a kernel density estimator (see Kitamura
and Stutzer [1997] and Kitamura, Tripathi and Ahn [2004]).

Despite the differences in terms of model specification and data usage, comparing our estimation
methodology with the existing literature on dynamic programming valuation gives interesting insights.
Indeed, for any given value of the SDF parameter vector , we compute the conditional expectation that
gives the continuation value as a weighted average over the sample observations of the state variables.
Thus, our approach is closer in spirit to stochastic mesh than to lattice methods, with the historical
realization of the state variables vector process taken as a mesh. The weights turn out to be kernel
weights adjusted by a tilting factor accounting for the no-arbitrage restrictions, and multiplied by the
SDF to pass from the historical to the risk-neutral distribution.

In Section 2 we describe the discrete time Markovian framework and define the American option
pricing operator for recursive valuation. In Section 3 we introduce the semi-parametric specification
with historical transition density f of the state variables and SDF parameter . We discuss the no-
arbitrage restrictions from the available historical and option data. We investigate the local sensitivity
of the no-arbitrage constraint vector to the model parameters by computing the gradient of the con-
straints w.r.t. 6 and their Fréchet derivative w.r.t. f. In Section 4 we introduce the semi-parametric
estimators of the true SDF parameter 6, the true historical transition density f; and a class of their
functionals, including the American option prices. We study the large sample properties of these es-
timators in Section 5. The asymptotics is for a long time-series of state variables observations and
a fixed number of cross-sectionally observed option prices. We link the asymptotic properties of the
proposed estimators to the ones of information-theoretic GMM estimators, by interpreting the Fréchet

derivative of the constraint vector as a moment function locally around the true transition density fj.



In Section 6 we present the results of a Monte Carlo experiment to study the finite-sample properties
of the estimators. Section 7 concludes. In Appendix A we list the set of regularity assumptions for the
validity of the asymptotic properties. Proofs of the propositions are gathered in Appendices B-F and

proofs of technical lemmas in supplementary materials available on our web-pages.

2 Valuation of American options

In this section we define the dynamics of the state variables and asset prices. We first consider the state
variables and the SDF in Section 2.1. We then state an homogeneity property w.r.t. the underlying
asset price for a class of American options in Section 2.2. Finally in Section 2.3 we introduce an

operator formulation for the American option price useful for the derivation of the theoretical results.

2.1 The framework

We consider an incomplete market framework in discrete time. The time index ¢, with ¢ € N, iden-
tifies a trading day. A fundamental asset (a stock, say) with price S;, a short-term non-defaultable
zero-coupon bond and a set of American options with different contract characteristics written on the
fundamental asset are traded on the market. The state variables are the daily geometric return on the
fundamental asset 7, := log (S;/.S;—1) and a (d — 1)-dimensional stochastic vector o, of relevant pric-
ing factors, with d > 2. The vector o, can include the daily volatility of the stock return, the stock
dividend yield and the discount rate. We refer generically to o, as the volatility factor. We collect the
state variables in the vector X, := [r; 0;]". The filtration generated by the process (X;) represents the
flow of information available to the investor and coincides with the filtration generated by the sequence

of [S; 7], given the initial asset value Sp.

Assumption 1. Under the physical probability measure &2, the process (X;) is stationary, time-

homogeneous and Markov of order 1 in X = R x S C R x R4 with transition density f(zi|z;_1).

When the return volatility is included in vector o;, Assumption 1 is compatible with the usual discrete
time stochastic volatility models and multivariate volatility factor models.?> Assumption 1 allows for
both a contemporaneous leverage effect, through the dependence between r; and the underlying asset

volatility conditional on X;_;, and a lagged leverage effect, through the dependence of the underlying

’In a standard discrete time one-factor stochastic volatility model oy is a scalar (d = 2) and represents the volatility of

the stock return. We have 7, = pu(oy) + ey, op = a(o—1,us), where [e; ug) ~ [IN ({ 8 } , [ [1) /1) }) This model
allows for a leverage effect through the contemporaneous correlation p between the shocks on the geometric return and
volatility of the stock, and is compatible with Assumption 1. Markov processes of order m > 1 for the volatility o, are

compatible with Assumption 1 if we extend the state variables vector as Xy := [r; 04 ... 04_mi1) andd =m + 1.
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asset volatility on r,_;. Since the state variables are assumed observable by the econometrician, the un-
derlying asset volatility has to be replaced by an observable proxy such as a realized volatility measure
(see Broadie, Detemple, Ghysels and Torrés [2000a]). Note that the underlying asset return r;, and
not its price S, is included in the state variables vector X, since we invoke stationarity and ergodicity
conditions for X; to prove consistency and asymptotic normality of the estimators in Sections 4 and 5.

We assume that the prices of all traded assets are compatible with a (not necessarily unique) risk-
neutral probability measure 2 associated with a SDF (Hansen and Richard [1987] and Gouriéroux

and Monfort [2007]) satisfying the next Assumption 2.

Assumption 2. The one-day SDF M, ;. between date t and date t + 1 is a function of the value of the

state variables at date t + 1, i.e. My, 1 = m(Xi4q).

Under Assumptions 1 and 2 the sequence of random vectors X, is a time-homogeneous Markov pro-
cess of order 1 also under the risk-neutral probability measure 2.

For expository purpose, in Sections 2.2-5 we consider null risk-free rate and dividend yield on the
stock.> The results can be extended to stochastic risk-free rate and dividend yield by including them
in vector o; and considering cum-dividend stock returns. We use a constant non-zero risk-free rate in

Section 6 for our Monte Carlo experiment.

2.2 The American put options

Let us consider an American put stock option with strike price K > 0. Its payoff at exercise is
(K — 8)" := max [K — S, 0], if the stock price is S.* By the principle of dynamic programming and
Assumption 1, the price V' (h, K, S, z) of the American put option with time-to-maturity / and strike

price K at a date with underlying asset price S and state vector x is such that

max [(K — S)",E? [V(h — 1, K, S11, Xe41)| S; = S, Xy = 2]|, forh > 0,
V(h,K,S,x) =
(K —8)", forh =0,
(2.1)
where EZ [-| S; = S, X, = z] denotes the conditional expectation operator under the risk-neutral prob-

ability measure 2 given S; and X,. The quantities EZ [V (h — 1, K, Sy11, X441)| S; = S, X; = 2] and

3In such a case, the prices of some American options (like calls) can be equal to the prices of European options written
on the same underlying and with the same contract characteristics. We do not use this equivalence to derive our results.

“The results in the paper extend to options with payoff at exercise (S, K) that is linearly homogeneous w.r.t.
the stock price, i.e., ¢(S,K) = S¢(1,K/S). For instance, an American chooser option has payoff at exercise
©(S, K) = max [(K - (S—-K )ﬂ When the homogeneity property is not satisfied, the approach in the paper
adapts by defining Y; := [S; X/]’ in Equation (2.2). Moreover, when the option is written on a different underlying than
stocks, such as volatility options, this underlying plays the role of the fundamental asset in the paper.
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(K — S)™" are the continuation (or holding) value and the early exercise payoff (or intrinsic value) of
the option when S; = S, X; = =z, respectively. The latter is the value of the option if it is exercised,
the former if it is not. The American option price is the maximum between them. The option price
depends on the available information at date ¢ by means of S; and X, only, since process (S, X;)
is Markov under 2, and it is therefore time-homogeneous. Equation (2.1) corresponds to the value
iteration algorithm (see Carriere [1996] and Tsitsiklis and Van Roy [2001]).

Let us show that the dimensionality of the option valuation problem can be reduced by exploiting
an homogeneity property of the American option price function. For a given strike K > 0 let us
introduce the process of the moneyness strike &k, := K/S; associated with .S;. From Assumptions 1
and 2, the process of the variable

Y= [k X (2.2)

in Y := R, x X is time-homogeneous and Markov of order 1 under both &7 and 2. Its transition law
is independent of the strike K under both & and 2. By the Markovianity of process (Y;) under 2,
we deduce the next Proposition 1, which states an homogeneity property of the American option price

w.r.t. the underlying asset price similar to Merton [1973] and Merton [1990].5

Proposition 1. Under Assumptions 1 and 2, the American put option price V (h, K, S, x) is a linearly

homogeneous function of the underlying asset price:
V(h,K,S,x) = Sv(h,y),
where y = [k 2'|', k = K/S, the American put option-to-stock price ratio function v is such that

max [(k — 1), E? [ o(h — 1,Y,1)| Vs = y]], forh >0,
v(h,y) = (2.3)
(k—1)*, forh=0,

foranyy € Y, and E? [-|Y; = y] denotes the conditional expectation under the risk-neutral proba-
bility measure 2 given ' Y; = y.

Proof. See Appendix B. [

From Proposition 1, the American put option-to-stock price ratio V'(h, K, S,z)/S is a function of

only the time-to-maturity A, the current moneyness strike £ = K/S and the current state variables

>Theorem 9 in Merton [1973] and Theorem 8.6 in Merton [1990] show that the American call price function is ho-
mogeneous of degree 1 in the underlying asset and strike prices, when the underlying asset returns are independent and
identically distributed or follow an autonomous diffusion process, respectively.



vector x. Since the risk-neutral transition law of the Markov process (Y;) is independent of strike
K, the option-to-stock price ratio is independent of K when the moneyness strike £ is given. Thus,
the homogeneity property in Proposition 1 reduces the dimensionality of the valuation problem, since
function v(h, ) gives the option-to-stock price ratio at time-to-maturity h for any strike K, stock
price S and state variables vector x. The daily stock gross return e"**' = S, ,;/S; in the conditional
expectation in Equation (2.3) accounts for the fact that we consider option-to-stock price ratios. Since
E? [e" 1Y, = y} = 1, for almost every (a.e.) y € ), by the martingale property of the stock price
under 2, the conditional expectation EZ [¢"*'v(h — 1, Y;11)| Y; = y] in Equation (2.3) can be written
as the expectation E? [vh—1,Y1)| Y. = y] under an equivalent probability measure 2.5 Hence,
Equation (2.3) admits the standard formulation of a backward dynamic programming iteration.

The function v determines the optimal exercise policy, i.e. the stopping rule. More precisely, the

continuation region at any time-to-maturity A > 1 is defined as
Ch):={y=1[ka) €V:v(hy) > (k-1)"}. (2.4)

The set-theoretical complement of C(h) in ) is the exercise (or stopping) region. The frontier between

the two regions is the exercise boundary, and the values of y on this frontier are called critical.

2.3 The American put pricing operator

Following Proposition 1 we compute the American put option-to-stock price ratio v(h, y) recursively
backward w.r.t. the time-to-maturity h. This recursion can be expressed in terms of a pricing operator
2 [x(x)

acting on L,()), that is the linear space of functions ¢ on ) such that / o(y) Tdy < 00, where
Yy

fx denotes the stationary density of X,.”

Definition 1. The American put pricing operator A : Ly()) — Lo()) maps a payoff-to-stock price
ratio ¢ € Ly()) into the put option-to-stock price ratio Alp| € Ly(Y), that is defined as

Alel(y) :=max [(k — )", E? [e" (Y1) | Vi =y]],  forally=[ka') €.

The linear operator that maps ¢ € Ly(Y) into EZ [e"'(Y;41)|Y: = | € Ly(Y) is the conditional
expectation operator for Markov process (Y;) under the probability measure 2. This operator acts on

a payoff at date ¢ 4+ 1 and returns its price at date ¢ taking the stock price as numéraire. By a change of

®This equivalent (to &2 and 2) probability measure, under which the process (1/5;) is a martingale, is sometimes
called the dual (to 2) martingale measure (see, e.g., Shiryaev, Kabanov, Kramkov and Melnikov [1994]).

"We prove that the American put pricing operator maps Lz()) into itself in Appendix C. See Peskir and Shiryaev
[2006], p.15, for a similar operator representation of the Wald-Bellman equations.
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variable and Assumption 2, we can rewrite this operator through the historical transition density of X;

and the SDF:

E? [ oY)V = y] = / m(xee1)e" (ke o) [T | o) deia, yel. (25)
x

From Proposition 1 the option-to-stock price ratio function satisfies the backward recursion v(h, y)

= Afv(h — 1,)](y), with value at maturity v(0,y) = (k — 1)*. Thus, we get
v(h,y) = A"v(0,)](y),  forallh € Nandy €Y, (2.6)

where A" denotes the h-fold application of operator A.

3 A semi-parametric option pricing model

Building on the framework of Section 2, we now introduce a semi-parametric option pricing model. We
consider the parameterization of the SDF in Section 3.1 and describe the restrictions on the parameters
induced by the no-arbitrage assumption in Section 3.2. Finally in Section 3.3 we derive the sensitivity

of the American option-to-stock price ratios to a change in the model parameters.

3.1 The historical and risk neutral parameters

The SDF is parameterized by a finite-dimensional parameter, while the historical transition density f

of process (X;) in Assumption 1 is left unconstrained.

Assumption 3. The one-day SDF M, between date t and date t + 1 is a function of the unknown
parameter vector 6y € ©, i.e. M, 11 = m(Xy41;600), where m is a known function and © C RP is the

SDF parameter set.

The parameter vector ¢ includes the risk premia associated with the priced risk factors. In an incom-
plete market framework, a multiplicity of admissible SDF’s may exist. Here we implicitly assume that
only one valid SDF admits the parametric specification in Assumption 3. This is made explicit by the
identification conditions for parameter # in Section 5 (see Assumptions 5 and 7).

From Equation (2.5) and Assumption 3 the pricing operator A in Definition 1 involves both the
finite-dimensional parameter 6 and the infinite-dimensional parameter f. We denote by Ay s the pric-
ing operator A defined for generic parameters 6 and f. This operator yields a semi-parametric pricing
model for American put options through Equation (2.6). The goal is to estimate the true SDF param-

eter 6y and the true historical transition density fo. Then, by the plug-in principle, we can estimate
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the American put option-to-stock price ratio Af" . [v(0, -)](k*, z,) at the current date t, for any given
moneyness strike £* and time-to-maturity h*, as well as other functionals of interest that depend on

the true parameters (6, fo)-

3.2 The no-arbitrage restrictions

The true values ¢ and f; of the model parameters are estimated from the information contained in the
no-arbitrage restrictions implied by the market prices. The data consist of two sets of observations.
First, we have a sample of N cross-sectionally observed prices of American put options with times-
to-maturity h; and moneyness strikes k;, where j = 1,..., N, traded at the current date t,. The
corresponding option-to-stock price ratios are denoted by v;, for j = 1,..., N. The N options are
in the continuation region, i.e. v; > (k; — 1)*, for j = 1,..., N. Second, we have a sample of T’
historical observations x;, where t =ty — 1"+ 1, ..., g, for the state variables vector before date ¢.

The observational design for the options reflects the common practice of cross-sectional calibra-
tion. This practice accounts for the fact that the set of actively traded options changes from one trading
day to the next one. The results of the paper can be extended to include a few cross-sections of ob-
served option prices with minor modifications. The extension of the asymptotic analysis to include
a full panel of option prices at every trading day in the sample is more difficult because of the time-
varying random number and characteristics (time-to-maturity and moneyness strike) of the actively
traded options and is beyond the scope of this paper. Furthermore, we do not include in the sample op-
tions which are exercised at date ¢ since the corresponding no-arbitrage restrictions imply inequality
constraints on (6, fo), which make the econometric analysis considerably more complex.

