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Abstract

We develop an econometric methodology to infer the path of risk premia from a large unbalanced
panel of individual stock returns. We estimate the time-varying risk premia implied by conditional
linear asset pricing models where the conditioning includes both instruments common to all assets and
asset specific instruments. The estimator uses simple weighted two-pass cross-sectional regressions,
and we show its consistency and asymptotic normality under increasing cross-sectional and time series
dimensions. We address consistent estimation of the asymptotic variance, and testing for asset pricing
restrictions induced by the no-arbitrage assumption in large economies. The empirical analysis on returns
for about ten thousands US stocks from July 1964 to December 2009 shows that conditional risk premia
are large and volatile in crisis periods. They exhibit large positive and negative strays from unconditional
estimates, follow the macroeconomic cycles, and do not match risk premia estimates on standard sets
of portfolios. The asset pricing restrictions are rejected for a conditional four-factor model capturing

market, size, value and momentum effects.

JEL Classification: C12, C13, C23, C51, C52, G12.

Keywords: large panel, factor model, risk premium, asset pricing.

aUniversity of Lugano and Swiss Finance Institute, ®University of Lugano, University of Geneva and Swiss Finance Institute.

*Acknowledgements: We gratefully acknowledge the financial support of the Swiss National Science Foundation (Prodoc project PDFM11-114533 and NCCR FINRISK).
‘We thank Y. Amihud, L. Barras, S. Bonhomme, A. Buraschi, V. Chernozhukov, G. Dhaene, R. Engle, J. Fan, E. Ghysels, C. Gouriéroux, S. Heston, E. Renault, E. Sentana,
F. Trojani, participants at the Cass conference 2010, CIRPEE conference 2011, ECARES conference 2011, CORE conference 2011, Montreal panel data conference 2011,
ESEM 2011, SoFiE annual conference 2012, and participants at seminars at Columbia, NYU, Georgetown, Maryland, McGill, GWU, ULB, UCL, Humboldt, Orléans,
Imperial College, CREST, Athens, CORE, Bernheim center, Brown, Princeton, Duke, Northwestern, HEC Montreal, CEMFI, Leuven, Rotterdam, Bern, Zurich, Cergy-

Pontoise, Luxembourg for helpful comments.



1 Introduction

Risk premia measure financial compensation asked by investors for bearing systematic risk. Financial
and macroeconomic variables influence risk. Conditional linear factor models aim at capturing their time-
varying influence in a simple setting (see e.g. Shanken (1990), Cochrane (1996), Ferson and Schadt (1996),
Ferson and Harvey (1991, 1999), Lettau and Ludvigson (2001), Petkova and Zhang (2005)). Time varia-
tion in risk biases unconditional estimates of alphas and betas, and therefore asset pricing test conclusions
(Jagannathan and Wang (1996), Lewellen and Nagel (2006), Boguth, Carlson, Fisher and Simutin (2010)).
Ghysels (1998) discusses the pros and cons of modeling time-varying betas.

The workhorse to estimate equity risk premia in a linear multi-factor setting is the two-pass cross-
sectional regression method developed by Black, Jensen and Scholes (1972) and Fama and MacBeth (1973).
A series of papers address its large and finite sample properties for unconditional linear factor models, see
e.g. Shanken (1985, 1992), Jagannathan and Wang (1998), Shanken and Zhou (2007), Kan, Robotti and
Shanken (2012), and the review paper of Jagannathan, Skoulakis and Wang (2009). The literature has not
yet formally addressed statistical inference for equity risk premia in conditional linear factor models despite
its empirical relevance.

In this paper, we study how we can infer the time-varying behaviour of equity risk premia from large
stock returns databases under conditional linear factor models. Our approach is inspired by the recent trend
in macro-econometrics and forecasting methods trying to extract cross-sectional and time-series information
simultaneously from large panels (see e.g. Stock and Watson (2002a,b), Bai (2003, 2009), Bai and Ng
(2002, 2006), Forni, Hallin, Lippi and Reichlin (2000, 2004, 2005), Pesaran (2006)). Ludvigson and Ng
(2007, 2009) exemplify this promising route when studying bond risk premia. Connor, Hagmann, and Linton
(2012) show that large cross-sections exploit data more efficiently in a semiparametric characteristic-based
factor model of stock returns. Our approach relying on individual stocks returns is also inspired by the
theoretical framework underlying the Arbitrage Pricing Theory (APT). In this setting, approximate factor
structures with nondiagonal error covariance matrices (Chamberlain and Rothschild (1983, CR)) answer the
potential empirical mismatch of exact factor structures with diagonal error covariance matrices underlying
the original APT of Ross (1976). Under weak cross-sectional dependence among idiosyncratic error terms,

such approximate factor models generate no-arbitrage restrictions in large economies where the number of



assets grows to infinity. Our paper develops an econometric methodology tailored to the APT framework.
Indeed, we let the number of assets grow to infinity mimicking the large economies of financial theory.

The potential loss of information and bias induced by grouping stocks to build portfolios in asset pricing
tests further motivate our approach (e.g. Litzenberger and Ramaswamy (1979), Lo and MacKinlay (1990),
Berk (2000), Conrad, Cooper and Kaul (2003), Phalippou (2007)). Avramov and Chordia (2006) have al-
ready shown that empirical findings given by conditional factor models about anomalies differ a lot when
considering single securities instead of portfolios. Ang, Liu and Schwarz (2008) argue that we loose a lot of
efficiency when only considering portfolios as base assets, instead of individual stocks, to estimate equity
risk premia in unconditional models. In our approach, the large cross-section of stock returns helps to get
accurate estimation of the equity risk premia even if we get noisy time-series estimates of the factor load-
ings (the betas). Besides, when running asset-pricing tests, Lewellen, Nagel and Shanken (2010) advocate
working with a large number of assets instead of working with a small number of portfolios exhibiting a
tight factor structure. The former gives us a higher hurdle to meet in judging model explanation based on
cross-sectional R2.

Our theoretical contributions are threefold. First, we derive no-arbitrage restrictions in a multi-period
economy (Hansen and Richard (1987)) under an approximate factor structure (Chamberlain and Rothschild
(1983)) with a continuum of assets. We explicitly show the relationship between the ruling out of asymptotic
arbitrage opportunities and an empirically testable restriction for large economies in a conditional setting.
We also formalize the sampling scheme so that observed assets are random draws from an underlying pop-
ulation (Andrews (2005)). Such a construction is close to the setting advocated by Al-Najjar (1995, 1998,
1999) in a static framework with exact factor structure. He discusses several key advantages of using a con-
tinuum economy in arbitrage pricing and risk decomposition. Second, we derive a new weighted two-pass
cross-sectional estimator of the path over time of the risk premia from large unbalanced panels of excess
returns. We study its large sample properties in conditional linear factor models where the conditioning
includes instruments common to all assets and asset specific instruments. The factor modeling permits
conditional heteroskedasticity and cross-sectional dependence in the error terms (see Petersen (2008) for
stressing the importance of residual dependence when computing standard errors in finance panel data).

We derive consistency and asymptotic normality of our estimators by letting the time dimension 7" and



the cross-section dimension n grow to infinity simultaneously, and not sequentially. We relate the results
to bias-corrected estimation (Hahn and Kuersteiner (2002), Hahn and Newey (2004)) accounting for the
well-known incidental parameter problem in the panel literature (Neyman and Scott (1948)). We derive
all properties for unbalanced panels to avoid the survivorship bias inherent to studies restricted to balanced
subsets of available stock return databases (Brown, Goetzmann, Ross (1995)). The two-pass regression
approach is simple and particularly easy to implement in an unbalanced setting. This explains our choice
over more efficient, but numerically intractable, one-pass ML/GMM estimators or generalized least-squares
estimators. When n is of the order of a couple of thousands assets, numerical optimization on a large pa-
rameter set or numerical inversion of a large weighting matrix is too challenging and unstable to benefit in
practice from the theoretical efficiency gains, unless imposing strong ad hoc structural restrictions. Third,
we provide a test of the asset pricing restrictions for the conditional factor model underlying the estima-
tion. The test exploits the asymptotic distribution of a weighted sum of squared residuals of the second-pass
cross-sectional regression (see Lewellen, Nagel and Shanken (2010), Kan, Robotti and Shanken (2012) for
arelated approach in unconditional models and asymptotics with fixed n). The test statistic relies on consis-
tent estimation of large-dimensional sparse covariance matrices by thresholding (Bickel and Levina (2008),
El Karoui (2008), Fan, Liao, and Mincheva (2011)). As a by-product, our approach permits inference for
the cost of equity on individual stocks, in a time-varying setting (Fama and French (1997)). We know from
standard textbooks in corporate finance that cost of equity = risk free rate + factor loadings x factor risk
premia. It is part of the cost of capital and is a central piece for evaluating investment projects by company
managers. For pedagogical purposes, we first present the three theoretical contributions in an unconditional
setting before the extension to a conditional setting.

For our empirical contributions, we consider the Center for Research in Security Prices (CRSP) database
and take the Compustat database to match firm characteristics. The merged dataset comprises about ten thou-
sands stocks with monthly returns from July 1964 to December 2009. We look at factor models popular in
the empirical finance literature to explain monthly equity returns. They differ by the choice of the factors.
The first model is the CAPM (Sharpe (1964), Lintner (1965)) using market return as the single factor. Then,
we consider the three-factor model of Fama and French (1993) based on two additional factors capturing the

book-to-market and size effects, and a four-factor extension including a momentum factor (Jegadeesh and



Titman (1993), Carhart (1997)). We study both unconditional and conditional factor models (Ferson and
Schadt (1996), Ferson and Harvey (1999)). For the conditional versions, we use both macrovariables and
firm characteristics as instruments. The estimated paths show that the risk premia are large and volatile in
crisis periods, e.g., the oil crisis in 1973-1974, the market crash in October 1987, and the recent financial
crisis. Furthermore, the conditional risk premia estimates exhibit large positive and negative strays from un-
conditional estimates, follow the macroeconomic cycles, and do not match risk premia estimates on standard
sets of portfolios. The asset pricing restrictions are rejected for a conditional four-factor model capturing
market, size, value and momentum effects.