The one-day no-arbitrage restrictions on the underlying stock and on the short-term non-defaultable
bond are

Eo [m(Xyq1;00)e™ | Xy = z] =1,
forae xr € X, (3.1
Eo [m(Xi11;00)| X¢ = 2] =1,

respectively, where E, [-| X; = x| denotes the conditional expectation under the true historical prob-
ability measure given X; = z. The conditional moment restrictions (3.1) are valid uniformly in the
conditioning value of the state variables vector. We refer to them as uniform capital market restrictions.

The no-arbitrage restrictions on the cross-sectionally observed American option prices at date ¢,

that we call derivative market restrictions, are given by

g(eojfo) =0, (3.2)

11



where the vector functional ¢ = [g; ... gn| with argument (6, f) is defined by g¢;(6, f) :=
Afo[v(O, Ny;) — vy, with y; = [k; x(]” and g = x4, for j = 1,--- | N. The derivative market
restrictions (3.2) are not parametric moment restrictions, since we cannot write them as an expectation
under f; of a known function of the unknown parameter ¢, and the data. Indeed, the restriction vector
g depends nonlinearly on f because of the multi-day nature of the constraints and the exercise decision
embodied in the pricing operator. Moreover the derivative market restrictions (3.2) are local in nature,
holding for the value x( of the state variables vector at date ¢, only. These features explain why our
framework differs from the standard GMM setting (Hansen [1982] and Hansen and Singleton [1982])
as well as from the XMM setting (Gagliardini, Gouriéroux and Renault [2011]).

The set of no-arbitrage restrictions is given by System (3.1) and Equation (3.2). For the definition
and interpretation of the estimators in Section 4, we rewrite these restrictions in an equivalent form.

The restrictions (3.1) can be written as Eq [['y(X;11;600)|X; = ] = 0, for a.e. © € X, where
Ly(z;0) :=m(x;0)[e" 1] = [1 1) (3.3)

is the moment function for the capital market restrictions. Moreover, since the N traded options at
date ¢, are in the continuation region, their prices equal the holding values. Thus, by using Definition
1 and Equation (2.5), the restriction (3.2) can be rewritten as Eq [ys(X;11; 6o, f0)| X: = xo] = 0, where

the vector function ys = [ys1 ... Ysn| is defined as

’.)/S,j((lj; 9) f) = m([L’, 9)"}/17](1’; 97 f) — Uy, "Yl,j<x; 97 f) = erAg,jf_l[U<Oa ')](kje_ra .Z‘), (34)
forj=1,---, N and any z € X. We gather the restrictions (3.1) and (3.2) into system

Eo [[u(Xi41;600)| Xy = 2] =0, forae. z € X,
(3.5)

Eo [vs(Xt41; 00, fo)| X = 2] = 0.

Vector g defines a short-term quasi moment function for the derivative market restrictions. Vector g
is not a feasible parametric moment function since, when h; > 1 for some option j, it involves the
unknown transition density f, through ~; ;, that is, the one-day-ahead price of option j in units of the

current underlying asset price.®

8We could consider vs as a moment function involving both a finite-dimensional parameter # and an infinite-
dimensional parameter f as in Ai and Chen [2003]. However, their estimation approach cannot be applied here since
the restriction is local and not uniform w.r.t. the conditioning value of the state variables vector. Moreover, the estimation
approach has to account for parameter f being the transition density of the observed state variables.
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3.3 Sensitivity of the derivative market constraints to the model parameters

The informational content of the derivative market restrictions (3.2) depends on the sensitivity of vector
functional ¢ to an infinitesimal change in parameters # and f. In Proposition 2 below we compute the
gradient Vy ¢; of function g, (-, f) w.r.t. the finite-dimensional parameter ¢, and the Fréchet derivative
of functional g;(¢,-) w.r.t. the infinite-dimensional parameter f, for j = 1,..., N. The Fréchet
derivative at f in the direction A f, denoted by (Dy, (¢, f), Af), measures the first-order variation of
g;(0,-) when we perturb the transition density from f to f + Af, holding parameter 6 fixed. Hence

9;(0, f + Af) = g;(0, f) + (Dg; (0, £), Af) + O (|Af]%) (3.6)

where ||Af|| . denotes the supremum norm of Af (see, e.g., Ichimura and Todd [2007] for the use of

the Fréchet derivative in nonparametric and semi-parametric methods).

Proposition 2. Let parameters (0, f) satisfy the no-arbitrage restrictions g(0,f) = 0 and
EfCy(Xig1;0)| Xy = 2] = 0, for ae. v € X, where E¢[-| Xy = x| denotes the expectation w.r..
the pdf f(-|z). Moreover, assume that y; is in the interior of the continuation region Cy ¢(h;) for time-
to-maturity h; and parameters (0, f), forall j = 1, ..., N. Then, under Assumptions 1-3, and A 2 and
A 8 in Appendix A, the Fréchet derivative of g;(0,-) at f in the direction Af is

(D, (6. 1), AF) = /X m(z; 0y, (: 60, ) A f (xlo)da

[ o 00es(o. 50, )8 (ol dads, (3.7)

and the gradient of g; w.r.t. 0 is

Vogi(0,f) = Ef[(Vom(Xi;0)) y,(Xep; 0, )X = 0]

+/ Ef [(Vom(Xiy1;0)) 72,(Xey1, T30, )| Xy = 7] d2, (3.8)
x

forj=1,..., N, where functions v, ;(x;0, f) are given in Equations (3.4) and

h .

72,j<x7£.;97f) = Zfé.,@lfl(inO)E;?f

=2

Loy s(ny—1)(Yes) - Loy y(ny—141) (Yerio1)

efu A7 [0(0, )] (Vi) | Xt = @, Xeyior = 3, Y, = y5 |, (3.9)
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!
and where R, = Z 41, 1S the cumulated geometric stock return between day t and day t + 1, lc, ;(n)

i=1
is the indicator of the continuation region for time-to-maturity h and parameters (0, ), the conditional

expectation Ef || is taken under the risk-neutral probability measure of (Y;) for parameters (0, f),

and f@%q is the (I — 1)-day risk-neutral transition density of (X;) for parameters (0, f).
Proof. See Appendix D. [

The Fréchet derivative in Equation (3.7) involves two components. The first one yields the sensitivity to
infinitesimal perturbations A f(-|x() of the transition density for the conditioning value x, of the state
variables vector at ty. The second one yields the integrated sensitivity to infinitesimal perturbations
Af(-|Z) of the transition densities for the conditioning values & € X. This decomposition of the
Fréchet derivative results from the multi-day nature of the constraint vector g and an application of a
functional version of the product rule for differentiation. Indeed, since in Proposition 2 the options are

assumed to be in the continuation region at date ¢, for parameters (¢, f), we have

0,6, ) = /X m(a: 0y (: 0, 1) f (xlo)d — v, (3.10)

in a neighborhood of parameters values, for j = 1,..., N. Thus, if we hold the transition density f
in the normalized future option-to-stock price ratio v, j(x; 0, f) fixed, the quantity g,(6, f) is sensitive
to an infinitesimal perturbation in parameter f only through the perturbation in the pdf f(-|x). The
associated short-term sensitivity is measured by function m -+, ;, which yields the first term in the RHS
of Equation (3.7). The dependence of the normalized future option-to-stock price ratio v j(x; 6, f) on
the transition density f explains the second term in the RHS of Equation (3.7). Since v, ;(z;6, f)
involves a (h; — 1)-fold application of the pricing operator Ay ¢, function 7 ;(z, Z; 6, f) in the long-
term sensitivity consists of a sum over i; — 1 terms. The term for index [, with 2 < [ < h;, involves
a conditional expectation under the risk-neutral probability measure of the [-day-ahead option price in
units of the stock price at the current date. The expectation is w.r.t. the paths of process (Y;) that lie
in the continuation region between ¢ and ¢t + [ — 1, and is conditional on X;,; = x, X;,;_ 1 = 7 and
Y; = y;. The weight f;7_,(Z|x) accounts for the risk-neutral likelihood of a (I — 1)-day transition
of the state variables vector from x to Z. Function v, ; is equal to zero if the j-th option has time-to-
maturity h; = 1.

Finally, the gradient of the local constraint vector g w.r.t.  in Equation (3.8) also involves two

9The max operator in .A does not prevent differentiability of g(6, -). Indeed, the kinks induced by the exercise decisions
at future dates are smoothed by a subsequent application of the conditional expectation operator (see the proof of Proposi-
tion 2 in Appendix D), while the kink for the exercise decision at the current date is irrelevant since the N options are in
the continuation region.

14



components, that are a conditional expectation given X; = x( and a conditional expectation integrated
over the conditioning value © € X, respectively. These two components come from the application of

the product rule for differentiation w.r.t. # in the RHS of Equation (3.10).

4 Semi-parametric estimation

In this section we introduce semi-parametric estimators of the model parameters and of some of their
functionals. To get numerically tractable estimators, we focus on a two-step estimation procedure. It
consists in first getting an estimator of the SDF parameter 6, and then using it to derive an estimator of
the historical transition density f,. We consider a minimum-distance estimator of the SDF parameter
that exploits the information in the local no-arbitrage restrictions at the current date only (Section 4.1),
and another one that exploits the full set of no-arbitrage restrictions (Section 4.2). We then introduce
an estimator of the transition density that minimizes an information-theoretic criterion subject to the
full set of no-arbitrage restrictions (Section 4.3). Finally, we introduce an estimator for a class of

functionals of Ay and f that includes the prices of American options (Section 4.4).

4.1 The cross-sectional estimator of the SDF parameter

The estimators we consider require preliminary nonparametric estimators of the historical transition
and stationary densities of process (X;) as input. For this purpose, we use kernel density estimators.

We need some standard assumptions on the serial dependence of process (X;) (see, e.g., Bosq [1998]).

Assumption 4. Under the physical probability measure &, the process (X;) is geometrically strong
mixing, that is, the a-mixing coefficients «;, for j € N, are such that a; = O(¢’), as j — oo, for a

scalar ¢ € (0,1).

Under Assumption 4 the serial dependence between X; and X;_;, for j € N, decays geometrically
fast as the time lag j increases. Assumption 4 is satisfied by a wide class of commonly used linear
and non-linear time-series processes (see, e.g., Carrasco and Chen [2002]). When the state variables
process (X;) corresponds to discrete-time observations of an underlying continuous time diffusion
process, the Markov property in Assumption 1 holds and we require that the skeleton of the process
satisfies Assumption 4 (see Chen, Hansen and Carrasco [2010] for sufficient conditions on the drift

and volatility functions). The kernel estimator of the historical transition density of process (X;) is

f(2]7) = hdZK(xt )K(xtl ) ZK(”“"“ ) @.1)

T =2
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and the kernel estimator of the historical stationary density fy is

R 1 <& —

T =1

where K is a d-dimensional kernel, A is the bandwidth (see, e.g., Bosq [1998]) and we have switched
to the simpler notation z; := Ty, 711, .., T = Tg,."°

The full set of no-arbitrage restrictions at date ¢, includes the capital market restrictions (3.1) for
the state value x and the derivative market restrictions (3.2). This set of local restrictions can be
written as

G(6o, fo) = 0, (4.3)

where the (N + 2)-dimensional vector functional G(0, f) is defined by
G0, f) = [Ef[Lu(Xes1; 0)[ Xe = o] 9(0, f)']'. (4.4)

We follow the minimum distance principle and estimate parameter # by minimizing a quadratic cri-
terion based on the sample counterpart G(6, f ) of the local restrictions at date t,. This sample coun-
terpart is defined by replacing the transition density f with the kernel estimator f into Equation (4.4).

A

Vector E4[I'y (X415 0)| Xy = x0] = /XFU((E; 0) f (x|zg)dx is the conditional expectation of the mo-

ment function 'y (+; §) w.r.t. the kernel density f(-|zo). Vector g(6, f) involves the empirical American

put pricing operator
A, fli)(y) = max [ (k = 7 Effm(Xes ) plke ™ X Xe = 2], 45)

for ¢ € Ly(Y) and y € ), in which the continuation value is computed as a risk-adjusted conditional
expectation under the kernel probability measure. The practical implementation of operator A, jlis
discussed in Section 6 in an example.

Definition 2. The cross-sectional estimator of the SDF parameter 0 is 6 = argmin Qr(0), for the
€0

criterion Qp(0) := G(0, fYQrG(0, f), where Q is a positive-definite (N + 2) x (N + 2) weighting

matrix for all T', P-a.s.

The estimator 6 yields the SDF parameter that minimizes a weighted sum of squared errors on price

ratios at date ¢, for the options, the stock and the short-term non-defaultable bond.

10In the Monte-Carlo experiment in Section 6, the different components of vector X, are rescaled before applying the
common bandwidth Ap.
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4.2 The XMM estimator of the SDF parameter

The estimator of the SDF parameter introduced in the previous section can be improved by extending
the set of calibrated constraints to accommodate both the local restrictions at date ¢, and the uniform
moment restrictions on the bond and stock at all dates. In this section we build on the Extended Method
of Moments (XMM) estimation for efficient pricing of European options developed in Gagliardini,
Gouriéroux and Renault [2011] and we introduce a second estimator of the SDF parameter.

Definition 3. The XMM estimator of the SDF parameter 0 is 0" = arg min Q5.(0), for the criterion
0co

. 1 & _
Qr(0) := G0, [)QrG(0, f) + T > BiTu(Xis; 0)1 X, = 2] Qr(2) BTy (Xis1; 0)| X, = ],
t=1

where QT(az) is a positive-definite 2 x 2 weighting matrix for all T and x € X, P-a.s., and matrix Q)p

is as in Definition 2.

The objective function Q7 in Definition 3 involves two components. The first one is a quadratic form
in the estimated local no-arbitrage restrictions at date ¢y,. It corresponds to the objective function
Qr of the cross-sectional estimator in Definition 2 multiplied by h%. The second component in Q%
is a time-series average of quadratic forms in the vectors E f[FU(XtH; 0)| X; = x;] with weighting
matrices QT(xt), fort = 1,...,T. The average is over the state variables observations. The vector
E; Ty (Xi11;0)| X = x4] is an empirical counterpart of the no-arbitrage restriction vector for the stock
and the bond at state variables vector x;, which is asymptotically equivalent to a Nadaraya-Watson
kernel regression estimator. Thus, the second component of Q%.(#) is similar to the minimum distance
criterion introduced in Ai and Chen [2003] to estimate conditional moment restrictions models (see
also Nagel and Singleton [2010] for the use of optimal instruments in estimating conditional asset
pricing models). In the cross-sectional component of criterion Q7% (6) we single out the factor h%. that
shrinks to zero with the sample size. This factor introduces a down-weighting of the cross-sectional

component of the criterion Q7. to ensure a suitable convergence rate for estimator 6* (see Section 5.2).