The outline of the paper is as follows. In Section 2, we present our approach in an unconditional linear
factor setting. In Section 3, we extend all results to cover a conditional linear factor model where the
instruments inducing time varying coefficients can be either common to all stocks, or stock specific. Section
4 contains the empirical results. In the Appendices, we gather the technical assumptions and some proofs.
We use high-level assumptions to get our results and show in Appendix 4 that we meet all of them under
a block cross-sectional dependence structure on the error terms in a serially i.i.d. framework. We place all
omitted proofs and the Monte Carlo simulation results in the online supplementary materials. There, we

also include some empirical results on the cost of equity and robustness checks.

2 Unconditional factor model

In this section, we consider an unconditional linear factor model in order to illustrate the main contributions

of the article in a simple setting. This covers the CAPM where the single factor is the excess market return.

2.1 Excess return generation and asset pricing restrictions

We start by describing the generating process for the excess returns before examining the implications of
absence of arbitrage opportunities in terms of model restrictions. We combine the constructions of Hansen
and Richard (1987) and Andrews (2005) to define a multi-period economy with a continuum of assets having
strictly stationary and ergodic return processes. We use such a formal construction to guarantee that (i) the

economy is invariant to time shifts, so that we can establish all properties by working at¢ = 1, (ii) time series



averages converge almost surely to population expectations, (iii) under a suitable sampling mechanism (see
the next section), cross-sectional limits exist and are invariant to reordering of the assets, (iv) the derived
no-arbitrage restriction is empirically testable. This construction allows reconciling finance and econometric
analysis in a coherent framework.

Let (2, F,P) be a probability space. The random vector f admitting values in R¥, and the collection
of random variables £(v), v € [0, 1], are defined on this probability space. Moreover, let 5 = (a,b’)’ be
a vector function defined on [0, 1] with values in R x R¥. The dynamics is described by the measurable
time-shift transformation S mapping €2 into itself. If w € ) is the state of the world at time 0, then S*(w) is
the state at time ¢, where S denotes the transformation S applied ¢ times successively. Transformation S is
assumed to be measure-preserving and ergodic (i.e., any set in F invariant under S has measure either 1, or

0).

Assumption APR.1 The excess returns Ry() of asset vy € [0,1] at dates t = 1,2, ... satisfy the uncondi-

tional linear factor model:

Ri(7) = a(y) +b(y) fi + eu(v), (1)

where the random variables €;(v) and f; are defined by £; (v, w) = €[y, St(w)] and fi(w) = f[St(w)].

Assumption APR.1 defines the excess return processes for an economy with a continuum of assets. The
index set is the interval [0, 1] without loss of generality. Vector f; gathers the values of the K observable
factors at date ¢, while the intercept a(+y) and factor sensitivities b(vy) of asset v € [0, 1] are time-invariant.
Since transformation .S is measure-preserving and ergodic, all processes are strictly stationary and ergodic

(Doob (1953)). Let further define x; = (1, ft/ )/ which yields the compact formulation:

Ri(7) = B(7) s + &4(7). (2)

In order to define the information sets, let 7o C F be a sub sigma-field. We assume that random vector f
is measurable w.r.t. Fy. Define 7; = {S™'(A), A € Fy}, t = 1,2, ..., through the inverse mapping S~¢
and assume that /7 contains J. Then, the filtration F;, ¢ = 1,2, ..., characterizes the flow of information
available to investors.

Let us now introduce supplementary assumptions on factors, factor loadings, and error terms.



Assumption APR.2 The matrix / b(v)b(y) d is positive definite.

Assumption APR.2 implies non-degeneracy in the factor loadings across assets.
Assumption APR.3 Forany v € [0,1], E[e¢(v)|Fi—1] = 0 and Covle(y), ft| Fi—1] = 0.

Hence, the error terms have mean zero and are uncorrelated with the factors conditionally on information
Fi—1. In Assumption APR.4 (i) below, we impose an approximate factor structure for the conditional
distribution of the error terms given J;_; in almost any countable collection of assets. More precisely, for
any sequence (7;) in [0, 1], let ¥, ; , denote the n x n conditional variance-covariance matrix of the error
vector [e4(71), .-, €¢(7n)]” given Fy_1, for n € N. Let pr be the probability measure on the set I' = [0, 1]
of sequences (~;) in [0, 1] induced by i.i.d. random sampling from a continuous distribution G with support

[0, 1].

Assumption APR.4 For any sequence (v;) in set J: (i) eigmax (Xctn) = 0(n), as n — oo, P-a.s.,
(ii) Tllr;fl €igmin (Xe.tn) > 0, P-a.s., where J C T is such that ur(J) = 1, and €igmin (Xctn) and
€igmax (Xet,n) denote the smallest and the largest eigenvalues of matrix ¢ ¢ p, (iii) €igmin (V[ ft| Fi-1]) >
0, P-a.s.
Assumption APR.4 (i) is weaker than boundedness of the largest eigenvalue, i.e., SUp €igmax (Xc ¢,n) < 00,
P-as., as in CR. This is useful for the checks of Appendix 4 under a block crgisl—sectional dependence
structure. Assumptions APR.4 (ii)-(iii) are mild regularity conditions for the proof of Proposition 1.
Absence of asymptotic arbitrage opportunities generates asset pricing restrictions in large economies
(Ross (1976), CR). We define asymptotic arbitrage opportunities in terms of sequences of portfolios p,,

n € N. Portfolio p,, is defined by the share oy, invested in the riskfree asset and the shares ; ;, invested in

the selected risky assets 7;, for i« = 1, ....,n. The shares are measurable w.r.t. Fy. Then, C(p,,) = Z Qin
=0

n
is the portfolio cost at t = 0, and p,, = C(p,)Ro + Z a; nR1(;) is the portfolio payoff at ¢ = 1, where

=1
Ry denotes the riskfree gross return measurable w.r.t. 4. We can work with ¢ = 1 because of stationarity.

Assumption APR.5 There are no asymptotic arbitrage opportunities in the economy, that is, there exists

no portfolio sequence (py,) such that le Plp, >0] =1 and ILm P[C(pn) < 0,p, > 0] > 0.
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Assumption APR.5 excludes portfolios that approximate arbitrage opportunities when the number of in-
cluded assets increases. Arbitrage opportunities are investments with non-negative payoff in each state of
the world, and with non-positive cost and positive payoff in some states of the world as in Hansen and

Richard (1987), Definition 2.4. Then, Proposition 1 gives the asset pricing restriction.
Proposition 1 Under Assumptions APR.1-APR.5, there exists a unique vector v € RX such that

a(y) = b()'v, 3)
for almost all v € [0, 1].

We can rewrite the asset pricing restriction as

E[Ri(y)] = b(y)'A, (4)

for almost all v € [0, 1], where A = v + E[f;] is the vector of the risk premia. In the CAPM, we have
K = 1and v = 0. When a factor f}; is a portfolio excess return, we also have v, = 0, k = 1,..., K.
Proposition 1 is already stated by Al-Najjar (1998) Proposition 2 for a strict factor structure in an un-
conditional economy (static case) with the definition of arbitrage as in CR. We extend his result to an
approximate factor structure in a conditional economy (dynamic case) with the definition of arbitrage as in
Hansen and Richard (1987). Proposition 1 differs from CR Theorem 3 in terms of the returns generating
framework, the definition of asymptotic arbitrage opportunities, and the derived asset pricing restriction.
Specifically, we consider a multi-period economy with conditional information as opposed to a single pe-
riod unconditional economy as in CR. We extend such a setting to time varying risk premia in Section 3.
We prefer the definition underlying Assumption APR.5 since it corresponds to the definition of arbitrage
that is standard in dynamic asset pricing theory (e.g., Duffie (2001)). As pointed out by Hansen and Richard
(1987), Ross (1978) has already chosen that type of definition. It also eases the proof based on new argu-
ments. However, in Appendix 2, we derive the link between the no-arbitrage conditions in Assumptions
A.1 1) and ii) of CR, written P-a.s. w.r.t. the conditional information F; and for almost every countable
collection of assets, and the asset pricing restriction (3) valid for the continuum of assets. Hence, we are
able to characterize the functions 5 = (a, ')’ defined on [0, 1] that are compatible with absence of asymp-

totic arbitrage opportunities under both definitions of arbitrage in the continuum economy. CR derive the



2
pricing restriction Z ( a(v;) — b(7;) ) < o0, for some v € R and for a given sequence (v;), while we
derive the restrrctlon (3) for almost all v € [0,1]. In Appendix 2, we show that the set of sequences (~;)

;N2
such that inf Z ( —b(:) I/) < oo has measure 1 under pr, when the asset pricing restriction (3)
vERK

holds, and measure 0, otherwise. This result is a consequence of the Kolmogorov zero-one law (see e.g.
Billingsley (1995)). In other words, validity of the summability condition in CR for a countable collection
of assets without validity of the asset pricing restriction (3) is an impossible event. From the proofs in Ap-
pendix 2, we also get a reverse implication compared to Proposition 1: when the asset pricing restriction (3)
does not hold, asymptotic arbitrage in the sense of Assumption APR.5, or of Assumptions A.1 i) and ii) of
CR, exists for pr-almost any countable collection of assets. The restriction in Proposition 1 is testable with
large equity datasets and large sample sizes (Section 2.5). Therefore we are not affected by the Shanken

2
(1982) critique, namely the problem that finiteness of the sum Z < a(7i) — b(’y,) ) for a given countable

i=1
economy cannot be tested empirically. The next section describes how we get the data from sampling the

continuum of assets.

2.2 The sampling scheme

We estimate the risk premia from a sample of observations on returns and factors for n assets and 7" dates. In
available databases, we do not observe asset returns for all firms at all dates. We account for the unbalanced
nature of the panel through a collection of indicator variables I(v), v € [0, 1], and define [;(y,w) =
Iy, S*(w)]. Then I;(y) = 1 if the return of asset 7 is observable by the econometrician at date ¢, and
0 otherwise (Connor and Korajczyk (1987)). To keep the factor structure linear, we assume a missing-at-

random design (Rubin (1976)), that is, independence between unobservability and returns generation.
Assumption SC.1 The random variables I;(7y), v € [0, 1], are independent of €,(~y), v € [0, 1], and f;.
Another design would require an explicit modeling of the link between the unobservability mechanism

and the returns process of the continuum of assets (Heckman (1979)); this would yield a nonlinear factor

structure.



Assets are randomly drawn from the population according to a probability distribution G on [0, 1]. We
use a single distribution GG in order to avoid the notational burden when working with different distributions

on different subintervals of [0, 1].