4.3 The semi-parametric estimator of the historical transition density

Let us now consider the estimation of the historical transition density f, of the state variables. The
nonparametric kernel estimator f in Equation (4.1) does not take into account the information con-
tained in the no-arbitrage restrictions. We propose to estimate f, by the transition density that satisfies
the no-arbitrage restrictions and is the closest to f in the sense of a particular statistical measure. This

measure is based on the Kullback-Leibler divergence between the transition density f and the kernel
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transition density estimator f for a given conditioning value & € X, that is defined as

Ao (f. 1) = /X log <%>ﬂx\f)dw

Definition 4. The semi-parametric estimator of the historical transition density fy is

Ef[FU(Xt+1;é*)|Xt =z|=0, forae x € X,

f*:=argmin Dr(f, f), s.t.
< GO, /) =0,

where

Dr(f, f) = /X A1 (f, flz) fx(2)de + wrdgL(f, flzo), (4.6)

estimators f, f '« and 0* are defined in Equations (4.1) and (4.2) and Definition 3, set F is the set of

d-dimensional Markov transition densities and the weight wr is such that wr > 0, P-a.s.

The first component in criterion D is the average Kullback-Leibler divergence over X weighted by
the kernel density estimator f x. The second component is the local Kullback-Leibler divergence at
Z weighted by wy. This local component ensures that the minimization admits a unique solution
for f ( |zg). The constraints involve both the uniform and the local restrictions, written for the SDF
parameter estimate 6*.

Let us now characterize estimator f * in terms of the first-order condition. We start by defining the

functional Lagrangian corresponding to the criterion and the restrictions:
L = Dr(f, f) - WTAIQ(é*, f) = wrg By [Py (X é*)’Xt = o] — OJTMO/ f(x|zo)dx
X

- [ B @ BT X 8)X = 2l — [ Fe@ta) [ feloiisds. @)

Vectors A := [A; ... Ay]' € RN and vy := [ 1o2) € R? are the Lagrange multiplier vectors for
the local derivative and capital market restrictions at o, respectively, while v(-) := [v1(-) vo(-)] is a
bivariate functional Lagrange multiplier vector for the uniform no-arbitrage restrictions. The scalar

1o 1s the Lagrange multiplier for the local unit mass constraint / f(x|zp)dxr = 1 and the Lagrange
X

multiplier scalar function o accounts for the unit mass constraint / f(z]Z)dx = 1, that holds for all
X
Z € X. The Lagrange multipliers A, 1y and pg in Equation (4.7) are multiplied by the weight wr,

and functions v and u by f x, to simplify the expressions of the estimators. The differential of the
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functional Lagrangian £ w.r.t. the historical transition density f is equal to zero at f *:
5£\f:f* =0. (4.8)

The differential of the functional Lagrangian is derived in Appendix E by using Proposition 2. By

solving the first-order condition in Equation (4.8), we deduce the next Proposition 3.

Proposition 3. Under Assumptions 1-4, the estimator f * of the historical transition density and the

estimators \, Uy and U(-) of the Lagrange multiplier vectors are such that

( £ ~ N* 3 N*  [x
Feleo) exp (T (z; 8 + Ns(a: 67, ) -
~ ~ ~ N N y YT = Xo,
A f(z|xo) exp <V0FU(x; 0*) + Nys(x; 0%, f*))dm
f*(l‘|j): A ~ AX; / N N ~ % Px £~
f(z|%) exp (l/(l‘) Cy(x;0%) + wrNyp(z, z; 0%, f*) fX(m)>
R A R ) lf‘% ?é Zo,
/ f(x|Z) exp <ﬁ(x) Uy(z;0%) + wrNyp(x, ;0% ) f;di))dx
\ Jx
4.9)
and
Ej. [FU(Xt+1; 9*)‘ X = x] =0, fora.e x € X,
(4.10)
Bf. [1s(Xe1:0%, %) Xo = o] =0,
where the vector function yy, is defined by
’YL(xa j) 67 f) = m(m, 9) : [72,1(‘@7 j:a Q? f) te 72,N<x7*%; 07 f)]/7 (411)
for functions v, ; defined in Equation (3.9).
Proof. See Appendix E. [

The estimator f* of the historical transition density in Proposition 3 is an exponential tilting transfor-
mation of the kernel estimator f , 1.e. f A f , say, where T* is the exponential tilting factor. When
the conditioning value for the historical transition density is xy, the tilting in Equation (4.9) involves
the moment function I';; of the uniform capital market restrictions as well as the vector vg with the
short-term components of the Frechét derivatives of the constraints for the options. Otherwise, the
tilting involves moment vector I';; and vector «;,, which is the analogue of vector g for the long-term
components of the Frechét derivatives of the constraints for the options. The constraints in System

(4.10) are empirical counterparts of the constraints in System (3.5). Moreover, the estimator f* is

defined implicitly by Equation (4.9) and System (4.10). Indeed, the vector functions 7g and 7y, involve
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the estimator f * itself. Proposition 3 extends the results in Kitamura and Stutzer [1997] and Kitamura,
Tripathi and Ahn [2004], where information-based GMM estimators for models with unconditional,
respectively conditional, moment restrictions are considered. In these articles, the tilting function in-
volves the orthogonality function defining the (conditional) moment restrictions, which is independent
of the transition f.

Proposition 3 suggests an iterative algorithm to compute numerically estimator f * and the estima-

tors \, 2 and v(-) of the Lagrange multipliers. The algorithm is as follows:

i) In a preliminary step, we select the initial consistent estimator f*© = f for f, based on \(® = 0,
28 = 0 and 2© = 0.
ii) We compute functions v (z; 0%, £*©) and . (x, &; 6, f*©).

iii) We compute A and " as

A / A A A
[)\(1)’ ﬁél)/} = argmin logE; [exp (V(/)FU(Xt+1; 07) + Nys(Xeg1; 607, f*(o))> ‘ X = $0] :

AERN | ppeR?
iv) We compute 71 (%) for any & # x, as

wr

ﬁ(l)(fg) = arg min IOgEf [exp (V/FU(XtH; é*) + f ~)5\(1)/7L(Xt+1axt; é*a f*(o))> ‘ X, = »’TT] .

veR? x T

v) We derive an updated estimator f*( for f from Equation (4.9) using A", 2{" and p(®,
vi) We repeat steps ii)-v) by replacing f*@, \(©), ﬁéo), 7O with £O, A®, 5V (M) and then iterate

the algorithm until convergence.

The steps iii) and iv) are similar to the computation of the Lagrange multipliers in information-
theoretic estimation of moment restrictions models (see, e.g., Kitamura and Stutzer [1997] and Kita-
mura, Tripathi and Ahn [2004]). The Lagrange multipliers (), 7) and © are updated sequentially to
ease the computation. The proof of the numerical convergence of this algorithm is beyond the scope of
the paper. In the Monte Carlo experiment in Section 6 we observe convergence after a few iterations
in most of the replications.

The estimator defined in Proposition 3 can be extended to the case where wy = 0, that is, when
the local component in criterion (4.6) gets a zero weight. In such a case, the estimator in Equation
(4.9) and System (4.10) admits a simple interpretation. Estimate f *(-|Z) is the conditional density that
is the closest to the kernel estimator f(-|Z) in terms of distance dx(-,-|#) and satisfies the capital

and derivative market restrictions at 7 if & = x(, and the capital market restrictions at Z otherwise.!!

"'"This estimator corresponds to a particular solution of the minimization problem in Definition 4.

20



The computation of the estimated conditional densities at different conditioning points 2 can be done
separately. While our two-step approach may yield asymptotically inefficient estimates, the joint op-
timization w.r.t. 6 and f combined with the grid method used to evaluate the constraint vector (see

Section 6.2) is numerically challenging.

4.4 The estimators of functionals of the model parameters

By the plug-in principle, the estimators 6* and f * in Definitions 3 and 4 can be used to introduce semi-
parametric estimators for a class of R"-valued Fréchet differentiable functionals of the SDF parameter
6 and the historical transition density f. A functional a in this class is characterized by the first-order

expansion around the true parameters value (6o, fo):

a(0, f) = a(0o, fo) + Veal(bo, fo) (0 — o) + (Da(bo, fo), Af) + O (IAfII% + 10 — 6ol*) , (4.12)

for Af = f — fo, such that the Fréchet derivative of a(fy,-) w.r.t. f in direction Af at fy can be

written in the form

(Da(&o,fo),Aﬁ:/ong(x)Af(ﬂx*)der/XfX(Zi‘)/XaL(x,j)Af(x]i)da:di, @.13)

for some given state variables vector z* € X and R"-valued functions g and «p,.

Definition 5. The semi-parametric estimator of the true value ao := a(6y, fo) of the R"-valued func-

tional a is defined as a* = a(é*, f*), where 0* and f* are given in Definitions 3 and 4, respectively.

We exploit Equations (4.12) and (4.13) to derive the large sample properties of estimator a* in Section
5. The class of functionals defined by these equations contains several functionals of interest for

financial applications. We provide three examples for which we characterize functions ag and ..

i) The American put option-to-stock price ratio
From Equation (2.6) we write the American put option-to-stock price ratio for time-to-maturity h*,
moneyness strike &* and state variables vector z* as a(6, f) = Aj ([v(0,-)](y*), for y* = [k* 2*]".

Proposition 2 shows that this functional satisfies Equations (4.12) and (4.13) with

as(z) = m(z;00)7 (2500, fo), ar(z, ) = m(x;00)7; (2, Z;00, fo)/ fx(T), (4.14)

where functions ~7 and ~; are defined as v; ; and 7, ; in Equations (3.4) and (3.9) by setting j = 1,

hy = h* and y; = y*. Then, Definition 5 gives the estimator of the American put option-to-stock price
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ratio. The continuation value involves integration w.r.t. the estimated transition density f * adjusted for

risk by means of the SDF m(-; 6*).

ii) The exercise boundary

For given time-to-maturity /* and state variables vector z*, the critical moneyness kj , is the solution
of the equation A} [v(0, )](k ;%) = (kj; — 1)+ and depends on (6, f). This defines a functional
a(t, f) = ki ;» which satisfies Equations (4.12) and (4.13) with

_ m(m,eo)'ﬁ(x;@oafo) ~\ m<x790)7§(x7i.a007f0>
e s A (AT TNT) o)

where functions 77 and 73 are as in Equations (4.14) and y* = [kj, , ="

. By considering the

estimator a(é*, f *) for different values of z*, we get an estimator of the critical region.

iii) Term structure of conditional historical and risk-neutral moments

Let W(X;,+;0) be a function of the state variables at horizon h* and of the SDF parameter. Let us
consider the functional defined by a(6, f) = E; [V (X;15+;0)|X: = 2*]. The conditional expectation
in the RHS involves the one-day transition density f only, due to the Markov property of process (X).
Functional « satisfies Equations (4.12) and (4.13) with

th+l—1‘Xt ((ﬂl‘*)

fx(7)

h*
as(@) = Eo [¥(Xern;00)[ Xesr = ], ap(z, &) = Z Eo [W(Xiin3 00)[ Xer = ]
1=2

The historical conditional moment generating function corresponds to W(X; ;«;6) =
exp (urips + w'oyyn+), with u € R and w € R4, The historical conditional moments and cross-
moments of the one-day stock return and volatility factor correspond to W(X; p+;6) = 75,07 s,
with m € N and multi-index n € N?~1. The risk-neutral counterparts of these functionals are obtained
when the functions W (X, +; #) above are multiplied by the h*-day SDF M, p» = My 411 -+ Myips—144nr-
In particular, when the underlying asset volatility is included in vector o, the conditional historical
(resp. risk-neutral) cross-moments are the basis for the estimation of the conditional historical (resp.

risk-neutral) leverage effects.

S5 Large sample properties of the estimators

In this section we study the large sample properties of the semi-parametric estimators introduced in

Section 4. The asymptotics is for a long time-series of observations of the state variables, i.e. 7" — o0,
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and a fixed number NV of cross-sectionally observed option prices. We use the following notation:

Ly(z) == m(z;6)[e" 1], Vs(@) = m(x;00)[y1,1 (25 00, fo) - yn (300, fo)',
Ps(z) = [[y(2) 3s(2)],  Ti(e,2):=[0071(z, %6, fo)]/fx (@), (5.1)
Ls(x) := [Tu(x;60) vs(x; 00, fo), Ip(z,2) =Tz, &) — Eo [[L(Xep1, Xo)| Xy = 7],

where functions 'y, vs, 71,5, for j = 1,..., N, and -y, are defined in Equations (3.3), (3.4) and (4.11).

5.1 The cross-sectional estimator of the SDF parameter

Let us consider the cross-sectional estimator 6 in Definition 2. Under the regularity conditions in Ap-
pendix A, the criterion Q7 (6) converges uniformly to the limit criterion Qy(0) = G(0, fo)'QG(0, fo),
where €y := plim Qr is a symmetric (N + 2) x (N + 2) matrix assumed to be positive-definite. Let

T—00
us assume the global identification of parameter 6, w.r.t. the population constraint vector G(6, fo).

Assumption 5. The unique element 0 € O such that G(0, fo) = 0is 0 = 0.

Under Assumption 5 the limit criterion Q) is uniquely minimized by #,. By the consistency theo-
rem for minimum distance estimators (see Theorem 2.1 in Newey and McFadden [1999]) we get the

following result.

Proposition 4. Under Assumptions 1-5 and A 1-10 in Appendix A, estimator 0 is consistent, i.e.

65 6.
Proof. See Appendix F.1. 0

Let us now prove the asymptotic normality of estimator 0. The criterion function Qr(0) is not ev-
erywhere differentiable on © because of the maximum operator in .A97 i (see Equation (4.5)). However,
by using Proposition 2, the consistency of kernel estimator f and the fact that the NV options are in the
continuation region, we show in Appendix F.2 that the criterion Qr(0) is differentiable w.r.t. any ¢ in
an open neighborhood of 6, with probability approaching 1 (w.p.a. 1). This is enough to apply the
standard approach to prove the asymptotic normality of extremum estimators as in Newey and Mc-
Fadden [1999]. For this purpose, we assume local identification of parameter 6, w.r.t. the population

constraint vector G(0, fy).

Assumption 6. The (N + 2) x p matrix Jy := V¢ G(6y, fo) is full column-rank.
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From Equation (4.4) and Proposition 2 the Jacobian matrix is Jy = Jg + J, where

Js := Eo [[5(Xi41) Ve log (m(Xiy1;60))| Xy = 0]

(5.2)
Jr, = Eq [fL (Xt+l>Xt) Vg log (m(Xt+1;90))] .
Moreover, in Appendix F.2 we derive the following asymptotic expansion of the estimator 6:
VT (0= 60) = (3Q0do) ™ TS0 ThEG 60, ) + 0,(1), (5.3)

where

Th-G (6o, f) \/Thd/l“g VA S (2]a0)da
+\/Th%/ / Tp(x,2) fx(Z)Af(2|Z)dedz + oy(1). (5.4)
X JX

We use the asymptotic normality of the integrals of kernel estimators (see, e.g., Ait-Sahalia [1992]) to

deduce the next Proposition 5.

Proposition 5. Under Assumptions 1-6 and A 1-10 in Appendix A, estimator 0 is asymptotically normal

with \/Th%-rate of convergence:
V1t (0= 5 (0. 7553 ).
for the constant IC := /X K?(x)dx and where the p x p matrix Yy is defined as
S = (JpQ0J0) " Ty % s(20) Q0T (J5Q0T0) (5.5)
and the (N +2) x (N + 2) matrix Xg(xq) as Xs(xo) := Vy [fS(XtH)\Xt = xo], with V [-| Xy = x0]
denoting the conditional variance under the true historical probability measure given X; = xy.