Assumption SC.2 The random variables y;, i = 1,...,n, are i.i.d. indices, independent of €.(y), I:(7),

v € 10,1] and fi, each with continuous distribution G with support [0, 1].

For any n, T € N, the excess returns are R;; = R;(7;) and the observability indicators are I; ; = I;(7;),
fori =1,...,n,and ¢t = 1,...,T. The excess return R;; is observed if and only if I; ; = 1. Similarly, let
Bi = B(vi) = (ai,b,)" be the characteristics, €;+ = ¢(7;) the error terms, and o+ = Ele; +€j+|T¢, Vi, ;]
the conditional variances and covariances of the assets in the sample, where x; = {x¢, z4_1,...}. By random
sampling, we get a random coefficient panel model (e.g. Hsiao (2003), Chapter 6). The characteristic 3; of
asset 7 is random, and potentially correlated with the error terms ¢; ¢ and the observability indicators 1; 4,
as well as the conditional variances o;; ¢, through the index ~;. If the a;s and b;s were treated as given
parameters, and not as realizations of random variables, invoking cross-sectional LLNs and CLTs as in
some assumptions and parts of the proofs would have no sense. Moreover, cross-sectional limits would
be dependent on the selected ordering of the assets. Instead, our assumptions and results do not rely on a
specific ordering of assets. Random elements (6{ s Oits Eits I@t)’, 1 = 1,...,n, are exchangeable (Andrews

(2005)). Hence, assets randomly drawn from the population have ex-ante the same features. However, given

a specific realization of the indices in the sample, assets have ex-post heterogeneous features.

2.3 Asymptotic properties of risk premium estimation

We consider a two-pass approach (Fama and MacBeth (1973), Black, Jensen and Scholes (1972)) building
on Equations (1) and (3).

First Pass: The first pass consists in computing time-series OLS  estimators
. - ~ 11 A 1
~ -1 .
Bi = (a, b;)’ = Qi ZIMa:tRZ-,t, fori = 1,...,n, where Q,; = T Zli,ta:tx; and T; = ZI”' In
ot ot t

available panels, the random sample size T; for asset ¢ can be small, and the inversion of matrix Qm can be

numerically unstable. This can yield unreliable estimates of 3;. To address this, we introduce a trimming de-

vice: ]-z( = {CN (Qx,z) < X1,T, T, T < X2,T}a where C N (Qw,z) = \/eigmax (Qm,z) /eigmin (Qw,z)
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denotes the condition number of matrix Q,“ TiT = T/T;, and the two sequences x1,7 > 0and x21 > 0
diverge asymptotically. The first trimming condition {C' N (Qm> < x1,7} keeps in the cross-section only
assets for which the time series regression is not too badly conditioned. A too large value of CN (Q“) in-
dicates multicollinearity problems and ill-conditioning (Belsley, Kuh, and Welsch (2004), Greene (2008)).
The second trimming condition {7; 7 < x27} keeps in the cross-section only assets for which the time
series is not too short. We use both trimming conditions in the proofs of the asymptotic results.

Second Pass: The second pass consists in computing a cross-sectional estimator of v by regressing
the ;s on the b;s keeping the non-trimmed assets only. We use a WLS approach. The weights are esti-
mates of w; = v; 1 where the v; are the asymptotic variances of the standardized errors VT (&i — i);V)
in the cross-sectional regression for large 7. We have v; = 7;¢,Q;'S;Q; ¢y, where Q, = E [z42}],

T—o00 —00

1 ) _
S;i = plim 7 E oiitrixy = F [5?7txtx2|%], 7 = plim 7,7 = E[Li4|y] ™", and ¢, = (1, —)". We use
T
¢

~ PN N 1 o
. N ’ 1 —1 . 22 roa / _
the estimates 0; = 7; 1¢j, Qm Sn-Qm’icl;l, where S;; = T g L85 yxexy, Eip = Rig — Bixy and ¢y, =
1
t

1
(1,—27)". To estimate c¢,, we use the OLS estimator 7y = (Z 155,32) Z 1§<Bidi, i.e., a first-step
i i

estimator with unit weights. The WLS estimator is:
~ A—1 1 AT oA
p=Qy =Y ibia, )

A 1 L s . . C .. ..
where Qp, = - Z W;b;b; and w; = 1X0; . Weighting accounts for the statistical precision of the first-
i
pass estimates. Under conditional homoskedasticity 04;; = o0;; and a balanced panel 7; 7 = 1, we have
v =c,Q5 Le, 0. There, v; is directly proportional to o;;, and we can simply pick the weights as w; = 7;; L

1
where &;; = T Z éit (Shanken (1992)). The final estimator of the risk premia vector is
¢

|
)\:V—i—T;ft- (6)

We can avoid the trimming on the condition number if we substitute Q; ! for Q;i in the first-pass estimator
definition. However, this increases the asymptotic variance of the bias corrected estimator of v, and does
not extend to the conditional case. Starting from the asset pricing restriction (4), another estimator of X is

_ ~ .1 o = _ 1 g
A= Qb_lﬁ E w;b; R;, where R; = i g I; 1 R; ;. This estimator is numerically equivalent to A in the bal-
i t
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_ . o1 .
anced case, where I; ; = 1 for all 7 and ¢. In the unbalanced case, it is equal to A = ¥ 4 Qb_l — Z w;b;b fi,
n =
(]

_ 1 _
where f; = T Z I; ; fi. Estimator A is often studied by the literature (see, e.g., Shanken (1992), Kandel
K
t

and Stambaugh (1995), Jagannathan and Wang (1998)), and is also consistent. Estimating E [f;] with a
simple average of the observed factor instead of a weighted average based on estimated betas simplifies the
form of the asymptotic distribution in the unbalanced case (see below and Section 2.4). This explains our
preference for X over \.

We derive the asymptotic properties under assumptions on the conditional distribution of the error terms.

Assumption A.1 There exists a positive constant M such that for all n:
a) B [5i1t|{€j,§,’yj,j =1, ...,n},xd =0,withejs—1 ={ej-1,€j4-2, -} and vy = {x4, 241, };

1 . 1 2 1/2
b) i <o+ <M, i=1,..n; ¢)E - ZE [aiﬂ\%,’yj] < M, whereo;j; = E [6¢7t€j7t’$£, ’yi,'yj}.

1,J

Assumption A.1 allows for a martingale difference sequence for the error terms (part a)) including potential
conditional heteroskedasticity (part b)) as well as weak cross-sectional dependence (part ¢)). In particular,
Assumption A.1 c) is the same as Assumption C.3 in Bai and Ng (2002), except that we have an expectation
w.r.t. the random draws of assets. More general error structures are possible but complicate consistent
estimation of the asymptotic variances of the estimators (see Section 2.4).

Proposition 2 summarizes consistency of estimators © and A under the double asymptotics

n, T — oo.

Proposition 2 Under Assumptions APR.1-APR.5, SC.1-SC.2, A.1b) and C.1, C4, C.5, we geta) ||V — v|| =
op (1) and b) HS\ - A

=0, (1), when n, T — oo such thatn = O (T"7) for 5 > 0.

Consistency of the estimators holds under double asymptotics such that the cross-sectional size n grows not
faster than a power of the time series size 71'. For instance, the conditions in Proposition 2 allow for n large
w.r.t. T' (short panel asymptotics) when ¥ > 1. Shanken (1992) shows consistency of © and ) for a fixed n
and T" — oo. This consistency does not imply Proposition 2. Shanken (1992) (see also Litzenberger and
Ramaswamy (1979)) further shows that we can estimate v consistently in the second pass with a modified
cross-sectional estimator for a fixed 7" and n — oo. Since A = v + E [ f], consistent estimation of the risk

premia themselves is impossible for a fixed I' (see Shanken (1992) for the same point).
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Proposition 3 below gives the large-sample distributions under the double asymptotics

n, T — oco. Let us define 757 = T/TZJ, where T;; = ZL-N and [;;; = I; 1 fori, 5 = 1,...,n. Letus
t

further define 7;; = phm Tijr = Ellij fyi,'yj]*l, i = phm g oijiriry = Elei ey i, ;) and
T—o00
= phm g w;b;b, = E[w;b;b}]. The following assumption describes the CLTs underlying the proof
’I’L—)OO

of the dlstrlbutlonal properties.

1 1
Assumption A.2 Asn,T — oo, a) ﬁ E wiTi (Yir ® b;)) =N (0,Sp), where Y; 7 = ﬁ E Iy
i ¢

. 1 TiTj TiTj
and Sp, = lim E —g w;w Z]Szj®bb —as-hm—g waJZ]
n—o00 n z n—oo n
7.] 7]

Z ft — E[fi)) = N (0,3f), where £ 5 = hm —ZC’OU (fe, fs) -

SZJ () bzb;,

Tij

Assumptions A.2a) and b) require the asymptotic normality of cross-sectional and time series averages of
scaled error terms, and of time-series averages of factor values, respectively. These CLTs hold under weak

serial and cross-sectional dependencies such as temporal mixing and block dependence (see Appendix 4).
Assumption A.3 Forany 1 <t,s <T,T € Nand~ € |0, 1], we have E [Et('y)Qes(’y)\xz] =0.

Assumption A.3 is a symmetry condition on the error distribution given the factors. It is used to prove that
the sampling variability of the estimated weights w; does not impact the asymptotic distribution of estimator
U. Our setting differs from the standard feasible WLS framework since we have to estimate each incidental
parameter .S;;. We can dispense with Assumption A.3 if we use OLS to estimate parameter v, i.e., estimator

1, or if we put a more restrictive condition on the relative rate of n w.r.t. 7.