Proof. See Appendix F.2. [

The convergence rate of estimator 6 is d-dimensional nonparametric due to the conditioning on the
d-dimensional vector X; = x; in the constraints. Moreover, the bias in the asymptotic distribution is
negligible under the bandwidth conditions in Assumption A 6 in Appendix A. The matrix .Jy, that is

the sum of the matrices defined in Equations (5.2), and the matrix Y.y defined in Equation (5.5) are
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reminiscent of the Jacobian and the asymptotic variance-covariance matrices of the moment function
in the classical GMM setting. The matrix ¥g(z) is the conditional variance-covariance matrix of
vector function g (and of I's as well). This matrix does not involve vector function I';, since the
second term in the RHS of Equation (5.4) is asymptotically negligible. From the analogy with the
classical GMM setting, Corollary 6 follows.

Corollary 6. The weighting matrix that minimizes the asymptotic variance-covariance matrix of 0 is
Qo = Xs(wo)~". The minimal asymptotic variance-covariance matrix is ———(J{3s(z0) " Jo) .

fx (z0)

5.2 The XMM estimator of the SDF parameter

The XMM criterion in Definition 3 exploits both the uniform restrictions (3.1) and the restrictions
(4.3) at x(. The global and local identification conditions for parameter 6, based on this extended set

of restrictions are given below in Assumptions 7 and 8, respectively.

Assumption 7. The unique 6 € ©, such that G(0, fy) = 0 and Eo[I'y;(Xi41;0)|X: = 2] = 0, for a.e.
r € X, is 0 =0,

Assumption 8. The unique 5 € R?, suchthat VoG (0o, fo) f = 0and Eq [V Ty (Xii1;600) | X = 2] 5
0, fora.e. x € X, is = 0.

Local and uniform restrictions contain information on parameter ¢, of different character. There-
fore, it is important to distinguish between the linear transformations of 6, that are identifiable from
the uniform restrictions (3.1) alone, and the linear transformations of 6, that are identifiable only when
the local restrictions (4.3) at xy are also taken into account. Following Gagliardini, Gouriéroux and
Renault [2011], the former are called full-information identifiable, the latter full-information uniden-

tifiable. To characterize the two types of transformations, let us define the linear space
J ={B R :Eg[VoeTly (Xis1;600) | Xy = 2] 5 =0, forae. z € X}, (5.6)

and let s < p be the dimension of 7. Any linear transformation 3’6y with 5 € 7 is (locally)
full-information unidentifiable, since a change in 3’0 has a vanishing first-order impact on vector
Eo T'v (Xi41;60) | X; = z] for a.e. x € X. Now, let R = [R; R»] be an orthogonal p X p matrix, such
that the columns of the p x s matrix Ry span 7. Then, the invertible parameter transformation from 6
to n = [ n5]’, defined by

m R0

= / , 5.7
2 R0
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is such that the (p — s)-dimensional vector 7; involves full-information identifiable parameters only,
while the s-dimensional vector 75 involves full-information unidentifiable parameters only.

The asymptotic distribution of estimator 0* in Definition 3 is given in Proposition 7 below in terms
of the estimators 7] := Rg_é* and 75 = R’Qé* of the transformed parameters. Let ), defined in Section

5.1, and Qq(z) := plim Qg (x), for any 2 € X, be the limit weighting matrices. We prove in Appendix

T—o00

F.3 that the asymptotically optimal weighting matrices are Qy = Xg(z0) " and Qo(z) = Xy(z)~",
where Xy () := Vo[I'v(Xiy1;00)| X¢ = 2], for any x € X. We state the result directly for this choice.

Proposition 7. Under Assumptions 1-4, 7, 8 and A 1-11 in Appendix A, estimators 1)} and 1); with
Qo = Bg(z0)~" and Qo(z) = Sy(z)~Y, for any x € X, are consistent, asymptotically normal and

independent, such that
A~k D / ¥ / 17 -1
VT (i =) =2 N (0, (RiEo [Jo(X0)Su(X) " To(X0)| Br) ).

and
d (p* D K Y -1 -1
\/ The (75 — m20) —> N | 0, —— (RQJ()ES (7o) JORQ) )
fx (o)

where Jy(z) := Eo [Vo Ty (Xii1;00) | X = x|, matrices Ry and R, are defined in Equation (5.7) and

vectors 1o and 1 o denote the true values of parameters 1, and 15, respectively.
Proof. See Appendix F.3. 0

The components of estimator 6* feature different rates of convergence, that are the parametric rate
VT for the full-information identifiable components as in standard GMM, and the nonparametric rate
\/T_hE} for the full-information unidentifiable components. The uniform restrictions in the time-series
component of criterion Q7 in Definition 3 are non-informative for the full-information unidentifiable
parameter 729, and the kernel estimation conditional on X; = z; in the cross-sectional component
of criterion Q% explain the nonparametric convergence rate for that parameter. The factor h%. that
down-weights the cross-sectional component of Q7. ensures that the kernel estimation conditional on
X; = z¢ in the local restrictions does not impact asymptotically the parametric convergence rate of
the full-information identifiable parameter 7, o. Mixed-rates asymptotics are obtained also in a condi-
tional moment restrictions setting with weak identification (see Stock and Wright [2000] and Antoine
and Renault [2010]). The asymptotic variance-covariance matrix of estimator 7); in Proposition 7 is
the asymptotic efficiency bound for estimating parameter 7, o from the uniform moment restrictions
assuming 72 o known (see Chamberlain [1987]). The asymptotic variance-covariance matrix of esti-

mator 7); equals the minimal asymptotic variance-covariance matrix of the unfeasible cross-sectional
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estimator of parameter 7, assuming 7; o known (see Corollary 6). Moreover, the estimators of the
parameters 7); o and 72 o are asymptotically independent. Comparing Corollary 6 and Proposition 7 we
understand that accounting for the uniform moment restrictions (3.1) allows us to increase the con-
vergence rate of the full-information identifiable parameters and to decrease in general the asymptotic

variance of the full-information unidentifiable parameters.

5.3 The estimator of the historical transition density and of its functionals

Let us now consider the estimator f * in Definition 4. We derive its asymptotic distribution by con-
sidering a linearization of the tilting function in Equation (4.9) in a neighborhood of (6, fo). Under
Assumption A 12 in Appendix A the weight wp converges to the non-negative scalar w. We get (see

Appendix F.4)

) flxlzo) + fo(x|zo)NTs(x), if & = 0,
Fal) =< A 8
Fe12) + foll) (9(2)Tu(w: 00) + wA Ty (2, )) , i & # o,

where A = [0, \']. We prove in Appendix F.4 that the estimators of the Lagrange multipliers A and

v(Z) for T # xy convergence to zero at rate y/Thé. and are asymptotically normal. Thus, we get
F(alo) = flelo) + 0, (1/y/714). 59)

for any z,7 € X. The remainder term is dominated by the convergence rate 1/4/Th3¢ of the ker-
nel estimator. Hence, estimators f* and f are pointwise asymptotically equivalent, and we get the

following Proposition 8.

Proposition 8. Under Assumptions 1-4, 7, 8 and A 1-12 in Appendix A, the estimator f * is pointwise
asymptotically normal with \/Th*!-rate of convergence:

Vi (7l = tel)) 5 v (0 5D,

forany x, T € X, where the constant K is defined in Proposition 5.
Proof. See Appendix F.4. [

The asymptotic distribution of the estimators of smooth functionals of f; and §, based on f *and f

differ. We give below the asymptotic distribution of estimator a¢* introduced in Definition 5 for the case
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where * = x( in Equation (4.13). This corresponds, e.g., to American put option-to-stock price ratios
and exercise boundary for the value z( of the state variables vector, or to conditional cross-moments
of the future state variables given X; = z( (see examples i)-iii) in Section 4.4). The derivation of this

asymptotic distribution is based on the asymptotic expansion obtained from Equation (4.12):
@ —ao = Voalto, fo) (8" = 60) +{ Datb, fo), AF* ) + 0, (|AF (1) +0, (16" = 64 ]2) . (5.10)

where the Fréchet derivative <Da(90, fo), A f *> is given in Equation (4.13) with Af = A f* =
f * — fo. Since we expect a nonparametric convergence rate for a*, the estimation of the SDF pa-
rameter affects the asymptotic distribution of a* only through the estimation of the full-information

unidentifiable component 75 (see Proposition 7). The asymptotic expansion is (see Appendix F.4):

~

VT (8" = 80) = =Rz (RyJySs(o) " oRa) ™ RodiEs(wo) ™/ TREG (B0, f) + 0,(1). (5.11)

We insert Expansions (5.4), (5.8) and (5.11) into Equation (5.10), and use the asymptotic normality
of integral transformations of kernel estimators (see, e.g., Ait-Sahalia [1992]). To state the result we

define the following conditional covariance matrices under the true historical probability measure:

Ya,i(x) = Covo o (Xq1), Ti( Xiy1, Xo)| Xy = 2]
(5.12)
Yiu(z) := Covg D3 (X1, Xp), Ti( X, Xo) | Xy = 2],

for the subscripts j = S, L and i, = S, L, U and the state variables vector x € X.'> We further define
the matrix X, ;1;(z) = % () — i (2)3(x) ' (z), for the subscripts 4,7,] = ag,ar,S, L,U
and z € X, that is the conditional covariance between the vector subscripted by ¢ and the residual of
the projection of the vector subscripted by j onto the vector subscripted by [. We set >; = X;; and
2i1j = X1, for the conditional variances and the conditional variances of the projection residuals,

respectively. Moreover we consider the Jacobian matrix
JaLHU = Eo [EaL,U(Xt)EU(Xt)_lfU(Xt+1)Ve' log (m(XtH?eO)) )

that corresponds to the unconditional cross-second moment between Vg logm and the conditional

12BEven if functions I'g and I'; are independent of the lagged value of the state variables, we use Equations (5.12) for a
compact notation. We also omit the dependence of 'y on 6.
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orthogonal projection of a7, onto I';, and the Jacobian matrix

Jriv = Eo [(FL (Xiy1, Xi) — ZL,U(Xt)EU(Xt)ilfU (Xi41) )ng log (m(X¢11; 90))]7

that corresponds to the unconditional cross-second moment between Vy log m and the residual of the

conditional orthogonal projection of I';, onto I'y;.

Proposition 9. Under Assumptions 1-4, 7, 8 and A 1-12 in Appendix A, the estimator a* for v* = xg
is asymptotically normal with \/Th&-rate of convergence:

- K
The (@ — ag) = N (o, m&) :

where the r X r matrix X, is defined as
Ea = EasLs(xo) + Mo(OJ)Es(QTQ)Mo(UJ)/, (513)

constant K is defined in Proposition 5, and matrix My(w) is defined as

My(w) = w (zas,s (v0) (B (w0) + wEo [Sr1v (X)) >_1E0 S000(X0)] S ()"
B[S0y, 100X0)] (S5 () + w0 100X ) )
T <(zas,s (20) + wEo (S, 210 (X0 ) (Ss (w0) + o [Sr00 (X)) (s + Ju0)

+Jap v — Vera(bo, fo))R2 (1!%’211(;25(;50)—1JORQ)*1 Ry Ji s (wo) 7Y, (5.14)

where w is the probability limit of weight wr in Definition 4.
Proof. See Appendix F.4. 0

If the SDF parameter vector 6 is full-information identifiable, that is, the linear space 7 defined in
Equation (5.6) is null and R, = 0, the term in the third and fourth line in the RHS of Equation (5.14) is
zero. Then, the asymptotic variance of estimator a* is minimized for w = 0, that is, when the criterion
Dy in Equation (4.6) does not account asymptotically for the local Kullback-Leibler divergence at .
We get X, = X, 15(0), which is the conditional variance of the residual of the orthogonal projection
of ag onto I'g given xy. To get the intuition, suppose that functional « is the conditional expectation

of function g with true value ap = Eo[ag(Xi1)|X: = x0]. Then, when w = 0 the estimator
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a* is asymptotically equivalent to the unfeasible estimator / ag(x) f*(x|xo)dx, where f*(-|zg) =
X

argmin dgp(f, f|xo) under the constraint / Cs(x)f(x|zg)dr = 0, and Fy denotes the set of d-
diﬁgr()lsional Markov transition densities giverf( Zo. A similar interpretation is given for the estimation
of a moment under a moment restriction by Brown and Newey [1998] in an unconditional setting,
and by Antoine, Bonnal and Renault [2007] in a conditional setting. The matrix %[EQS (x0) —
Yag1s(xo)] is the efficiency gain from the information in the local no-arbitrage restrictions. Moreover,
estimation of parameter 6, has no effect on the accuracy of estimator a*.

If some components of the SDF parameter 6, are full-information unidentifiable and w > 0, matrix
Moy (w)Xs(xo) Mo(w)" in the RHS of Equation (5.13) is the contribution to the asymptotic variance
of estimator a* from including the local Kullback-Leibler divergence at z in the criterion Dy and
estimating the SDF parameter 6. The matrix My(w)Xs(xo)Mp(w)" involves conditional variances
and covariances of the residual of the orthogonal projection of I';, onto I';; because of the interaction

between local and uniform restrictions in the constrained optimization of criterion Dr. For a scalar

functional a, the asymptotic weight w can be selected in order to minimize the asymptotic variance

matrix ¥,.1% This optimal weight arg min My(w)Xs(zo)My(w)' depends in general on the

I X(OCO) weR
functional of interest a.
Finally, let us apply Proposition 9 when the functional of interest a corresponds to the option-to-
stock price ratio of an American put option with time-to-maturity ~* and moneyness strike £* in state
xo. From example i) in Section 4.4, the asymptotic variance of the estimator a* is obtained by using

ag and o, defined in Equations (4.14), and setting Vy.a(6y, fo) = Jg« + Jr+, where matrices Jg«, Jr»

are defined as in Equations (5.2) by replacing I's and I';, by ag and o, respectively.

6 Monte Carlo experiment

In this section we investigate the finite sample properties of the estimators in a Monte Carlo exper-
iment. We consider a scalar volatility factor o; (i.e. d = 2) representing the volatility of the stock
return. We describe the Data-Generating Process (DGP) in Section 6.1, the numerical implementation

in Section 6.2 and the results in Section 6.3.

3Weighting matrix €2 is considered as given and equal to 2y = X g(xg) ™!, which is asymptotically optimal for the
estimation of 6. The asymptotic variance ———3J, could be minimized by optimizing jointly w.r.t. w and g, but the

fx (o)

optimization problem becomes more difficult. We do not consider this alternative approach.
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6.1 The design

Under the historical probability measure Z2, the stock return process () is such that
Ty =15+ Y07 + 04y, e K- N(0,1), (6.1)

where v > 0 is the variance-in-mean parameter. The daily risk-free rate 7, is constant and equal to
2 - 107, The stochastic variance o? follows an Autoregressive Gamma (ARG) Markov process of
order 1 (Gouriéroux and Jasiak [2006]), which is the discrete-time counterpart of the Cox-Ingersoll-
Ross process (Cox, Ingersoll and Ross [1985]). The historical transition density of af is defined by

the conditional Laplace transform

Eolexp (—uoy)| 07 4] = exp (—¢1(w)o7_; — ¢2(u)), u >0, (6.2)

where the functions ¢; and ¢, are defined as ¢;(u) := pu/ (1 + cu) and ¢o(u) := dlog (1 + cu) for
parameters ¢, d > 0 and p € [0, 1). We consider a 4-dimensional SDF parameter 6 = [0, 6 05 6,]' and

an exponential-affine one-day SDF:
M;141(0) = exp (—rp) exp (=01 — 0207, — 0307 — 04 (reg1 — 1p)). (6.3)

Parameters 6, and 6, are related to the risk premia associated with the stochastic volatility and the
excess return of the stock, respectively. Exponential-affine SDF specifications are common in reduced-
form modeling (see, e.g., Duffie, Pan and Singleton [2000], Duffie, Filipovic and Schachermayer
[2003] and Gouriéroux and Monfort [2007]). Under the above DGP, the historical transition density
of X; given X;_; is independent of r;_;. In this case, the set of conditioning state variables for option

valuation becomes smaller, as stated in the next Corollary 10 for a general volatility process (o).

Corollary 10. When the density of X; given X;_1 is independent of r;_1 under &, Proposition 1 holds
withY; = [ky oy and y = [k o']'.

Thus, under the above DGP, the option-to-stock price ratio depends on time-to-maturity ~, moneyness
strike £ and volatility o only. Moreover, in Definitions 2 and 3 and in Proposition 3, the conditioning
variable X is replaced by o;. Gagliardini, Gouriéroux and Renault [2011] show that the SDF in Equa-
tion (6.3) is admissible for the DGP defined in Equations (6.1) and (6.2). Specifically, the no-arbitrage
conditions for the stock and the non-defaultable bond are satisfied, i.e. Eg [M, ;11(0p)e"*!|oy = 0o] =1
and Eg [M;;41(60)e" |0y = o] = 1, for all 0 € R, iff the true parameter value 6, = [0 65 63 69" is

such that ) = —¢o(&), 05 = —¢1(€) and 09 = 1/2 + ~, where £ = 65 + 7?/2 — 1/8. We report in
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| ¢=365-10° | p=96-100' | §=105 [~=36-10"]
[0, =455-10"7 [0, =—-59-10"7 | 3=114-10"" [0, =8.6-10"" |

Table 1: The values of the historical and SDF parameters of the DGP.

Table 1 the values of the historical and SDF parameters. They satisfy the above constraints and are
calibrated on real data for liquid assets.

Let us now describe the data we create. We generate 1000 time-series of returns and volatility
with length 7" = 1000 from date t, — 7" + 1 to current date ¢y. The volatility o, at date ¢, is the
same across simulations'# and is equal to 6.5 - 10~3. For this value of volatility, we consider the cross-
section of American put option-to-stock price ratios with time-to-maturity h = 20. We display this
cross-section as a function of the moneyness strike by a solid line in Figure 1. We compute the price
ratios by recursive valuation, using the estimate of the transition density of the state variables obtained
by kernel estimation on a very long simulated time-series of the state variables. From the full cross-
section of American put option-to-stock price ratios, we select N = 8 values, with moneyness strike
k = 0.966,0.976,0.983,0.991, 0.997,1.007,1.011, 1.031. We display these price ratios by crosses in
Figure 1. For each Monte Carlo replication, the data available to the econometrician are a different
time-series of state variables and the same 8 American put option-to-stock price ratios. This simulation
design reflects the analysis in previous sections, where the value z of the conditioning state variables
(that in this Monte Carlo experiment reduces to the volatility o) is constant and given.

We assume that the econometrician does not know the true DGP under &7 described in Equations
(6.1) and (6.2) but correctly adopts the parametric specification of the SDF in Equation (6.3) and is
aware of the Granger non-causality of r,_; on X;. The transition density f of X, given o,_; is treated
as a functional parameter. We estimate the model parameters and some American put option-to-stock
price ratios for each Monte Carlo replication. We start with the estimation of the SDF parameter 6.
In this semi-parametric setting, not all the components of vector # are full-information identifiable.
Indeed, the linear space J defined in Equation (5.6) is one-dimensional and spanned by the vec-
tor [—dc/(1+c€) 1 — p/(1+c€)? 0] (see Proposition 1 in Gagliardini, Gouriéroux and Renault
[2011]). By constructing matrix [R; Rs] as in Equation (5.7) and inverting the parameter transforma-
tion, it is seen that the SDF parameter 6, is full-information identifiable, while parameters 6,, 6, and

03 are not. We consider the cross-sectional and XMM estimators of the SDF parameter in Definitions

“We use the time-reversibility of Markov process (o) to generate the paths.

32



2 and 3 with identity weighting matrices {27 = Iy, and QT = [,. The XMM estimator becomes

)
. (6.4)

The cross-sectional estimator § minimizes the first component of the criterion in the RHS of Equation

~

0* = arg min (hT HG(9> f)

T
2 1
— E:Nly (X 0
+T;H 00 (X1 0)]o]

(6.4). For comparison purpose, we also consider the time-series GMM estimator of parameter 6,
that is defined as the minimizer of the second component of the same criterion. We then pass to
the estimation of the transition density of the state variables and compute the estimator f * defined in
Proposition 3. Finally, we use the estimators 6* and f * to compute the American put option-to-stock
price ratios A"’ e [v(0, -)](y*) for time-to-maturity h* = 20, volatility c* = o, and moneyness strikes

k* = 0.972,0.986, 1, 1.03.

6.2 The numerical implementation

The evaluation at a given # of the criterion functions minimized by estimators 6 and 6 requires the
computation of the conditional expectation E¢[I';(X;1;0)|oy] for any sample value o, (including o)
and of the price ratio v, #(h,y;) = Agvf[v((), -)](y;) for any option j = 1,..., N, where operator A, ;
is defined as in Equation (4.5). Any integral w.r.t. the kernel conditional density f involved in the
computations is replaced by an empirical weighted sum via a Nadaraya-Watson estimator. We take the
Gaussian kernel with bandwidth Ay = 0.9min {s, R,/1.34} T~5 as suggested in Silverman [1986],
where s and 1, denote the sample volatility and interquartile range of the observations o, respectively.
The computation of the option price ratios involves recursive applications of the pricing operator -’49, i
to functions defined on the two-dimensional moneyness-volatility space ) = R2. Specifically, we use
the backward dynamic programming iteration v, +(h, ) = A, ;[v, ;(h —1,-)], for h = 1,..., 20, with
vg.(0,y) = (k —1)", and evaluate function v, +(20, -) at y; to get the option-to-stock price ratio of
option j. To make the estimation procedure feasible, functions ¢ = v, f(h —1,-),forh =1,...,20,
are evaluated on a finite grid with N, x N, grid points on the subset [k, Knigh] X [Olows Thign) of
Y. When the computation of A, f[w] (y), for a given y in the grid, requires to evaluate function ¢ at a
point (l%, ) within [k, Knign] X [Olows Ohnign] but outside the grid, the value at the nearest grid point
is selected. When k < k10w WE set go(lzr, &) = 0 and when & < 0y, the value at the nearest grid point is
selected. When k > Khign and/or & > o4, We use a linear extrapolation procedure. The use of a finite
subset of ) and a finite grid introduces a numerical error, that becomes negligible as 0., ki, — 0
and opigh, Knigh, Nk, No — oo. In the Monte Carlo experiment, we set N, = 300 and N, = 30 for the

discretization and kjo,, = 0.8 and kj;g, = 1.2 for the moneyness strike domain. The bounds o,,, and
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Thign Of the volatility domain are set equal to the 1% and 99% quantiles of the volatility realizations
in the Monte Carlo repetition. The grid spacing is homogeneous, with an adjustment at the border
such that the volatility o, coincides with one of the N, points that discretize [0751, Opign]. For our
choice of domain and fineness of the grid, the absolute percentage numerical error in price ratios'> at
time-to-maturity 4 = 20 and volatility state oy is monotonically decreasing in the moneyness strike
and less than 3% for £ > 0.9. We have implemented our routines in Fortran. A commercial 2 GHz
processor takes less than a second to evaluate the American put-option-to stock ratios for h = 20 at
all grid points. A numerical minimization of the criterion in Equation (6.4) is feasible in less than a
minute in most of the repetitions.

We compute the estimator f * by the iterative algorithm described in Section 4.3 with wr = 0.
This choice simplifies the estimation procedure, since we can dispense with computing function ~yy,.
The computation of the function ~vg(-; 6%, f*¢=1) in the tilting factor 7 at the i-th iteration uses
option price ratios evaluated with operator Aé*’ j+a-1 implemented as above. The computation of the
integral of a function w.r.t. the conditional density f *(=1) is implemented via a kernel regression of

i=1) Then, at the i-th iteration we use f*? for the

the function multiplied by the tilting factor T+
estimation of the four option-to-stock price ratios of interest. This requires evaluation of the tilting
factor 7+ only for conditional values ¢ corresponding to volatility values of grid points. We take
as convergence criterion the stability of price ratios up to 107°. Less than 10 iterations are enough in

most of the Monte Carlo repetitions, making the procedure feasible in less than five minutes.

6.3 The results

We show in Figure 2 the kernel smoothed density functions of the XMM and cross-sectional estimators
of the SDF parameters. The XMM estimators of parameters ¢;, 65 and 03 feature small bias and their
distributions are slightly skewed. The skew is more pronounced for parameter ¢3. The estimator of
parameter 6, is downward biased. The estimated values of the parameters have the same sign as the true
parameter values in most of the Monte Carlo repetitions. The cross-sectional estimates feature larger
standard deviations than the XMM estimates. Hence, accounting for the uniform restrictions (3.1)
improves the accuracy of the SDF parameter estimator also in finite sample. The difference between
the XMM and cross-sectional estimators is larger for the full-information identifiable parameter 6.
The two estimators have similar biases, but the distribution of the cross-sectional estimator features
larger variance and is more skewed and leptokurtic.'® These findings are compatible with the different

rate of convergence of the XMM and cross-sectional estimators of 6,4, that is parametric for the former

15The error is computed w.r.t. the results obtained with a grid 10 times finer in the moneyness and volatility dimensions.
16The bias of the XMM estimator of 6, is —3.45 - 10~ 1, that of the cross-sectional estimator is —5.69 - 107!,
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and nonparametric for the latter (see Propositions 5 and 7). Figure 3 displays the kernel smoothed
density functions of the time-series GMM estimators of the SDF parameters. The distributions of the
GMM estimators for parameters 6, 65 and 65 are more disperse than the distributions of the XMM
estimators by orders of magnitude (see Figure 2). This is the finite-sample manifestation of the lack
of full-information identifiability for these SDF parameters discussed in Section 6.1. The distribution
of the GMM and the XMM estimates of the full-information identifiable parameter 6, are similar.
Overall, Figures 2 and 3 show that the XMM estimator of the SDF parameter is preferable compared
to both the cross-sectional and the GMM estimators in this Monte Carlo experiment.

We show in Figure 4 the kernel smoothed density functions of the estimates of the American
option-to-stock price ratio for the four moneyness strikes £* of interest (solid line). For £* = 0.972,
0.986, 1 the bias is very small and the distribution is close to a Gaussian distribution. For moneyness
strike £* = 1.03, the distribution of the estimated option-to-stock price ratio has a peak close to the
true value but is truncated at the exercise value k* — 1 = 0.03. This truncation effect arises because
some estimated continuation values are below the exercise value. Truncation is negligible for the other
moneyness strikes since they are relatively far from the critical moneyness strike. For comparison
purposes, in Figure 4 we display by a dashed curve the smoothed density functions of the estimates
of the American option-to-stock price ratios obtained using the kernel density f as estimator for the
historical transition of the state variables. This estimator accounts neither for the available option
prices nor for the no-arbitrage restrictions on stock and bond returns. The biases of the estimators
based on f * and f are similar. However, for each considered moneyness strike, the option-to-stock
price ratio estimator based on f * features a smaller variance than the one based on f . This finding
shows that incorporating the informational content of cross-sectionally observed option prices and
imposing the no-arbitrage restrictions for all assets improve substantially the accuracy of the estimators
of the option prices that are not currently observed on the market.

In practice, the number N of options to use in the estimation procedure depends on selection crite-
ria reflecting the assumed absence of arbitrage opportunities, as thresholds in daily trading activity and
ranges in moneyness strike and time-to-maturity.!” The larger is IV, the larger is the number of restric-
tions and therefore the more efficient the estimators are expected to be. However, the computational
burden is also increasing in the number N and in the maximal time-to-maturity h := ; iﬁlﬁ.},{zvhj of the
options. In our Monte Carlo experiment, the elapsed CPU time for the computation of estimate 6% is

rather stable w.r.t. N and linearly increasing w.r.t. h. For instance, for h = 100 days-to-maturity and

17For example, Ronchetti [2011] reports that at any day in July and August 2008 only between 4 and 23 American put
and call options on the IBM stock traded on U.S. centralized markets have daily trading activity larger than 500 contracts,
time-to-maturity shorter than 300 business days, moneyness strike inside the range [0.75 : 1.25] and bid-ask spread smaller
than 100%.
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N = 8 options (with moneyness strikes as in Section 6.1), the computation of 6 requires on average
about 2 minutes, and less than 5 minutes in most repetitions. The elapsed CPU time for computation
of estimate f * is linearly increasing w.r.t. the number /N of options. For instance, with N = 40 options
(with moneyness strike ranging from 0.832 to 1.031) and h = 20 days, the computation of f* requires

on average about 5 minutes, and up to 10 minutes in some repetitions.

7 Concluding remarks

In this paper we introduce a novel semi-parametric estimator of American option prices. The frame-
work involves a parametric specification of the SDF and is nonparametric w.r.t. the transition density
of the Markov state process. We introduce estimators of the SDF parameter ¢, and transition density
fo by combining time-series and cross-sectional information from the relevant state variables and ob-
served American option prices, respectively. These estimators are used to get an estimator of the price
of an American option for a maturity and strike of interest by a dynamic programming approach. When
the number 7' of time-series observations diverges to infinity and the number N of cross-sectionally
observed option prices is fixed, the estimators are consistent and asymptotically normal. In a Monte
Carlo experiment we show that estimators combining time-series and cross-sectional information fea-
ture a superior performance compared to pure cross-sectional, or time-series, estimators.