Proposition 3 Under Assumptions APR.I-APR.5, SC.1-SC.2, A.I-A.3, and C.I-C.5, we get:

TiT;
7_]( Q lssz )bib;‘

ij

. 1 . (1
a)VvnT (1/ —v— TB,,) =N (0,%,),where ¥, = a.s.—nh_{go Q, - Z Wiw;

,J
and the bias term is B, = Qb_l ( ZmeEQQI 15”621 iC ) with By = (0: Ig), cp = (1, =1'), and

b)x/T(X—A) = N (0,3)), whenn,T—>oosuchthatn: (T7) for 0 <5 < 3.
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The asymptotic variance matrix in Proposition 3 can be rewritten as:

1 1 1 -1
Sy = as- lim Syp,  Syp = <B;Wn3n> B! W, V, Wy B, (B;Wan> .
n—o0 n n n
where B,, = (bl, . bn)/, W, = diag(wl, . wn) and V,, = [Uij]i,jzlw.’n with Vij = ZTJ C,,/lesij@;lcy,

which gives v; = v;. In the homoskedastic and balanced case, we have ¢, Q. le, = ij+ NV ft]_l)\ and
Vi = (1 + XV[fi]7'N)2. n, where 3., = [0;]ij=1...n- Then, the asymptotic variance of # reduces to
a.s.—nli_>rro10(1 + NVf]7IN) <71LB,'1Wan> 1 %B;WnZeanan (:LB;LW”Bn> 1. In particular, in the
CAPM, we have K = 1 and v = 0, which implies that \/W is equal to the slope of the Capital
Market Line \/E[f;]2/V[fi], i.e., the Sharpe Ratio of the market portfolio.

Proposition 3 shows that the estimator © has a fast convergence rate V/nT and features an asymptotic
bias term. Both a; and I;Z in the definition of ¥ contain an estimation error; for l;i, this is the well-known
Error-In-Variable (EIV) problem. The EIV problem does not impede consistency since we let 7' grow to
infinity. However, it induces the bias term B, /T which centers the asymptotic distribution of 2. The upper
bound on the relative expansion rates of n and T in Proposition 3 is n = O(T"7) for ¥ < 3. The control
of first-pass estimation errors uniformly across assets requires that the cross-section dimension 7 is not too
large w.r.t. the time series dimension 7.

If we knew the true factor mean, for example E[f;] = 0, and did not need to estimate it, the estimator
4 E[f;] of the risk premia would have the same fast rate v/nT as the estimator of v/, and would inherit its
asymptotic distribution. Since we do not know the true factor mean, only the variability of the factor drives

. 1
the asymptotic distribution of A, since the estimation error O,, (1 / VT ) of the sample average T Z f+ dom-
t

inates the estimation error O, (1 / VnT + 1 / T) of ©. This result is an oracle property for A, namely that its
asymptotic distribution is the same irrespective of the knowledge of v. This property is in sharp difference
with the single asymptotics with a fixed n and T' — oo. In the balanced case and with homoskedastic errors,
Theorem 1 of Shanken (1992) shows that the rate of corllvergence of A is v/T and that its asymptotic variance
is Yy, =27+ %(1 + NVIf]7IN) <7lzB’/"”Wan> %BanEs,anBn (iB;W"B") , for fixed n
and T' — oo. The two components in Xy ,, come from estimation of E|[f;] and v, respectively. In the het-
eroskedastic setting with fixed n, a slight extension of Theorem 1 in Jagannathan and Wang (1998), or Theo-

rem 3.2 in Jagannathan, Skoulakis, and Wang (2009), to the unbalanced case yields
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Yoan =25+ %Zym, where Y, ;, is defined in (7). Letting n — oo gives Yy under weak cross-sectional
dependence. Thus, exploiting the full cross-section of assets improves efficiency asymptotically, and the
positive definite matrix X2 , — X ¢ corresponds to the efficiency gain. Using a large number of assets instead
of a small number of portfolios does help to eliminate the contribution coming from estimation of v.

.. . . . .o . . . 14
Proposition 3 suggests exploiting the analytical bias correction B,, /T and using estimator g = © — TBV

N 1
instead of 7. Furthermore, \gp = g + T Z fi delivers a bias-free estimator of A at order 1/7", which
t

shares the same root-1" asymptotic distribution as A.

Finally, we can relate the results of Proposition 3 to bias-corrected estimation accounting for the well-
known incidental parameter problem (Neyman and Scott (1948)) in the panel literature (see Lancaster (2000)
for a review). We can write model (1) under restriction (3) as R; ; = b’z( ft +v) + i+ In the likelihood set-
ting of Hahn and Newey (2004) (see also Hahn and Kuersteiner (2002)), the b;s correspond to the individual
fixed effects and v to the common parameter of interest. Available results on the fixed-effects approach tell
us: (i) the Maximum Likelihood (ML) estimator of v is inconsistent if n goes to infinity while 7" is held
fixed, (i) the ML estimator of v is asymptotically biased even if 1" grows at the same rate as n, (iii) an
analytical bias correction may yield an estimator of v that is root-(n1") asymptotically normal and centered
at the truth if 7' grows faster than n'/3. The two-pass estimators © and 75 exhibit the properties (i)-(iii) as
expected by analogy with unbiased estimation in large panels. This clear link with the incidental parame-
ter literature highlights another advantage of working with v in the second pass regression. Chamberlain
(1992) considers a general random coefficient model nesting Model (1) under restriction (3). He establishes
asymptotic normality of an estimator of v for fixed 7" and balanced panel data. His estimator does not admit
a closed-form and requires a numerical optimization. This leads to computational difficulties in the con-
ditional extension of Section 3. This also makes the study of his estimator under double asymptotics and
cross-sectional dependence challenging. Recent advances on the incidental parameter problem in random

coefficient models for fixed 1" are Arellano and Bonhomme (2012) and Bonhomme (2012).

2.4 Confidence intervals

We can use Proposition 3 to build confidence intervals by means of consistent estimation of the asymptotic

variances. We can check with these intervals whether the risk of a given factor f, ; is not remunerated, i.e.,
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Ar = 0, or the restriction v, = 0 holds when the factor is traded. We estimate X ; by a standard HAC
estimator 3 ¢ such as in Newey and West (1994) or Andrews and Monahan (1992). Hence, the construction
of confidence intervals with valid asymptotic coverage for components of A is straightforward. On the
contrary, getting a HAC estimator for 3 ¢ appearing in the asymptotic distribution of )\ is not obvious in the
unbalanced case.

The construction of confidence intervals for the components of 7 is more difficult. Indeed, ¥, involves

2

a limiting double sum over S;; scaled by n and not n°. A naive approach consists in replacing S;; by

. . A 1 .. . .
any consistent estimator such as S;; = T E Iij,tei,tsj,txtmg, but this does not work here. To handle this,
ij

we rely on recent proposals in the statistical literature on consistent estimation of large-dimensional sparse
covariance matrices by thresholding (Bickel and Levina (2008), El Karoui (2008)). Fan, Liao, and Mincheva
(2011) focus on the estimation of the variance-covariance matrix of the errors in large balanced panel with
nonrandom coefficients.

The idea is to assume sparse contributions of the S;;s to the double sum. Then, we only have to account
for sufficiently large contributions in the estimation, i.e., contributions larger than a threshold vanishing
asymptotically. Thresholding permits an estimation invariant to asset permutations; the absence of any
natural cross-sectional ordering among the matrices .S;; motivates this choice of estimator. In the following
assumption, we use the notion of sparsity suggested by Bickel and Levina (2008) adapted to our framework

with random coefficients.

Assumption A.4 There exist constants q,0 € [0, 1) such that max Z [1S:119 = O, <n§>.
1 .
J

Assumption A 4 tells us that we can neglect most cross-asset contributions ||.5;;||. As sparsity increases, we
can choose coefficients g and J closer to zero. Assumption A.4 does not impose sparsity of the covariance
matrix of the returns themselves. Assumption A.1 c) is also a sparsity condition, which ensures that the
limit matrix X, is well-defined when combined with Assumption C.4. We meet both sparsity assumptions,
as well as the approximate factor structure Assumption APR.4 (i), under weak cross-sectional dependence
between the error terms, for instance, under a block dependence structure (see Appendix 4).

As in Bickel and Levina (2008), let us introduce the thresholded estimator S’ij = S’ijl { HS’U

‘Zm}of

Sij, which we refer to as S’Z-j thresholded at k = k,, 7. We can derive an asymptotically valid confidence
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interval for the components of © from the next proposition giving a feasible asymptotic normality result.
Proposition 4 Under Assumptions APR.I-APR.5, SC.1-SC.2, A.I-A4, C.I-C.5, we have
Tij,T

~ 1 = A 1 i TTj Alla A -
512 /T (ﬁ - 2By~ v) > N (0, I where S, = Qp ' [ = S iy L (0,01 8,0 o )bl | Q'
n =
17-]

logn
TN

_ 1—
when n,T — oo such that n = O (T"’) for 0 < 4 < min {3, nq}, and k =M for a constant

20
M > 0andn € (0,1] as in Assumption C.1.

In Assumption C.1, we define constant € (0, 1] which is related to the time series dependence of
processes (¢;¢) and (x;). We have = 1, when (e; ;) and (z;) are serially i.i.d. as in Appendix 4 and Bickel
and Levina (2008). The stronger the time series dependence (smaller 7)) and the lower the sparsity (¢ and §
closer to 1), the more restrictive the condition on the relative rate y. We cannot guarantee the matrix made of
thresholded blocks S; ; to be semi definite positive (sdp). However, we expect that the double summation on
i and j makes 3, sdp in empirical applications. In case it is not, El Karoui (2008) discusses a few solutions

based on shrinkage.

2.5 Tests of asset pricing restrictions

The null hypothesis underlying the asset pricing restriction (3) is
Ho : there exists v € RE such that a(v) = b(y)'v, for almost all v € [0, 1].

This null hypothesis is written on the continuum of assets. Under H, we have E [(ai — bgy)ﬂ = (. Since
we estimate v via the WLS cross-sectional regression of the estimates a; on the estimates bi, we suggest a
test based on the weighted sum of squared residuals SSR of the cross-sectional regression. The weighted

~ 1 o
SSRis Q. = - Z ﬁ)ié?, with é; = ¢}, 5;, which is an empirical counterpart of £ [wi (a; — b;y)ﬂ .
i

1 ) . .
Let us define Sj; 7 = T E Il-,tammtx;, and introduce the commutation matrix W, ,, of order mn xmn

t
such that W, nvec[A] = vec[A’] for any matrix A € R™*", where the vector operator vec [-] stacks

the elements of an m x n matrix as a mn x 1 vector. If m = n, we write W, instead W,, ,,. For two
(K +1) x (K + 1) matrices A and B, equality Wi (A® B) = (B ® A) Wi also holds (see Chapter
3 of Magnus and Neudecker (2007, MN) for other properties).