If the parametric SDF model is misspecified, the estimators of the SDF parameter ¢, in Definitions
2 and 3, the estimator f * of the transition density f; in Definition 4 and the estimators of functionals
of (6p, fo) in Definition 5, are typically inconsistent. Indeed, in such a case, the imposed no-arbitrage
restrictions might be invalid. There exists an extensive literature on testing the correct specification
of unconditional moment restrictions derived from an asset pricing model, possibly after introducing
a given set of instruments. The tests are based on the Hansen statistic (Hansen [1982]), the Hansen-
Jagannathan (HJ) statistic (Hansen, Heaton and Luttmer [1995] and Hansen and Jagannathan [1997]),
or HJ statistics relying on information-theoretic discrepancy measures (see, e.g., Kitamura and Stutzer
[2002] and Almeida and Garcia [2012]). Specification tests for conditional moment restrictions in a
parametric framework are also available. For instance, under the maintained assumption that vector
0y is full-information identifiable, the results in Tripathi and Kitamura [2003] imply that a test of cor-
rect specification of the uniform capital market restrictions can be based on a suitably rescaled and
recentered version of the minimized time-series component of criterion Q7. in Definition 3. In the
same setting, Nagel and Singleton [2010] test conditional asset pricing models via the Hansen statistic
with optimal instruments. When some components of vector 6, are full-information unidentifiable,

and specification testing concerns also the local derivative market restrictions, the testing problem is
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more difficult. If the derivative market restrictions can be written as local conditional moment re-
strictions (for example for a cross-section of prices of European options), the results in Antoine and
Renault [2010] suggest the validity of standard overidentification tests. However, when the available
data include the prices of American options, the derivative market restrictions are not parametric mo-
ment restrictions. We conjecture that a test statistic can be obtained by combining the values of the
cross-sectional and time-series components of criterion Q7. evaluated at the XMM estimator 0*. The

derivation of such a test and of its asymptotic properties is left for future research.
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Figure 1: The cross-section of American option-to-stock price ratios at the current date ¢ as a function
of the moneyness strike, for time-to-maturity & = 20 days. The DGP is the stochastic volatility model
with exponential-affine SDF defined in Equations (6.1)-(6.3). The values of the historical and SDF
parameters are given in Table 1. The value of the volatility of the stock return at the current date is
0o = 6.5 - 1073, The solid line is the American option-to-stock price ratio function. The dashed line
is the early exercise-to-stock price ratio function. The crosses are the American option-to-stock price
ratios that are observed by the econometrician in each Monte Carlo repetition.
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to the XMM estimator 6 in Definition 3 with weighting matrices {27 = Iy2 and Q2p = I, and the
dashed line to the cross-sectional (CS) estimator # in Definition 2 with weighting matrix Q7 = [y 9.
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tor of the SDF parameter vector corresponds to 6 in Definition 3 with weighting matrices Q7 = On 42
and {27 = I5. The true parameter values are displayed by the dashed vertical lines.
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Figure 4: The distribution of the estimated American option-to-stock price ratios at the current date ¢,
for time-to-maturity h* = 20 days and four different moneyness strikes £*. In each panel, the solid
line is the distribution of the estimates when we use f * defined in Equations (4.9) and (4.10) for the
estimation of the American put pricing operator with wy = 0. The dashed line is the distribution of the
estimates when we use f defined in Equation (4.1). For k* = 0.972,0.986, 1 the dashed vertical line
indicates the true value of the price ratios. For £* = 1.03 the dashed vertical line on the left indicates
the exercise value and the dashed vertical line on the right the true value of the price ratio. The peaks
of the distributions at the left vertical line correspond to estimated option-to-stock price ratios equal to
the exercise value.
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APPENDIX

A Regularity assumptions

In this appendix we list the additional regularity assumptions used to derive the theoretical results.
Assumption A 1. The support X = R x S C R? of process (X;) is compact.

Assumption A 2. The stationary pdf fz of the process of variable Z; := [X] X,_,]" is of differentiability class
CP(RM), for integer p > 2, with uniformly continuous p-th order derivatives, and such that fz > 0 in the
interior of the support X x X. The same conditions are satisfied by the stationary pdf fx of Xx.

Assumption A 3. The stationary pdf’s f7 and fx are such that / / [ 7 f2(%,z)
X JXx

q
X(ﬂé)fX(l'):| fz(Z,z)dzdx < o0

for real g > 1.

Assumption A 4. There exists a growing sequence of sets X = Rpr x St C &, for T € N, and real

. ~ C1
tants c1,co > 0 such that P(X, 1€ X8|X, =2] =0, for T — oo, inf 7)) >
constants cy, Co such tha xsg)g [ 11 T |1 Xt x] for o0 x,:%:IEIXTfZ (x,2) > og (T
. C1
d inf >
an JJIEDXTfX (l') - log (T)C2

Assumption A 5. The kernel function K is a bounded and Lipschitz function on R? such that / |z||P K (z)dz < oo,
R4

where p is defined in Assumption A 2, and/ 2/ K (z)dx = 0, for any multi-index j € N such that |j| < p— 1.
R4

log (T)?
Assumption A 6. The bandwidth hy = o(1) is such that 052% d) =o(1), Th%p = o(1), where p is defined in

Assumption A 2.
Assumption A 7. The parameter 0y is in the interior of compact set © C RP.
Assumption A 8. The SDF m(x;0) is of differentiability class C*(©) w.rt. § € ©, forall x € X.

Assumption A 9. The SDF m(z; 0) satisfies: (i) E [|m(Xy41;00)|*"] < oo forrealp > 1 such that 1/p+1/q =
1, where q > 1 is defined in Assumption A 3; (ii) sup E [|m(Xt+1; 0)|2+5‘ X = x} < oo, for real § > 0.
0cO

zeX

Assumption A 10. The matrix Q converges in probability to the positive-definite matrix €.

Assumption A 11. The matrix Qr(x) converges in probability to the positive-definite matrix Qo(z), uniformly

inr e X.
Assumption A 12. The weight wr converges in probability to the non-negative scalar w.

Assumptions A 1-4 concern the distribution of process (X;). In particular, the condition of compact support
in Assumption A 1 simplifies the proofs and can be relaxed at the expense of additional technical burden.

Assumption A 2 is standard for kernel estimation. Assumption A 3 restricts the dependence between X; and
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X1 at the boundaries of the support. It is used to prove that the American put pricing operator .4 maps La())
into Ly()) in Appendix C. Assumption A 4 constrains the decay behavior of the stationary densities of X; and
[X, X, ;] at the boundary of their supports. The sequence of sets X7, T € N, is such that these densities
are bounded away from zero from below on X1 and A7 x X, respectively, at an inverse logarithmic rate as
T increases. This sequence of sets is introduced to define trimmed versions of the kernel regression estimators
(see the proof of Proposition 4 in Appendix F.1) and controls for boundary effects.

Assumptions A 5-6 concern the kernel and the bandwidth. Function K is a kernel of order p, that is the same
as the differentiability order of the densities in Assumption A 2. The bandwidth conditions in Assumption A 6
are stronger than the standard ones used for d-dimensional kernel estimation. The first condition ensures that
the second-order terms in the Fréchet expansions are negligible asymptotically (see the proof of Proposition 5 in
Appendix F.2). The second condition is used to show that the bias of estimators constructed by averaging kernel
regression estimators over the conditioning value is asymptotically negligible (see the proof of Proposition 7 in
Appendix F.3). When hp = ¢TI~ for real constants c, 77 > 0, Assumption A 6 is satisfied if 21[) <n< i

Assumption A 7 is standard in parametric estimation. Assumptions A 8-9 concern the SDF. They involve
a differentiability condition w.r.t. parameter ¢, as well as a uniform boundedness condition for higher-order
conditional moments of the SDF. Finally, Assumptions A 10-12 concern the weighting matrices in the criteria
to estimate vector , and the scalar weight in the criterion to estimate the density f in Definition 4. These

assumptions ensure well-defined large sample limits for these criteria and are used to prove uniqueness of the

minima of the large sample criteria.

B Proof of Proposition 1

At maturity, i.e. for h = 0, the American put option price is V (0, K, S, z) = (K—S)* = S(k—1)" = Sv(0, ).
The proof proceeds by induction w.r.t. h. Let us assume that the homogeneity property holds at time-to-maturity
h—1,ie,V(h—1,K,S x) = Sv(h — 1,y), with y = [k 2']. From Equations (2.1) and (2.3), the definition

of moneyness strike and the Markov property of Y; under 2 we get

V(h,K,S,z) = max [(K — )N E2[V(h—1,K, Sip1, Xp1)|Se = 8, X = x}]
= max |:(K — S)+,EQ [St+11)(h - 1,Y;§+1)| St = S, Xt = .Z']}

— Smax [(k — 1) E2 [ u(h — 1, Y)Y = y]} = Su(h,y).

C Domain and range of the American put pricing operator

Let ¢ € Ly()) and define the operator £ by

Elel(y) =E? [ p(Yi)| Yo = ] = /Xm (#360) e"p(ke™", 7) f(&|2)dz. (C.1)
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By the Cauchy-Schwarz inequality we get

stetwn < ([ ot st e@as) ([ maper LI d@)lm,

for any y = [k 2/]" € ). Then we have

flewor Ear < ([ [ et artisiopaias) <//m (X‘())fx( iz
([0 (] e St ) e,

where we use the change of variable from k to k = ke~ and that the double integral over X x X is finite from
Assumptions A 1, A 3 and A 9 (i) and the Holder inequality. Thus, E[p] € La()). Since v(0,-) € La(Y), it
follows that A [¢] = max [v(0, ), E[p]] € L2()). Thus, operator A maps Lz(Y) into La(Y).

D Proof of Proposition 2

In this appendix we use the simplified notation A = Ag r, m(-) = m(-;0),9 = g(0, f), E Ef pE=C&y
and ff? 1 = f(;@J_l. Moreover, we denote by F;Q (ly) the conditional cdf of Y;1; given Y; = y under the

risk-neutral probability measure.

D.1 Differentiability of ¢ almost everywhere

Let us first consider the differentiability of g w.r.t. #. The American put option-to-stock price ratio v(h, y) and
the holding-to-stock price ratio u(h, ) := EZ [¢"*1v(h — 1, Y;41)| Y; = y] depend on the SDF parameter 6 for
any h > 0. For expository purpose, we omit this dependence in the notation. By Definition 1 and the linearity

of operator £ defined in Equation (C.1), we can write the holding-to-stock price ratio as

u(h,y) = Ev(h—1,-)](y) = & [max [v(0, ), u(h —1,-)]] (y)
= &max[0,u(h —1,-) —v(0,)]] (y) + & [v(0, )] () (D.1)

We know that u(h —1,y) —v(0,y) > 0iff & < k*(h — 1, z), where the critical moneyness strike £*(h — 1, z) is
the solution of the equation k —1 = u(h — 1, k, z) in k € R4. From the implicit function theorem, k*(h — 1, x)
is differentiable w.r.t. §. From Equations (C.1) and (D.1), we get

u(h,y) = / m(z)e"1{ke™™ < k*(h —1,2)}u(h — 1,ke™", &) — v(0, ke™", %) f(Z|x)dz

/m Ye'v(0, ke, &) f(&|x)dz
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for y = [k 2]’ and the indicator function 1{-}. For expository purpose, let us assume that ke " < k*(h — 1, %)

ift 7 > r*(h — 1,k,5), where 7*(h — 1, k, &) is the solution of the equation
ke™" = k*(h —1,7,5) (D.2)

in 7 € R, for given [k 5]’ € Ry x S.1® Then we have:

b ~ ~ ~
u(h,y) = // m(z)e" [u(h — 1, ke, &) —v(0,ke™ ", Z)| f(Z|x)drdo
S Jr*(h—1,k,5)
+/ m(&)e"v(0, ke™", %) f(&|z)dz, (D.3)
X

where b is the upper boundary of R. Let us now show that « is differentiable w.r.t. # by induction. This is true
for h = 0. Now, let us assume that u(h — 1, -) is differentiable w.r.t. . From Equation (D.2) and the implicit
function theorem, it follows that r*(h — 1,k, ) is differentiable w.r.t. 6. Then, by the Leibniz integral rule
for differentiation of a definite integral applied to Equation (D.3) and Assumption A 8, u(h, -) is differentiable
w.rt. 6. By using A"[v(0,-)](y) = max [v(0, %), u(h,y)], we get that A"[v(0, -)](y) is continuous for all § and
differentiable for all § apart from the values such that v(0,y) = u(h, y). By replacing the differentiability w.r.t.
6 with the Fréchet differentiability w.r.t. f, and by following a similar argument, we can show that A" [v(0, -)](y)
is Fréchet-differentiable w.r.t. f, for all f, apart from the values such that v(0,y) = u(h,y).

D.2 Total differential of g w.r.t. the parameters

Let us consider a generic payoff-to-stock price ratio ¢ € Lo()) and the mapping (6, f) — £[p]. The differential
of E[p] w.rt. (0, f) is given by

Eel(y) = /Xm(i“)efgp(ke_f,i)éf(ia:)dfc—l—/XVg/m(i“)efgp(ke_f?i)f(i:]m)dié@, (D.4)

where § f and J0 denote infinitesimal variations of parameters f and 6, respectively. Let us now consider the
mapping (6, f) — A"[v(0,-)], for a given integer h > 1, and compute its differential w.r.t. (6, f) in terms of
the differential of £ given in Equation (D.4). We write A"[v(0,-)](y) = (5 o AP [v(0, )](y) — (0, y))+ +
v(0,y), where o denotes operator composition. The right derivative of function (-)* is the indicator 1{- > 0}.

Then, by the chain and product rules for differentiation and the total differential, we get

SA[(0,))(y) = Tagn (1) (€ [o(h = 1,9] (8) + € 0 64" u(0,)] (1)) (D.5)

8This holds for instance when the transition density of X; given X;_; does not depend on 7;_;. The argument of the
proof extends easily when the set {7 € R : ke™" < k*(h — 1,Z)} can be written as the union of a finite number of
intervals, but the notation is more cumbersome.
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where we make use of the definition of the continuation region in Equation (2.4) and the expression of the

American put option-to-stock price ratio in Equation (2.6). We can iterate Equation (D.5) to get

SAM(0,)](y) = Tewd€ [o(h —1,-)] (y) + Lew)€ o Leh-1)0€ [o(h = 2,-)] (y)
)€ o len—1)€ o Len—2)0& [v(h —3,)] (y) + - ..
+1C(h)g o 1c(h,1)5 ©...0 1c(2)5 o 1C(1)58 [1)(0; )] (y), (D6)

where operator 1¢(,)€ is such that (1c(,)€) [¢] (y) = ey ()€ [¢] (y). By using v(h — 1,-) = A"~ [v(0, )],
for 1 <1 < h, we rewrite Equation (D.6) as

h
SAMv(0,)](y) = Z Leg€ o leg-n€ o .0 Legi12)€ o leg_i41)0€ o A" [v(0, )] (y).
=1
Thus, the total differential of vector g w.r.t. f and 6 is given by
h

5gj = Z lc(h].)go lc(hj_l)go. . ~O]-C(hj—l+2)5o lc(hj_l+1)5€OAhj_l [U(O, )] (yj), ifj = 1, ce ,N. (D.7)
=1

D.3 Fréchet derivative of g w.r.t. the historical transition density

To compute the Fréchet derivative of the vector g w.r.t. f, we replace 6& in Equation (D.7) from Equation (D.4)
with 6 f(Z|z) = Af(Z|z) and 66 = 0. Let us focus on the quantity 1c(,)E ... 0 Lo, —142)€ 0 Lon;—141)0E ©
A= [0(0, )] (y5), for some integers [ and h; such that 1 < I < hj, and let us write it explicitly. For [ = 1 this
quantity is equal to
Logn,)0€ o A1 [v(0, )] (y5)
= ]-C(hj)(yj)/ Ahj_l[v((), (ke "z )m(xe1) e T A f (w1 w0 ) dapg (D.8)
X

Let us now consider the case [ > 2. First, operator A is applied h; — [ times to discount the payoff-to-stock price

ratio v(0, -) from ¢ + h; back to ¢ 4 [. Second, Le(n,—141)0& is applied to discount from ¢ + [ back to ¢ + 1 — 1:

Logn;—1+1)6€ © A 0(0, )] (Yr41-1)

= 1C(hj—l+1)(yt+l—1)/Xm(xtJrl)e”“Ahj_l[U(Oa Nkpi—1e™™ N 2 ) A f (21| epi-1)dog g

Third, lc(hj,l”)é' is applied to discount from date ¢ + [ — 1 back to date t + | — 2:

Le(n,—142)€ © Legh;—141)0€ © AW 0(0,)] (yr41-2)
= 1C(hjl+2)(yt+l—2)/ mM(Tey1-1)€" T o, g1y (Repi—2e” " T4 1) (/ m(zeqg)e !
X X

AP (0, )] (kg r—pe” =TT $t+l)Af(ﬂ3t+l|$t+l—1)d$t+l> J(@ipi—1|2iq1—2)dzi 1.

50



Fourth, operators 1¢, +3&, ., c(hj)é' are applied successively to discount from ¢ 4+ [ — 2 back to ¢:

€0 oLem,149)€ 0 Lo, —i11)6E 0 A [v(0, )] (y))

/ /1c (Y;) - Lo, —112)(Yrri-2)e t’”/Xm(fth—ﬂe”“11C(hjz+1)(kt+z—26”“17£Ut+z—1)

' </ m(ze)e A T 0(0, )] (kppy_ge T xt+l)Af($t+l|$t+l1)dxt+l>
X

Sf@ii-1|Te1-2) A2 1-1dF 2 (Yipi—2|Yes1-3) - - - AFZ (ye11]y;)-

By rearranging the terms, the RHS of the previous equation is equal to

]-C(hj)(yj)/ / m(2e41)C (s L Tegts Toi— 15 Y7) A f (T Tepi-1)drepdog 1,
xJx

where function ( is defined as

C(hy, 1, T;y5) = m(i)er+fA)"‘A}1C(hj1)(yt+1)-"1 c(hy—14+2) (Ye1-2) Lo —141) (Ftp1—2e" ", T)

eftei=2 A=y (0, )] (kei—oe ™", @) (&2 11-2)AFZ (Yer1—2|yer1—3) - - - AFZ (yes1ly;)- (D.9)

Thus, we get

o€ o0 Lo, —ir1)0€ 0 A7 [u(0, )] (1) = e, (y //m hj, 1z, & y;) A f(z]|2)dzdz,

(D.10)
for I > 2. From Equations (D.8) and (D.10) we deduce the Fréchet derivative of g; w.r.t. f:
(Dgj, Af) = ey () / m(a)e” A% (0, )] (kje ™", 2) A f (x]ao)d
+1en,) (Y Z/ / m(x)C(hj, 1z, T;y;) A f(z|Z)dedz,
for j = 1,..., N. To conclude the proof, we rewrite function ( in terms of a risk-neutral expectation using

" Lo 11y (kepi—ze™ " ) A" T [0(0, )] (kppi—2e " 2)
= BZ [t o,y (Yearm1) AP T [0(0, )] (Vi) | Xt = 2, X1 = &, Yigyo = yt+172} :

Moreover, by the Markov property of Y; and X; under 2, and Assumption 2, we have the following equalities:

fg(yt+l—2, cee yt+1|xt+l, Lt+i-1, yt) = fg(xtJrl’ :U;rl_l’ e 7yt+1‘yt)

2 (@it Tevi-1|ye)
P m|ren—2) £ Yei—s - - Yt ve) _ U (T1-1) f (@11 Te1—2) F2 Yeti—2, - - Y1 |[Ye)
B 2 (@epi-1]me) f2(wea|ze) ’
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where we use the same symbol for different probability densities and omit the subscript to simplify the notation.

Hence:

m(@f(f‘iﬁtﬂ—z)dF?Q(Z’Jt+l—2> cee 73/t+1|yj) = fl%l('i"wO)de/@(yH-l—Za cee 7yt+1’Xt+l =0, Xy 1 =1, = yj)-

Thus, from Equation (D.9) and the Law of Iterated Expectations, we get

((hj, Lo, Zy;) = fi21(F|w0)E? [1C(h]~—1)(Y2+1)'"1C(hj—l+1)(Yt+l*1)€Rt’l

- AR [0(0, )] (Vi)

Xy =2, X441 =2,V =y,
Equation (3.7) follows.

D.4 Gradient of g w.r.t. the SDF parameter

The gradient of the vector g w.r.t. 8 is obtained by replacing §& in Equation (D.7) with the expression in Equation
(D.4) for 0 f(Z|x) = 0 and §6 = df. By similar arguments as in Appendix D.3 we get Equation (3.8).

E Proof of Proposition 3

The differential w.r.t. the historical transition density f of the functional Lagrangian in Equation (4.7) is

5L = 0Dp(f, f) —wrNdg(6*, f) wTV{)/XFU(J:;é*)éf(x:UO)da:wTuo/X(;f(ﬂxo)dx

- [ ix@w@) [ Totw s aiads - | foou@ [ ianad. @D

Let us compute explicitly the first two differential terms in the RHS of Equation (E.1). The differential of the

criterion D is

f) = e (F o) f(@lz) z|T)dxdx + w o) f(xlzo) T|xo)dx
= Fy (% o) f(@lz) z|x)drdr + w o) f(xlzo) T|xo)dr
SLCIR g<f($|j)>5f< P)dedi +or | 1 g<f(m’m0)>5f( 20,

where we use that f € F satisfies the unit mass constraint and hence / 0f(z|Z)dxr = 0 forany £ € X. We

get the expression of the differential § g(é*, f) from Proposition 2 by replacing 6 with 6* and A f with 0 f into

Equation (3.7), and using the definition of vectors yg and ~vr.:

59(0°, f) = /X 2@ 6%, )6 f (xlo)da + /X /X (e, 0%, £)5f (27)duds.
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Then, the differential of the functional Lagrangian L is

5L — / ( (f x:woi) = Nys(a; 0%, f) = vTu (2:0%) —M0> 0. (a] xo)da
f(z|xo

/ / (1og( ))— T Ny, 56, f) — () Ty (:67) — ())fx( ) 6£(2] 7)dzdz.
fln) )~ @)

By the optimality condition in Equation (4.8) and the fundamental lemma of the calculus of variations we get

€~3

log (“f(xw> — Nryg(a; 0%, f*) — 0hTu (2 0%) — fig = 0, (E.2)
f(x|zo)
forae. z € X, and
g <fA (x|;x)> - WT;\"YL(fﬁyff;é*,f*)/fX(i) — (%) Ty (w;6%) — (&) = 0, (E.3)
f(z]2)

fora.e. x,z € X with & # x¢. From Equations (E.2) and (E.3) we get
J*(@lzo) = flalwo) exp (fio + Nys (@3 0%, %) + oTw (207,
fora.ex € X, and

f*(@l@) = f(al@) exp (&) + #(@) To (0:0°) + wrNas(e, 307, F) [ fx (@),

forae. z,7 € X with & # xy. By imposing the unit mass constraints, Equation (4.9) follows. Finally, by

imposing that the empirical counterpart of System (3.5) holds for (9*, f *), System (4.10) follows.

F Large sample properties

In this section we denote by Ay  and &y f the operators A and £ with generic parameters 0, f.

F.1 Proof of Proposition 4

For technical reasons, the empirical operators used to define the components of the sample counterpart G (6, f )
of the local restrictions are based on a trimmed kernel estimator of the historical transition density. More
precisely, we have G(6, f) = [E;[Tu(Xey1;0)|X: = wo) g(6, f)'). Here, Ej[Ty(Xii150)|X; = o] =

/ Ty (2 0) f (z|xo)dx and the components of g(6, f) are defined through the pricing operator Ay j such that

X

Ay fl9)(w) = maxc | (k = 1)*. €, 7le](y) ], where

& 16100 = [ mlanssi ) plhe ™ i) o) oy
T
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and (Xr) is the sequence of sets defined in Assumption A 4. We prove Proposition 4 by checking the Assump-
tions (i)-(iv) of Theorem 2.1 in Newey and McFadden [1999].

i) Let us consider the limit criterion Qg (0) = G (0, fo) QG(0, fo), for § € ©, that is the asymptotic limit of the
criterion Q7 minimized by § (see Definition 2). This criterion is uniquely minimized at 6, by the identification
condition in Assumption 5 and since {2 is positive-definite (Assumption A 10).

ii) The set © is compact by Assumption A 7.

iii) The criterion Q(#) is continuous. Indeed, the mapping 6 — Eo[['y(X¢41;0)|X: = o] is continuous and,
as shown in Appendix D.1, the functions g, for j = 1,..., N, are continuous w.r.t. € as well.

iv) Let us verify that Q7 () converges to Qy(#) uniformly in § € ©. By uniform convergence of kernel

estimators (see, e.g., Hansen [2008]) and Assumptions A 1, A 2, A 4-6 and A 9, we can show that

sup HEJ;[FU(XtH; 6)| X, = 0] — Eo[Tu(Xup1:0)| X, = xO]H = 0,(1). (E1)
€

Let us now consider the uniform convergence of g(6, f ). For this purpose, let us start with some definitions and
alemma. Let a,b > 0 be such that k; € [e™, 4], forall j = 1,...,N,and R C [e~?, e’] (see Assumptions 1
and A 1). We consider the sets Y1 := [e~%,¢%] x X and V). := [e~(@F1) ea+¥] x X7, The supremum norm

of a continuous scalar function ¢ € CO(R¥+1) on set V7 is defined as ||¢||y;.00 := sup |¢(y)|. The supremum
yEYT
norm on set )7 is defined similarly.

Lemma 1. Let py € Lo(Y) N CO(Y) be a scalar function that may depend on parameter § € © and is such that

sup Eo [¢0(Yi1)?|Y: = y] < <. (F2)
c
yEle™%,e?|x X

Let ¢g be an estimator of g such that sup||gg — pgl|y; ~ = 0p(1). Then, under Assumptions A 1, A 2, A 4-6
0cO
and A 9, we have sup|€y §lpo] = Eo.fololllyr 00 = 0p(1).
€

Proof. See Section H.1 of the supplementary materials. O

We use the uniform convergence of the kernel estimator to prove Lemma 1. Let us now write the American put
pricing operator as
As 1] = v(0,) + (Eg.¢lie) — v(0,-))" (F3)

and do similarly for its estimator A, ¢[]. Since |max [t,0] — max[s,0]| < [t — s|, forall ¢, s € R, we get from

Lemma 1 that for any ¢y satisfying Inequality (F.2)

sup||@g — @ollyy,c0 = 0p(1) = supl| Ay §[Pe] — Ag 1o [20]llyr,00 = 0p(1). (F4)
9€6 0c6
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Lemma 2. Under Assumption A 9, if

Sug £ [Ag:fo [v(0, ‘)](YZH)Z’ Y = y} < 00,
€
yE[e*fl*b7ea+b]X‘X

for h € N, then
sup E [Ag;; [v(0, -)](Yt+1)2) Y, = y] < 0. (F5)
(S
yEle™%,e?x X

Proof. See Section H.2 of the supplementary materials. O

By Lemma 2, we can iterate h > 1 times the Implication (F.4) starting with ¢y = @y = v(0, -) and a sufficiently

large moneyness strike support, and get

sup|[ A} :[v(0, )] = A 7, [v(0, )] [[y,00 = 0p(1).
0co ’

We deduce that sup Hg(@, f) — g (6, fO)H = 0p(1). Then, from Equation (F.1), vector G(6, f) converges to
0co
G(8, fo) uniformly in # € ©. By Assumption A 10, Q7 () converges to Qy(#) uniformly in 6 € O.

F.2 Proof of Proposition 5
We prove Proposition 5 in two steps.

a) First, we show that there exists an open neighborhood ©y C O such that §y € ©¢ and the criterion Q7 (0) is
differentiable w.r.t. § € ©y w.p.a. 1.

b) Second, by the consistency of estimator 6, we deduce that 6 € O w.p.a. 1. From part a), it follows that 6
satisfies the first-order condition Vy QT(é) = 0 w.p.a. 1. Hence, we can follow the approach in the proof of

Theorem 3.2 in Newey and McFadden [1999] to prove Equation (5.3) and conclude.

Let us first prove part a). Since y; € Cy, f,(h;) forall j = 1,..., N, by using the consistency of estimator
f and the fact that the continuation region Cy ¢(h) depends continuously on 6 and f, for given A > 1, we deduce
that there exists an open set ©g C © such that 6y € O, and y; € Cg,f(hj) forall j = 1,...,N and 8 € Oy,
w.p.a. 1. By the argument in Appendix D.1, this implies that g;(6, f) is differentiable w.rt. § € Oy, for all
j=1,...,N,wp.a. 1. By using that Ef[FU(XtH; 0)| Xy = m] is differentiable w.r.t. 6, part a) follows.

For part b), let us check the conditions of Theorem 3.2 in Newey and McFadden [1999].

i) The true parameter value 6 is an interior point of ©¢ by part a).

ii) Vector G(0, f ) is differentiable w.r.t. § € ©¢, w.p.a. 1, as shown in part a).

iiii) Let us now show that G, f) is asymptotically normal. Let us introduce the quantity A f(z|z) := f(z|Z)—
fo(x|Z). From Equation (3.6) and Proposition 2 we get

N

ot60.F) = [ Ast@)afGaloodn+ [ [ vuted00 1A falo)dzdz + 0, (1671
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N

Then, by using that the first two components of G(fy, f) are equal to / Lo (; 00) A f (|20 )da, we get

VTG00, 1) = Th. [ Tsta)af(alan)da
—i—\/Th%/X/Xf‘L(x,a*c)fX(j)Af(x\j)dxda?+Op <\/Th%|]Af\§o). (F.6)

From the uniform convergence of kernel density estimators (see, e.g., Hansen [2008]), the supremum norm
log (T")
d
Th2
remainder term in the RHS of Equation (F.6) is such that

Op<di%%hlﬂ@J::OP(MTM%<€%;)+h¥j)::qu, (F.7)

under the bandwidth conditions in Assumption A 6. Equations (F.6) and (F.7) yield Equation (5.4). More-

of Af is such that |Af|le = O, + hpT>, for integer p defined in Assumption A 2. Then, the

over, from the asymptotic normality of kernel density estimators (see, e.g., Ait-Sahalia [1992]), the asymptotic

distribution of the first term in the RHS of Equation (F.6) is

= ; D K
Vi [ Pata)atalaas B A7 (0.5 G
x fx (@o)
where the bias term vanishes asymptotically under Assumption A 6 on the bandwidth. Let us now consider the

second term of the RHS of Equation (F.6). The integration w.r.t. £ € X increases the convergence rate, i.e.

/X /X Ty (2, ) fx (3)Af (2] ) dedi = O, (10%0 + hg;) —o, (1 / Tth) 7 £9)

from the bandwidth conditions in Assumption A 6. Thus, the second term of the RHS of Equation (F.6) is

negligible as " — oo and
\m@a%ﬂﬂN@,K%mO. (F.10)
fx (o)
iv) By a similar argument as in Appendix D.1, the function V¢ G(0, fo) is continuous w.r.t. § € Og and, by a
similar argument as in Appendix F.1, we have esué) VoG, f) — Ve G(0, fo)H = o0p(1).
€00

v) Finally, the matrix J<0Jo is nonsingular since Jy = V¢G(0o, fo) is full column-rank (Assumption 6) and

Q) is positive definite (Assumption A 10).