17



1
Assumption A.5 For n,T — oo we have T Z w;T? (Yir ®@ Y —vec[Siir]) = N (0,Q), where the
n 4

asymptotic variance matrix is:

2 2

0 = nh_{lgoE szwj i_z Sz] & Sz] + (SZJ ® Sz]) WK+1]
7_27_2
L]

= a.s. _nh—>Holo ﬁ Z 'UJ7,’UJJ 7_2 Szj & S@] + (Sz] X SZJ) WK—i—l]

ij

Assumption A.5 is a high-level CLT condition. We can prove this assumption under primitive conditions on

the time series and cross-sectional dependence. For instance, we prove in Appendix 4 that Assumption A.5

holds under a cross-sectional block dependence structure for the errors. Intuitively, the expression of the

variance-covariance matrix €2 is related to the result that, for random (K + 1) x 1 vectors Y; and Y2 which

are jointly normal with covariance matrix S, we have Cov (Y1 ® ¥1,Y2a ®Y2) = S®@ S+ (S ® S) Wik 1.
Let us now introduce the following statistic énT =Tvn <Qe — ;B%) , where the recentering term

simplifies to Bg =1 thanks to the weighting scheme. Under the null hypothesis Hg, we prove that
nt = (UGC [Q;lcﬁcpo;1D Z w;t; (Yir ® Yir —vec[Siir]) + 0p (1),  which  implies

s 1 2 2
&nr = N (0,%¢), where X¢ = 2 lim E ﬁzwiwjvij = 235',}3}052%% iasn, T — oo
7]

~ 1
(see Appendix A.2.5). Then, a feasible testing procedure exploits the consistent estimator ¥¢ = 2— Z WiW; ﬁizj
n =—

. . . TiTTiT | A-1&. A
of the asymptotic variance ¢, where 0;; = Tijc},Qx 18,05 s
ij,T

PropositionS Under Ho, and Assumptions APR.1I-APR.5, SC.1-SC.2, A.I-A.5 and C.1-C.5, we have
_ 1
1/2§nT = N (0,1),asn, T — oo such thatn = O (T7) for 0 < 7 < min{2 n 25(‘7}.

2
1 TiT; Ois
In the homoskedastic case, the asymptotic variance of £nT reduces to X¢ = 2a.s.- lim — g 123 —
n—0o0 N ij TZ] 03034

. 1
For fixed n, we can rely on the test statistic 7'Q)., which is asymptotically distributed as — E eigj X? for
n =
J
j=1,...,(n— K), where the XJQ- are independent chi-square variables with 1 degree of freedom, and
the coefficients eig; are the non-zero eigenvalues of matrix v/ >(Wy, — W B (B, Wy Bp) ™ B, Wy,) Vi /2

(see Kan, Robotti and Shanken (2012)). By letting n grow, the sum of chi-square variables converges to
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a Gaussian variable after recentering and rescaling, which yields heuristically the result of Proposition 5.
The condition on the relative expansion rate of n and T for the distributional result on the test statistic in
Proposition 5 is more restrictive than the condition for feasible asymptotic normality of the estimators in
Proposition 4.

The alternative hypothesis is

Hy - inf E {(ai — bgl/)Z] > 0.

veEREK

Let us define the pseudo-true value vy, = arg ier]gK QY (v), where Q¥ (v) = F [w,- (a;i — biv) 2} (White
(1982), Gourieroux et al. (1984)) and populatio; errors e; = a; — blvs = cﬁ,oo Bi,i=1,...,n, forall n. In
the next proposition, we prove consistency of the test, namely that the statistic i)gl/ 2€nT diverges to +o0
under the alternative hypothesis 7 for large n and T". The test of the null H against the alternative H; is

a one-sided test. We also give the asymptotic distribution of estimators © and A under ;.

Proposition 6 Under H1 and Assumptions APR.1-APR.5, SC.1-SC.2, A.1-A.5 and C.1-C.5, we have:
1 . R A~ 41 A 1A oA
a) /n <19 — TBZ,OO — 1/00> = N(0,%,.), where B, = Q;l— ZZZLL'TLTE&Q;ZI-S%Q;%CQ and
/”L - b b
KA

S = QL E[wlebib}|Qyt, and b) VT (5\ - )\oo) = N (0,X¢), where A\ooc = Voo +E [fi], asn, T — o0

such that n = O (T7) for 1 < 4 < 3; ¢) 25—1/2£HT P 00, as n, T — oo such that n = O (T7) for

1—
0<y< min{2, 7725(1}

Under the alternative hypothesis 1, the convergence rate of  is slower than under H, while the conver-

gence rate of A remains the same. The asymptotic distribution of the bias-adjusted estimator 7 — TBV‘X’

the same as the one got from a cross-sectional regression of a; on b;. The condition 4 > 1 in Propositions 6

18

a) and b) ensures that cross-sectional estimation of v has asymptotically no impact on the estimation of A.
To study the local asymptotic power, we can adopt the local alternative

Y

Hinr : uierﬁfff Qu(v) = ﬁ > 0, for a constant ¢» > 0. Then we can show that 5nT = N(¢,3¢),
and the test is locally asymptotically powerful. Pesaran and Yamagata (2008) consider a similar local anal-
ysis for a test of slope homogeneity in large panels.

Finally, we can derive a test for the null hypothesis when the factors come from tradable assets, i.e., are
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portfolio excess returns:
Ho : a(y) = 0 foralmostall y € [0,1] <  E[a?] =0,

against the alternative hypothesis
Hi: B [a?] > 0.

We only have to substitute @; for é;, and E; = (1,0')" for ¢; in Proposition 5. This gives an extension
of Gibbons, Ross and Shanken (1989) with double asymptotics. Implementing the original Gibbons, Ross
and Shanken (1989) test, which uses a weighting matrix corresponding to an inverted estimated n x n
covariance matrix, becomes quickly problematic. We expect to compensate the potential loss of power
induced by a diagonal weighting via the larger number of restrictions. Our Monte Carlo simulations show
that the test exhibits good power properties against both risk-based and non risk-based alternatives (e.g.
MacKinlay (1995)) already for a thousand assets with a time series dimension similar to the one in the

empirical analysis.

3 Conditional factor model

In this section, we extend the setting of Section 2 to conditional specifications in order to model possibly
time-varying risk premia (see Connor and Korajczyk (1989) for an intertemporal competitive equilibrium
version of the APT yielding time-varying risk premia and Ludvigson (2011) for a discussion within scaled
consumption-based models). We do not follow rolling short-window regression approaches to account for
time-variation (Fama and French (1997), Lewellen and Nagel (2006)) since we favor a structural economet-
ric framework to conduct formal inference in large cross-sectional equity datasets. A five-year window of
monthly data yields a very short time-series panel for which asymptotics with fixed 71" and large n are better
suited, but keeping 1" fixed impedes consistent estimation of the risk premia as already mentioned in the

previous section.

3.1 Excess return generation and asset pricing restrictions

The following assumptions are the analogues of Assumptions APR.1 and APR.2, and Proposition 7 is the

analogue of Proposition 1.
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Assumption APR.6 The excess returns R;(7y) of asset v € [0, 1] at dates t = 1,2, ... satisfy the conditional

linear factor model:

Re(v) = ar(y) + be() fi + ee(v), ®)

where ai(7y,w) = aly, ST w)] and bi(y,w) = by, St (w)], for any w € Q and v € [0,1], and random

variable a(y) and random vector b(~y), for v € [0, 1], are Fo-measurable.

The intercept a.(-y) and factor sensitivity b.(y) of asset v € [0, 1] at time ¢ are F;_;-measurable, where the

information set F; is defined by F; = {S*t (A), Ae ]-'0} , for Fy € F, as in Section 2.

Assumption APR.7 The matrix / b(y)b(y) dry is positive definite, P-a.s..

Since transformation .S is measure preserving, Assumption APR.7 implies that the matrix / be()by () dry

is positive definite, P-a.s., for any date t = 1,2, ....

Proposition 7 Under Assumptions APR.3-APR.7, for any date t = 1,2, ... there exists a unique random

vector vy € RX such that vy is F_1-measurable and:

ai(v) = be(v)'va, &)

P-a.s. and for almost all y € [0, 1].

We can rewrite the asset pricing restriction as

E[Re(y)|Fi=1] = be(7) Mes (10)

for almost all v € [0, 1], where Ay = vy + E'[f|Fi—1] is the vector of the conditional risk premia.

To have a workable version of Equations (8) and (9), we further specify the conditioning information
and how coefficients depend on it. The conditioning information is such that instruments Z € RP and
Z(v) € R4, for v € [0,1], are Fo-measurable. Then, the information F; 1 contains Z;_1 and Z;_1(7),
for v € [0,1], where we define Z;(w) = Z[S'(w)] and Z;(y,w) = Z[v, S*(w)]. The lagged instruments
Z;_1 are common to all stocks. They may include the constant and past observations of the factors and

some additional variables such as macroeconomic variables. The lagged instruments Z;_1(~y) are specific
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to stock . They may include past observations of firm characteristics and stock returns. To end up with
a linear regression model, we specify that the vector of factor sensitivities b;(7y) is a linear function of
lagged instruments Z;_; (Shanken (1990), Ferson and Harvey (1991)) and Z;_1(~y) (Avramov and Chordia
(2006)): bs(y) = B(v)Zi—1 + C(v)Zi—1(7y), where B(y) € RE*P and C(v) € RE*4, for any « € [0, 1]
and ¢t = 1,2,.... We can account for nonlinearities by including powers of some explanatory variables
among the lagged instruments. We also specify that the vector of risk premia is a linear function of lagged
instruments Z;_; (Cochrane (1996), Jagannathan and Wang (1996)): \; = AZ,_;, where A € RE*P, for
any t. Furthermore, we assume that the conditional expectation of Z; given the information F;_; depends
on Z;_1 only and is linear, as, for instance, in an exogeneous Vector Autoregressive (VAR) model of order
1. Since f; is a subvector of Z;, then E [f;|Fi_1] = FZ;_1, where ' € RE*P_for any ¢. Under these
functional specifications the asset pricing restriction (9) implies that the intercept a.(+y) is a quadratic form

in lagged instruments Z; 1 and Z;_1(7y), namely:
a(y)=Zi_ \B(Y) (A=F)Zi_1+ Z1(7)'C(y) (A= F) Zy_1. (11)

This shows that assuming a priori linearity of a;(7) in the lagged instruments Z;_; and Z;_1(+y) is in general
not compatible with linearity of b;(+y) and E'[f¢|Z:_1].