Then, the same arguments as in the proof of Theorem 3.2 in Newey and McFadden [1999] imply Equation
(5.3), and by using Expression (F.10) the conclusion follows.
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F.3 Proof of Proposition 7

The first order condition for estimator 6* is
w (VoG (00.7)] orG (07, 7)
Sy [T (o) = ] o By [0 (30507 =] =0
By the mean-value theorem, there exists § between 6* and 6y (componentwise) such that
1 (9o G (0%, 1) G (60, 1)
- ZE (90T (Xeras) | 0 = 2] B () B T (K150 X, =
4 (th VoG (6.4)] 0 [voc (6.7)] +
o 3 [V () 3= ] ey [ Wy ()| =] ) (0 ) <o

By multiplying the two sides of the last equation by TR/, where Ry := [T’ “12R, (Th%) 1/ Ry), and using

/
that R;! (0* — 00) = (\/T(ﬁi‘ — o) \/Thd (75 — 772,0)/> , we get

Hy ( VT (9} — )

TG ) ) = T R; (VoG (67, F)] 02 (60, f)
- tzi;TR’TEf [Volw (Xe1:0%) | %0 = ] O (2 B} [Ty (X 00)| X, = 2], ®1D)
where
Hr = TRy [VoG (0, F)] or [VoG (6. 7)] Br

T
1 - /. _
+ §1 TRyE; [WFU (XHl;G ))Xt - azt] Qr () B; [VQ,FU (Xm;e) ‘ X, = xt} Rr.
1=

By using that Jo(z) Ry = 0 for a.e. z € X, we get Hr = H + 0,(1), where matrix H is given by:

g [ Hao 0 [ FiFo [jo(Xt)’Qo(Xt)jo(Xt)} Ry 0
0 Hyy |- 0 RLJ\Q0JoRy |
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Moreover, in the RHS of Equation (F.11) we have

T
1 - I~ \I’LT
- Z;TR’TEJ; [ Vol (Xi1:67) | X0 = 21| O (@0) By [T (Xes500)| Xo = 1] = e
t=
and
AT R 0
ThARy (VoG (0%, )| QrG (60, f) = + 0p(1),
w0 or o) - 0
where } .
o Uy r ﬁ S RyJo (20) Qo () E; [Ty (Xet1;00)| Xi = x¢]
T = = R
Uy r R, T/ ThEG (90, f)
Therefore, we get
VT (i} —
Ui =mo) ) _ g,y 0p(1), (E.12)

Tth (775 - 772,0)

As in Lemma A.1 in Gagliardini, Gouriéroux and Renault [2011] we have W BN (0, W), where

(w0 BB [ (X 0 (X)) B (X0 (X0) Jo (X)) B 0
0 W2,2 0 RIQJ(I)QQZS (x()) QQJQRQ

and the bias vanishes asymptotically since Th%p = o(1) in Assumption A 6. Hence, VT (7% — 1) and
\/ Thi} (75 — m2,0) are asymptotically normal, independent, with asymptotic variances

AsVar |:\/T (’f]{ - 771’0) = Hl_’llWLlHl—’ll and AsVar |:\/Th§l1 (77; — 7’]270):| = H2_,21W272H2—’21,

respectively. By the standard argument for the efficient GMM, these asymptotic variances are minimized by

choosing Qg = g (20) " and Q(x) = Sy ()L, for any 2 € X. Proposition 7 follows.

F.4 Proof of Propositions 8 and 9

In this section we sketch the derivation of the asymptotic distribution for the estimators of the density f *, of the

Lagrange multipliers A, D and v(z), for x # ¢, and of functional a*.

F.4.1 Asymptotic expansion of the density estimator

Let us consider the tilting function in Equation (4.9) and derive its first-order Taylor expansion. Since f and f *
converge in probability to fy, vector 6* to 6y, Lagrange multipliers A, Dy and v(x) to 0 and weight wy to w, we

keep only the terms of first-order in the Lagrange multipliers estimators. For £ = x¢ we have

exp (ﬁ(l)FU(iL‘; 0%) + Ng(a; 6%, f*)) ~ 1+ DTy (x;00) + Nvs(x; 00, fo) = 1+ A'Tg(z),
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where A = [ A" and T'g is defined in Equations (5.1), so that

/X f(a:|$0) exp (ﬁéFU(m; é*) + 5\’73(35; 6", f*))da: ~ 1+ AEy Ts(X41)| Xy = x0) = 1.
Similarly, for any & # xg we have
exp (ﬁ(ﬁ:)TU(x;é ) 4+ wr Ny (@ /fX ) ~ 1+ 0(2)Ty(z;00) + wA'T (2, T),
where 'y, is defined in Equations (5.1). Then, since Eq [['7(X;11;60)|X; = 2] = 0 fora.e. & € X, we have
/X F(2|7) exp (ﬁ(i)TU(m;é )+ wr N (z /fX )dx ~ 1+ whEo [T (X1, 2)| X, = 7] .
Thus, we can approximate the tilting function for the value £ = z( of the conditioning volatility factor as

exp (%FU(QU; é*) + 5\/’}’5(37; é*a f*))

/ f(:z]a;o) exp (ﬁéI’U(x; é*) + 5\'75(56; é*, f*))d:r
X

~ 1+ ATg(z), (F.13)

and for any other value Z # xg as

exp (ﬁ(f)/FU(l’;é ) + wrXy(z /fx )

[ Faldyexp (912 Tu (@:6%) + wriinu (o507 ) ] fx(@))da

~ 1+ 0(2)'Ty(z;00) + WA'T (2, ),
(F.14)

where I'f is defined in Equations (5.1). By inserting Approximations (F.13) and (F.14) into Equation (4.9) and

keeping only the first-order terms in the estimators we get Approximation (5.8).

F.4.2 Asymptotic expansion of the Lagrange multipliers

Let us consider the constraints in System (4.10). They can be rewritten as:

/ Ty (w: 6%) f*(@lF)de = 0, forae. & # 2o,
X

A A (F.15)
G(0*, f*) =
The expansion of the LHS of the first equation of System (F.15) around (6, fo) is:
/ Ty (2)Af* (2]7)dz + Jo() (é* - 90) +0, (Hé* - 90||2) ~0, (F.16)
X

for a.e. & # xo, where the 2 x p Jacobian matrix Jy (&) is defined in Proposition 7 and is such that Jo(&) =

Eo [Cv(Xi41) Ve log (m(X¢41;60))| Xy = Z]. Similarly, the expansion of the LHS of the second equation in
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System (F.15) around (g, fo) is:
(DGO, fo). AF* )+ Jo (6" = 00) + 0, (1A% ) + 0, (16" = 6]?) =0, E1D)

where matrix Jy is defined in Assumption 6 and is the sum of the matrices defined in Equations (5.2).
We use Proposition 2 and Approximation (5.8) and keep only the leading terms to approximate the first term

in the LHS of Equation (F.17) as

<DG(90,f0),Af*> :/st(x)Af*(x|xo)d:c+/X/XfL(x,i;)fX(:z)Af*(a;yaz)dxdg:«
:/XFS(x)Af(:r\xo)dx+/X/XFL(x,az)fX(aﬁ)Af(:nﬁ)dxdaE
+| [ Tstorsa) folands 4o [ [ uteairwe,a) el de s (3103 &
+/X/)(1_“L(x,i)l“U(a:;00)’f0(xi)d:cﬁ(i")fx(:i)di
= <DG(90,f0),Af>+ (Zs(a:())—i—w/)cEL(x)fX(x)dx)A—i—/}(EL,U(x)ﬁ(a:)fX(x)d:U. (F.18)

Similarly, we use Approximation (5.8) to approximate the first term in the LHS of Equation (F.16) as

/ Ly (2)Af*(x]7)dx ~ / Ty (2)Af(x]F)de + wSy L (2)A + Sp(2)0(2), (F.19)
X X

for T # . Then, we use Equation (3.6) and replace Approximation (F.18) in Equation (F.17), and Approxima-
tion (F.19) in Equation (F.16), to get a linearization of the constraints in System (F.15):

[ Tu@)a F(@l@)dz + wSu L (@)A + Sy (@)p(F) + Jo(i) (é* - 90) ~ 0,

G(bo, f) + <ES(~’C0) + w/ EL(ﬂf)fX(ﬂﬁ)d$> A +/ Yru()o(z) fx(z)dz + Jo (é* - 90) ~ 0,
X X
(F.20)
for & # x9. We now solve System (F.20) w.r.t. the Lagrange multipliers. Since matrix ¥ (Z) is invertible for

any &, we can solve the first approximation of System (F.20) w.r.t. 2(Z):

9(7) ~ —5y(F)~! < /X Ty (2)Af(2|7)da + Jo(%) (é* - 90) + sz,L(:z)A> : (F21)

for £ # xzy. We insert Approximation (F.21) into the second approximation of System (F.20) and omit the

negligible terms:
G(bo, f) + (Es(ﬂco) + w/X ZLJ_U(«T)fX(m)dm> A+ (Jo = Tpw) (é* - 90) ~ 0, (F22)

for the (N + 2) x p matrix Jp ;7 := Eo [ELU(Xt)EU(Xt)*lfU(XtH)Vg/ log (m/(X¢41; 00))]. By inverting
Equation (5.7), i.e. # = Ry, and using Equation (F.12) with Qo = Yg(z)~" and Qo(x) = Xy (x)~", for any
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T € X, we get

0" =00 = Ri(i] —mo)+ Ra (03 —m20)
~ —Ry (RbJiSs(z0) " JoRa) ™ RYJ)Ss(20) ' G(bo, f) ~ —P/ Ds(2)Af(z|zo)dz, (F.23)
X

for the p x (N 4 2) matrix P := Ry (Réjézs(f[]o)iljoRQ)il RLJ\Ss (o) L. Approximation (F.22) yields

A~ —A/ Ds(2)Af(z|zo)da, (F.24)
X

for the (N + 2) x (N + 2) matrix A defined as

—1
A= (Es(wo) + ‘*’/X ELJ_U(x)fX(x)dx> (Int2 = (Jo = Jrju) P) - (F.23)

Finally, we use Approximations (F.21) and (F.23) to approximate (%), for any & # x, as

a(f):zU(:;;)—l<(j0(z)P+sz,L(g:~)A)/er(x)Af(g;|x0)dx—/

N Ty (z)A f(x|5v)dx>. (F.26)

F.4.3 Asymptotic distribution of the Lagrange multipliers

Let us first derive the asymptotic distribution of A. From Approximation (F.24), by using Expression (F.8) we
get
ThiA B N <07 ]CAES(a:O)A’) .
fx (@o)
Let us now consider estimator 7(x), for any x # xp. By a similar argument as for Expression (F.8), we
deduce that the two integrals in Approximation (F.26), standardized by the appropriate rate of convergence, are

asymptotically normal and independent, since they involve different conditioning values in A f . Then we get

VThgo(@) BN (0,5,().

for any = # xy, where the 2 x 2 matrix ¥, is defined as

K
~ fx(z0)

Ey(a}) EU(x)fl(jo(.%‘)P+w2U7L<$)A)Es(xo) (jo(QZ)P—F(UEU,L(.%')A)/EU(:C)il-F ZU(JZ)*l.

K
fx (@)
F.4.4 Pointwise asymptotic normality of the estimator of the historical transition density

From Approximation (5.8) and the asymptotic distribution of the Lagrange multipliers is Section F.4.3, Equation
(5.9) follows. Then, we deduce Proposition 8 by standard results on the pointwise asymptotic normality of the

kernel density estimator (see, e.g., Bosq [1998]).
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F.4.5 Asymptotic distribution of the functionals of the historical transition density

From Equation (5.10) and Approximation (F.23) we get

& — ap =~ —Va(bo, fo)P/XrS(x)Af(mo)dx v <Da(00, fo), Af*> . (F27)

Let us focus on the last term of the RHS of Approximation (F.27) and proceed in a similar way as done in Section
F.4.2. From Equation (4.13) for direction A f * and state variables vector x* = xo, Approximation (5.8) and a

similar argument as for Equations (F.9), we get the following approximation of the Fréchet derivative:
(Datto. fo). A7) = [ as@Afaleods+ | Fo, v@0(@) fx@)to
+ <Eas,s($o) + w/X EaL,L(iU)fX(l")dx> A.
Moreover, from Approximation (F.26) and a similar argument as for Equations (F.9) we have
/X Sy 0 (2) 7 (2) fx(@)de = (w /X Say0r (2) Sur ()7 Spi (2) F () deA
+JQLUP> /X D (2)A f (zlao ) da
Thus, by using Approximation (F.24) we get
(Datn .85 = [ st eleoide + (JayjiP =~ Sas () 4
i [ Sara0 @) fx@ded) [ To()a (el

By using that (B + BQ)_I = Bfl —(B1+ BQ)_IBQB;I for any invertible matrices By and Be, the matrix A

defined in Equation (F.25) can be written as

A = (ssto+e [ szx)fX(x)dx)_l—(zs<:co>+w [ sui (ﬂﬁ)fx(x)dﬂﬂ)_l (Jo = Juy) P
= Sg(z0) " — (Es (z0) +w /X Sriv (@) fx(ﬁv)dJC)_l (Jo— Jpu) P
w (zs @)+ [ i@ fx<z>da:)1 | P @) fx(@)dass (@)
Thus, we get
<Da(90,fg),Af*> ~ /X(as(x)zas,s(xo)zs(xo)1rs(x)>Af(x|xo)dx
.
+Zags (@) (S5 o0) +0 [ B1a0 @) fx(ede) [ B @) fxlo)is

g (:cg)_l/XI‘S(a:)Af(a:\xo)da:+JaLUP/XFS(x)Af(:c\xo)dx
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-1
+ Ea&s (xo) <25’ (:Eo) + w/X YrLiu (33) fX(x)d.’L) (JQ — JL||U) P/X Fg(x)Af(ﬂl‘o)dx
~1
- w/X Yo, p1v (@) fx(z)dx <ES (x0) +w /X Yriv (z) fx(x)da:> /X Ls(2)Af(z|zo)dx
+ LL)/XEO[L’LJ_U (x) fx(x)d.%'
-1
. (ES (.%'0) + w/X YU (l’) fx(l')dm') (Jg — JL||U) P/X Fs(:b')Af(m"xo)d:U

Then, from Approximation (F.27) we get

~

af —ag ~ /X (ag(a;) — Yag,s (z0) s (330)_1 Fg(x)>A (x|zg)dx

+(wB(w) + CW)P) /X g (2)Af(2|z0)da, (F28)

where the matrix B(w) is defined as

-1
B(w) = Xa4.s (z0) (ES (xo) +w /X Yrpiu(x) fx(x)d$> /X Ypiv (x) fx(z)dzXg (xo)fl
-1
— /X EaL,LLU (£) fX(x)dx (ES (.’L‘o) +w /X ELLU (x) fx(x)dib>

and the matrix C(w) as

-1
C(w) = (EaS,S + w /X ZQL,LJ_U (1’) f)((:li)dﬂf) (ES (l’o) + w /X ZLJ_U (a;) fX(a:)d:c> (Jo — JL||U)
+Jap v — Vera(fo, fo),

for any w > 0. The integrand avg — X g 52 S(xo)_lfs in the first term in the RHS of Approximation (F.28) is
the residual of the projection of g onto I'g, and hence orthogonal to I'g. Then, by a similar argument as for
Expression (F.8) and using that Jo — Jp iy = Js + Jr1u, we deduce that the difference a* — ao, standardized

by the appropriate rate of convergence, is asymptotically normal with variance given in Equation (5.13).
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