The sampling scheme is the same as in Section 2.2, and we use the same type of notation, for example
bit = bi(vi), Bi = B(vi), C; = C(v;) and Z; ;1 = Zy_1(7y;). In particular, we allow for potential corre-
lation between parameters B;, C; and asset specific instruments Z; ;_; via the random index ;. Then, the

conditional factor model (8) with asset pricing restriction (11) written for the sample observations becomes
Riy=Zi 1 Bi(A = F) Zia + Ziy 1 CL(A = F) Ziy + Zi 1\ Bife + Z3y 1 Cify +2ipy - (12)

which is nonlinear in the parameters A, F', B;, and C;. In order to implement the two-pass methodology in
a conditional context, we rewrite model (12) as a model that is linear in transformed parameters and new
regressors. The regressors include 9 ; ; = <ft’ ®Z{_1, fl® Z;t_l)/ € R% with dy = K(p + q). The first
components with common instruments take the interpretation of scaled factors (Cochrane (2005)), while the
second components do not since they depend on 7. The regressors also include the predetermined variables
Tl = (vech (X ,Z_ | ® Zz(,tfl>/ € R% with d; = p(p + 1)/2 + pq, where the symmetric matrix
Xt = [Xt ) € RPXP is such that Xy = ZtQ—l,k’ if k=1 and Xy y; = 2Z;_1 211, otherwise, k,l =
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1,...,p. The vector-half operator vech -] stacks the lower elements of ap x p matrixasap(p+1) /2 x 1
vector (see Chapter 2 in Magnus and Neudecker (2007) for properties of this matrix tool). To parallel the
analysis of the unconditional case, we can express model (12) as in (2) through appropriate redefinitions of

the regressors and loadings (see Appendix 3):
Riy = Biziy + €iy, (13)

/ /
where z; 4 = (l'll itr Th i t) has dimension d = d; + d», and ; = (51 i b Z) is such that

!/
Bri=Whais i = (vee[BY) vec[C])') (14)
- DS [(A—F)Y @I, + 1, ® (A — F)'W, k] 0
0 (A—F) &1,

The matrix D;; is the p(p + 1)/2 x p? Moore-Penrose inverse of the duplication matrix D,, such that
vech [A] = D;r vec [A] for any A € RP*P (see Chapter 3 in Magnus and Neudecker (2007)). When Z; = 1
and Z; ; = 0, we have p = 1 and ¢ = 0, and model (13) reduces to model (2).

In (14), the d; x 1 vector 31 ; is a linear transformation of the da x 1 vector 32 ;. This clarifies that the
asset pricing restriction (11) implies a constraint on the distribution of random vector [3; via its support. The
coefficients of the linear transformation depend on matrix A — F'. For the purpose of estimating the loading

coefficients of the risk premia in matrix A, we rewrite the parameter restrictions as (see Appendix 3):
/
Bri=psw,  v=vec[N-F], = (D5 (Bl )] W (Clen)]). a3

Furthermore, we can relate the d; x Kp matrix 33 ; to the vector 32 ; (see Appendix 3):

vee [83,;] = Jafo, (16)
. . L Jin 0
where the dipK X dz block-diagonal matrix of constants J, is given by J, =
0 Ja
with diagonal blocks Ji1 = Wypi1y2x (Ix © [(I, © D) (W, ® 1) (I, ® vec[L,])]) and

Joo = Wpgpk (Ix @ [(Ip @ Wpq) Wpe ® Ip) (Ig ® vec[Ip])]). The link (16) is instrumental in deriving
the asymptotic results. The parameters 31 ; and 32 ; correspond to the parameters a; and b; of the uncondi-
tional case, in which the matrix J, is equal to Ix. Equations (15) and (16) in the conditional setting are the

counterparts of restriction (3) in the unconditional setting.
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3.2 Asymptotic properties of time-varying risk premium estimation

We consider a two-pass approach building on Equations (13) and (15).

First Pass: The first pass consists in computing time-series OLS  estimators
A s oA A 1
B = (5371.75571.)’ =Q,; T ZI”:U% tRiy, fori = 1,...,n, where Q. ; = T Zli,t$i,tl';7t. We use the
(2
t

same trimming device as in Sectlon 2.

Second Pass: The second pass consists in computing a cross-sectional estimator of v by regressing the
Bl,i on the B&i keeping non-trimmed assets only. We use a WLS approach. The weights are estimates of
w; = (diag [vi])_l, where the v; are the asymptotic variances of the standardized errors VT (,5’1Z — [3’371-1/>
in the cross- sectional regression for large 7". We have v; = TZ-CI’,Q;%SMQ;%I-CV, where Q. ; = E [:U”x;t\%]

Sii —Tpgm ZU“ tx”:czt =F [ﬁjtfci’txg’tm],aii,t =F [6127t|xi7§,%],and C, = (Ei — (Idl ® 1/) JaEé)/,
o T
with By = (Ig, : Odlde) s By = (0dyxd, : Id2)/. We use the estimates ©; = TZTCll,lQ;%SuQ 101,1, where

5 1 . R 5 . .
Sy = T E Ii7t5?7txi,tx;7t, €ip = Riy — Blaiy and Cp, = (B} — (Ig, @ 1)) JaEé)/. To estimate C,,, we
T
¢

1
use the OLS estimator 7y = (Z 15‘352332> Z lz‘BgzﬁA“, i.e., a first-step estimator with unit weights.
i i
The WLS estimator is:
oAl 5 a5
= Qg D Baawibui, (17)
i
a 1 ~ ~ ~
where Qg, = — Z B4 jiviBs 4 and w; = 1) (diag [0;])"". The final estimator of the risk premia is \; =
n ="
1

AZ,_1, where we deduce A from the relationship vec [A/} = U + vec [ﬁ‘ ’} with the estimator F' obtained

-1
by a SUR regression of factors f; on lagged instruments Z;_1: F= Z fiZi_4 (Z Zt1Z£_1> .
t t

The next assumption is similar to Assumption A.1.

Assumption B.1 There exists a positive constant M such that for all n, T':

. . 1 )
a)E [82"15‘{2’5]'7&,.1']'7;,7]‘,] =1, ,n}} =0,withxj; = {zs,xj1—1, -}, b) i <ot <M,i=1..,n
1 ) 1/2
o) B~ > E [I%‘,t| |%%} < M, where 015, = E [£i4254|i.4, T, s 5]
—

Proposition 8 summarizes consistency of estimators 2 and A under the double asymptotics

n,T" — oo. It extends Proposition 2 to the conditional case.
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Proposition 8 Under Assumptions APR.3-APR.7,SC.1-SC.2,B.1b) and C.1,C4-C.6, we get
a) |0 —v|| =0, (1), b) HA - AH =0, (1), when n, T — oo such that n = O (T"7) for 5 > 0.

Part b) implies sup Hj\t — )\tH = 0p (1) under boundedness of process Z; (Assumption C.4 written for the
conditional modetl).

Proposition 9 below gives the large-sample distributions under the double asymptotics
n, T — oo. It extends Proposition 3 to the conditional case through adequate use of selection matrices.
The following assumptions are similar to Assumptions A.2 and A.3. We make use of (g, = E [ﬁéviwi 6371} ,
Q. =E|[Z:7]], Si = phm ZO’U ‘T txjt = Eleiej i1 4|vi, 75 and Sqij = Q;%SijQ;}, other-

wise, we keep the same notatlons as in Section 2.

Assumption B.2 Asn, T — o0, a) — Zn [ Q“Y;T)®vgl} = N (0,Sy,),withY;r = \FZIztl"ztht,

1 T T 1 T TH
/ . J iTj
v3; = veelBh w;land Sy, = lim E | — S, ® vg Uk | = a.s.- im — S, & V34V
3,0 [B5 wi] vy = Hm E |~ E Ty D@1 @ Usil, S — > p [SQ.i5 @ vs,iv5 s
Z?] Z?]

VT

Assumption B3 Forany 1 <t,s <T, T € Nand~ € [0, 1], we have E [e,(7)?es(¥)| Zz, Z1(7)] = 0.

1
b)—= u®Z1= N(0,5,), where 5y, = E [wu} @ Zy_1Z{_,| and uy = f; — FZ;_1.
t

Proposition 9 Under Assumptions APR.3-APR.7,SC.1-SC.2,B.1-B.3 and C.1-C.6, we have
1 . A R 1 A_1A A
a) VnT (p —v— TBV> = N(0,%,) where B, = Qg;JbE > mirvec [EQQ;}SiiQ;}cﬁwi} and
i

Y, = <vec [C] ® QE;)l Sos (vec C)] @ QE;), with J, = (vec[ly,) ® Ixp) (Ig, ® Jo) and
Cy = (B — (I, ® V') JBb)'; b)VTvec [[\’ — A’} = N (0,Z)) where Sy = (Ix ® Q') By (Ix ® Q71),

when n, T — oo such thatn = O (T7) for 0 < 5 < 3.

Since A\ =AZ;1 = (Z{_; ® Ix) Wy gvec[A'], part b) implies conditionally on Z;_; that
VT (A= M) = N (0, (2 @ Iic) Wk ZaWicy (Zi1 ® I)).

We can use Proposition 9 to build confidence intervals. It suffices to replace the unknown quantities ),
Q:, Qp,, Xy, and v by their empirical counterparts. For matrix S,,,, we use the thresholded estimator S'Z-j as
in Section 2.4. Then, we can extend Proposition 4 to the conditional case under Assumptions B.1-B.3, A.4

and C.1-C.6.

25



3.3 Tests of conditional asset pricing restrictions

Since the equations in (15) correspond to the asset pricing restriction (3), the null hypothesis of correct

specification of the conditional model is
Hp : there exists v € RPX such that 3; () = B3(7)v, for almost all y € [0, 1],

where (3; () and (3 () are defined as 3; ; and (3 ; in Equations (14) and (15) replacing B () and C ()
for B; and C;. Under Hg, we have E/ [(51,1‘ — 6372-1/)/ (Bri — ﬁg,il/)] = 0. The alternative hypothesis is

Hi: inf E[(Bi; — B3v) (Bri— Bsv)] >0

veRPK
. 1 A A 3
As in Section 2.5, we build the SSR Q.= = éjbié;, with & =p1;— P30 = CjB; and
n =
7
. L1 -
the statistic &,7 = Tv/n (Qe - TB§> ; where Be = d.

Assumption B.4 Forn,T — oo, we have — Z |:(Q£E i ®Q, l) Yir @Y1 — vec [S“T]) ® vec[w;]

= N (0, ), where the asymptotic variance matrlx is:

. 1 7_27_2 /
O = n11_>n010E - ; T@J [SQ ij @80, + (5Q,ij ® Sq.ij) Wa] ® (vec[wi]vec[wﬂ )
. 1T ,

= a.s.-nlgrolo - ; T—Ej [50,i7 ® Sq.ij + (50,ij ® Sq.ij) Wa] ® (vec[wi]vec[wj] ) )

PropOSItlon 10 Under Ho and Assumptzons APR 3-APR.7, SC.1-SC.2, B.1-B.4, A.4 and C.1-C.6, we have
-2
%0 = N(0,1), where S = 2 Z ’T P e [ (305185 @, 500 )y (€32, 380,10 )|

zyT
1—
asn,T—)oosuchthatn:O(TV)forO<7<min{2 n 25(1}.

Under H;, we have igl/QénT TN +00, as in Proposition 6.

As in Section 2.5, the null hypothesis when the factors are tradable assets becomes:

Ho: B1(y) = 0 for almost all v € [0, 1],
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against the alternative hypothesis

Hi: E [ﬁiﬂﬂl,i] > 0.
We only have to substitute Qu = %ZB{II&LBU for Q., and E; = (Lg, - Odlxdz)/ for C. This gives
an extension of Gibbons, Ross and Shfanken (1989) to the conditional case with double asymptotics. The
implementation of the original Gibbons, Ross and Shanken (1989) test is unfeasible here because of the

large number nd; of restrictions; each 3y ; is of dimension d; x 1, and the estimated covariance matrix to

invert is of dimension nd; X ndj.

4 Empirical results

4.1 Asset pricing model and data description

Our baseline asset pricing model is a four-factor model with f; = (7., Tsmb,ts Thmit, rmom,t)/ where 7, ¢ 1s
the month ¢ excess return on CRSP NYSE/AMEX/Nasdaq value-weighted market portfolio over the risk free
rate, and 7 g,,p ¢, "himi,¢ A0d T'0m, ¢ are the month ¢ returns on zero-investment factor-mimicking portfolios for
size, book-to-market, and momentum (see Fama and French (1993), Jegadeesh and Titman (1993), Carhart
(1997)). We proxy the risk free rate with the monthly 30-day T-bill beginning-of-month yield. To account
for time-varying alphas, betas and risk premia, we use a conditional specification based on two common
variables and a firm-level variable. We take the instruments Z; = (1, Z;'), where bivariate vector Z;
includes the term spread, proxied by the difference between yields on 10-year Treasury and three-month
T-bill, and the default spread, proxied by the yield difference between Moody’s Baa-rated and Aaa-rated
corporate bonds. We take a scalar Z;; corresponding to the book-to-market equity of firm 7. We refer to
Avramov and Chordia (2006) for convincing theoretical and empirical arguments in favor of the chosen
conditional specification. The vector x; ; has dimension d = 25, and parsimony explains why we have not
included e.g. the size of firm ¢ as an additional stock specific instrument. We report robustness checks with
other conditional specifications in the supplementary materials.

We compute the firm characteristics from Compustat as in the appendix of Fama and French (2008). The
CRSP database provides the monthly stock returns data and we exclude financial firms (Standard Industrial

Classification Codes between 6000 and 6999) as in Fama and French (2008). The dataset after matching
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CRSP and Compustat contents comprises n = 9,936 stocks, and covers the period from July 1964 to
December 2009 with T' = 546 months. For comparison purposes with a standard methodology for small
n, we consider the 25 and 100 Fama-French (FF) portfolios as base assets. We have downloaded the time

series of factors, portfolio returns, and portfolio characteristics from the website of Kenneth French.

4.2 Estimation results

We first present unconditional estimates before looking at the path of the time-varying estimates. We use
X1,7 = 15 as advocated by Greene (2008), together with y2 7 = 546,/12 for the unconditional estimation
and x2 7 = 546/60 for the conditional estimation. In the results reported for each model, we denote
by nX the dimension of the cross-section after trimming. We compute confidence intervals with a data-
driven threshold selected by cross-validation as in Bickel and Levina (2008). Table 1 gathers the estimated
annual risk premia, with the corresponding confidence intervals at 95% level, for the following unconditional
models: the four-factor model, the Fama-French model, and the CAPM. For the Fama-French model and the
CAPM, the trimming level x; 7 is not binding when x2 7 = 546/12. In Table 2, we display the estimates
of the components of v. For individual stocks, we use bias-corrected estimates for A and v. For portfolios,
we use asymptotics for fixed n and T" — oo. The estimated risk premia for the market factor are of the same
magnitude and all positive across the three universes of assets and the three models. For the four-factor
model and the individual stocks, the size factor is positively remunerated (2.86%) and it is not significantly
different from zero. The value factor commands a significant negative reward (-4.60%). Phalippou (2007)
obtains a similar growth premium for portfolios built on stocks with a high institutional ownership. The
momentum factor is largely remunerated (7.16%) and significantly different from zero. For the 25 and 100
FF portfolios, we observe that the size factor is not significantly positively remunerated while the value
factor is significantly positively remunerated (4.81% and 5.11%). The momentum factor bears a significant
positive reward (34.03% and 17.29%). The large, but imprecise, estimate for the momentum premium
when n = 25 and n = 100 comes from the estimate for v, (25.40% and 8.66% ) that is much larger
and less accurate than the estimates for v,,, Venp and vy, (0.85%, -0.26%, 0.03%, and 0.55%, 0.01%,
0.33%). Moreover, while the estimates of vy, Vg, and v, are statistically not significant for portfolios,

the estimates of v, and vy, are statistically different from zero for individual stocks. In particular, the
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estimate of vy, is large and negative, which explains the negative estimate on the value premium displayed
in Table 1. The size, value and momentum factors are tradable in theory. In practice, their implementation
faces transaction costs due to rebalancing and short selling. A non zero v might capture these market
imperfections (Cremers, Petajisto, and Zitzewitz (2010)).

A potential explanation of the discrepancies revealed in Tables 1 and 2 between individual stocks and
portfolios is the much larger heterogeneity of the factor loadings for the former. As already discussed
in Lewellen, Nagel and Shanken (2010), the portfolio betas are all concentrated in the middle of the cross-
sectional distribution obtained from the individual stocks. Creating portfolios distorts information by shrink-
ing the dispersion of betas. The estimation results for the momentum factor exemplify the problems related
to a small number of portfolios exhibiting a tight factor structure. For A, Agmp, and Ap,y,;, we obtain similar
inferential results when we consider the Fama-French model. Our point estimates for A,,, Agymp and Apnis
for large n agree with Ang, Liu and Schwarz (2008). Our point estimates and confidence intervals for A,
Asmb and Ap,,7, agree with the results reported by Shanken and Zhou (2007) for the 25 portfolios.

Let us now consider the conditional four-factor specification. Figure 1 plots the estimated time-varying
path of the four risk premia from the individual stocks. For comparison purpose, we also plot the uncon-
ditional estimates and the average lambda over time. A well-known bias coming from market-timing and
volatility-timing (Jagannathan and Wang (1996), Lewellen and Nagel (2006), Boguth, Carlson, Fisher and
Simutin (2011)) explains the discrepancy between the unconditional estimate and the average over time.
After trimming, we compute the risk premia on nX = 3,900 individual assets in the four-factor model.
The risk premia for the market, size and value factors feature a counter-cyclical pattern. Indeed, these risk
premia increase during economic contractions and decrease during economic booms. Gomes, Kogan and
Zhang (2003) and Zhang (2005) construct equilibrium models exhibiting a counter-cyclical behavior in size
and book-to-market effects. On the contrary, the risk premium for the momentum factor is pro-cyclical.
Furthermore, conditional estimates of the value premium are often negative and take positive values mostly
in recessions. The conditional estimates of the size premium are most of the time slightly positive.

Figure 2 plots the estimated time-varying path of the four risk premia from the 25 portfolios. We also plot
the unconditional estimates and the average lambda over time. The discrepancy between the unconditional

estimate and the averages over time is also observed for n = 25. The conditional point estimates for A, ¢
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are typically smaller than the unconditional estimate in Table 1. Finally, by comparing Figures 1 and 2,
we observe that the patterns of risk premia look similar except for the book-to-market factor. Indeed, the
risk premium for the value effect estimated from the 25 portfolios is pro-cyclical, contradicting the counter-
cyclical behavior predicted by finance theory. By comparing Figures 2 and 3, we observe that increasing the

number of portfolios to 100 does not help in reconciling the discrepancy.

4.3 Results on testing the asset pricing restrictions

As already discussed in Lewellen, Nagel and Shanken (2010), the 25 FF portfolios have four-factor market
and momentum betas close to one and zero, respectively. For the 100 FF portfolios, the dispersion around
one and zero is slightly larger. As depicted in Figure 1 by Lewellen, Nagel and Shanken (2010), this
empirical concentration implies that it is easy to get artificially large estimates p? of the cross-sectional R?
for three- and four-factor models. On the contrary, the observed heterogeneity in the betas coming from
the individual stocks impedes this. This suggests that it is much less easy to find factors that explain the
cross-sectional variation of expected excess returns on individual stocks than on portfolios. Reporting large
p?, or small SSR Qe, when n is large, is much more impressive than when n is small.

Table 3 gathers the results for the tests of the asset pricing restrictions in unconditional factor models.
As already mentioned, when n is large, we prefer working with test statistics based on the SSR Qe instead
of p? since the population R? is not well-defined with tradable factors under the null hypothesis of well-
specification (its denominator is zero). For the individual stocks, we compute the test statistics igl/ ZénT
based on Qe and Qa as well as their associated one-side p-value. Our Monte Carlo simulations show that
we need to set a stronger trimming level x2 7 to compute the test statistic than to estimate the risk premium.
We use 27 = 546/240. For the 25 and 100 FF portfolios, we compute weighted test statistics (Gibbons,
Ross and Shanken (1989)) as well as their associated p-values. For individual stocks, the test statistics
reject both null hypotheses Ho : a(y) = b(y) v and Ho : a(y) = O for the three specifications at 5%
level. Instead, the null hypothesis Ho : a(y) = b(y) v is not rejected for the four-factor specification
at 1% level. Similar conclusions are obtained when using the two sets of Fama-French portfolios as base
assets. Table 4 gathers the results for tests of the asset pricing restrictions in conditional specifications.

Contrary to the unconditional case, we do not report the values of the weighted test statistics (Gibbons,
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Ross and Shanken (1989)) computed for portfolios because of the numerical instability in the inversion of
the covariance matrix. The latter has dimension 2, 500 x 2, 500 for the conditional four-factor specification
with the 100FF portfolios. Instead, we report the values of the test statistics TQ. and TQ,. For individual
stocks, the test statistics reject both null hypotheses Hg : 51 (v) = B3 (y) v and Hp : S1 (y) = O for the
three specifications at 5% level, but not for the conditional CAPM at 1% level. For portfolios, the two null
hypotheses are not rejected under the conditional CAPM even at 5% level.

For individual stocks, the rejection of the asset pricing restriction using a conditional multi-factor specifi-
cation (at 1% level), and the non rejection under an unconditional specification, might seem counterintuitive.
Indeed, for a given choice of the factors and instruments, the set of unconditional specifications satisfying the
no-arbitrage restriction a () = b ()’ v, is a strict subset of the collection of conditional specifications with
at (7) = bg () v¢. However, what we are testing here is whether the projection of the DGP on a given con-
ditional or unconditional factor specification is compatible with no-arbitrage. The set of unconditional factor
models is included in the set of conditional factor models, and it may well be the case that the projection of
the DGP on the former set satisfies the no-arbitrage restrictions, while the projection on the latter does not.
Therefore, the results in Tables 3 and 4 for individual stocks are not incompatible with each other. A similar
argument might explain why in Table 4 we fail to reject the asset pricing restriction Ho : 51 (7) = S5 () v
under the conditional CAPM (at level 1% for individual assets, and 5% for portfolios), while this restriction
is rejected under the three- and four-factor specifications.

The analysis of the validity of the asset pricing restrictions could be completed by an analysis of correct
specification of the different conditional and unconditional factor models. A specification test would assess
whether the proposed set of linear factors captures the systematic risk component in equity returns, and
clearly differs from the test of the no-arbitrage restrictions introduced above. Developing a test of correct
specification of conditional factor models with an unbalanced panel and double asymptotics is beyond the

scope of the paper. We leave this interesting topic for future research.
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Appendix 1: Regularity conditions

In this Appendix, we list and comment the additional assumptions used to derive the large sample properties

of the estimators and test statistics. For unconditional models, we use Assumptions C.1-C.5 below with

Ty = (17 ftl)/

Assumption C.1 There exist constants 0,7 € (0,1] and Cy,Co,C3,Cy > 0 such that for all 6 > 0 and
T € N we have:

1 _
a)P = Z (:ntzcg - F [:Utx;]) | > 5] < CiT exp {—CgéQT"} + O30 L exp {—C4T77}.

t
Furthermore, for all6 >0, TeN and1 < k,l,m < K + 1, the same upper bound holds for:

b) sup P ZIt xtx;—E[xta:Q]) >4, c) sup P th Yred(Y)|| =01 ;
~v€[0,1] ~€[0,1]
1
) sup P qut(wtw) ~ BILOLG))| 2 6|
v,v'€[0,1] ¢
e) sup P th (ee(ee(Y)weat — B [ee(7)ee(v) i) 25];
v,7' €[0,1]
f) sup P ZIt V) paizemen(y)| > 0.
¥,Y'€[0,1]

Assumption C.2 There exists a constant M > 0 such that for all T' € N we have:

sup E Z |cov(ef, (1), &6, (V)ers (V)]ar) || < M.
7€[0,1] tl,tz,ts

Assumption C.3 There exists a constant M > 0 such that for all n,T' € N we have:

: 1/2
a)E n7 Z Z E Dcov (5?,t175?,t2|$1, 71,7]’) ’2 |%\%} <M.

5, l1,t2
1/2
b) E T2 5 E Ucov (€it1€i,t0> €j,t5E 5,02 1T, Yiy V) ! I%,vj} <M;
1,J l1,t2,t3,t4 1
1/2 )
¢) T2 Z Z “COU Mit1€i,t25 15,t3E5, t4|55T7%,’Y])‘ ‘%7'7]} < M, where n; 1 := &t — Tty
4,J t1,t2,l3,ta

}1/2

d)E TQZ > [\cov (Mt st Mty M |2 i 7)1 5 < M;

1,5 t1,t2,t3,t4
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9 1/2
e)E ng Z [!cov (€001 it €41t E gt 1215 Vi Vs ) | I%»’Yg} < M;
5,7 t1,...
2 1/2
f)E TSZ Z [COU 771t181t282t3777]t4€]tr€jte‘xTafyw’Y])‘ ‘7277]] SM

5,J t1,...

Assumption C.4 a) There exists a constant M > 0 such that ||z < M, P-as.. Moreover,

b) sup |()]| < o ande) inf E[L(x)] > 0.
~v€[0,1] ~v€[0,1]

Assumption C.5 The trimming constants satisfy x1,7 = O ((logT)"") and x2 7 = O ((log T')*?), with k1,

Ko > 0.

Assumptions C.1 and C.2 restrict the serial dependence of the factors and the individual processes of
observability indicators and error terms. Specifically, Assumption C.1 a) gives an upper bound for large-
deviation probabilities of the sample average of random matrices x;a}. It implies that the first two sample
moments of the factor vector converge in probability to the corresponding population moments at a rate
Op(T*"/ 2(log T)®), for some ¢ > 0. Assumptions C.1 b)-f) give similar upper bounds for large-deviation
probabilities of sample averages of processes involving factors, observability indicators and error terms,
uniformly w.r.t. v € [0,1]. We use these assumptions to prove the convergence of time series averages
uniformly across assets. Assumption C.2 involves conditional covariances of products of error terms. As-
sumptions C.1 and C.2 are satisfied e.g. when the factors and the individual processes of observability
indicators and error terms feature mixing serial dependence, with mixing coefficients uniformly bounded
w.rt. v € [0,1] (see e.g. Bosq (1998), Theorems 1.3 and 1.4). Assumptions C.3 a)-f) restrict both serial
and cross-sectional dependence of the error terms. They involve conditional covariances between products
of error terms ¢; ; and innovations 7; ; = 51% — 0yt for different assets and dates. These assumptions can be
satisfied under weak serial and cross-sectional dependence of the errors, such as temporal mixing and block
dependence across assets. Assumptions C.4 a) and b) require uniform upper bounds on factor values, factor
loadings and intercepts. Assumption C.4 c) implies that asymptotically the fraction of the time period in
which an asset return is observed is bounded away from zero uniformly across assets. Assumptions C.4 a)-c)
ease the proofs. Assumption C.5 gives an upper bound on the divergence rate of the trimming constants.
The slow logarithmic divergence rate allows to control the first-pass estimation error in the second-pass

regression.
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For conditional models, we use Assumptions C.1-C.5 with x; replaced by the extended vector of com-
mon and firm-specific regressors as defined in Section 3.1. More precisely, for Assumption C.1a) we re-
place z; by 24(v) = (vech(Xy), Z{_1 @ Zy—1 (7). fi® Z{_1, [i ® Zt_l(’y)’)/, and require the bound to
be valid uniformly w.r.t. v € [0, 1]. For Assumptions C.1 b)-f) we replace x; by x;(~y). For Assumptions C.2
and C.3 we replace x by 27 (), and by 27 (v;), z7(7;), respectively. For Assumption C.4a) we replace

the bound on ||z|| with bounds on || Z||, and on || Z;(~y)|| uniformly w.r.t. v € [0, 1]. Furthermore, we use:

Assumption C.6 There exists a constant M > 0 such that HE [utuﬂZt_ﬂ H < M for all t, where u; =

Jt — E[fe| Fi-1].

Assumption C.6 requires a bounded conditional variance-covariance matrix for the linear innovation wu,
associated with the factor process. We use this assumption to prove that we can consistently estimate matrix

F of the coefficients of the linear projection of factor f; on variables Z;_; by a SUR regression.

Appendix 2: Unconditional factor model

A.2.1 Proof of Proposition 1 and link with Chamberlain and Rothschild (1983)

To ease notations, we assume w.l.o.g. that the continuous distribution G is uniform on [0, 1]. For a given
countable collection of assets 1,72, ... in [0, 1], let p, = A, + BpE[f1|Fo] and £,, = B, V|[f1|Fo|B,,
+Xe1m, for n € N, be the mean vector and the covariance matrix of asset excess returns

(Ri(m), ...,Rl(yn))/ conditional on Fy, where A, = [a(71),...,a(7n)], and B, = [b(71), ..., b(7,)] -
Let en = fin — B (B;Bn)_l Bl = Ay, — B (B,;Bn>

' B;LAn be the residual of the orthogonal
projection of u,, (and A,) onto the columns of B,,. Furthermore, let P,, denote the set of portfolios p,
that invest in the risk-free asset and risky assets 71, ..., v, for n € N, with portfolio shares measurable
w.r.t. Fo, and let P denote the set of portfolio sequences (py), with p, € P,. For portfolio p,, € Py,
the cost, the conditional expected return, and the conditional variance are given by C'(p,) = oo n + a;cn,
E [pn|Fo] = RoC(pn) + ptin, and V [pp| Fo] = a, Sna,, where 1, = (1,...,1) and oy = (@1, -y Qi) -

Moreover, let p = sup E[p|Fo]/V [p|Fo]'/?, where the sup is w.r.t. portfolios p € U P, with C(p) = 0
p neN
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and p # 0, be the maximal Sharpe ratio of zero-cost portfolios. For expository purpose, we do not make
explicit the dependence of 1, 3y, €n, Pr, and p on the collection of assets (y;).

The statement of Proposition 1 is proved by contradiction. Suppose that inf_ / [a(y) = b(y)'v)?dy =
veR

-1
/[a(’y) —b(y) Voo)2dy > 0, where vy, = </ b(y)b(’y)’dq/) /b(v)a('y)d’y. By the strong LLN and
Assumption APR.2, we have that:

n

1 . 1
Pllenl = int =3 a(i) = b v > [la() = bvacP, as)
=1

as n — oo, for any sequence (7;) in a set J; C I, with measure pr(J1) = 1. Let us now show that an
asymptotic arbitrage portfolio exists based on any sequence in J; [ J, where set J is defined in Assump-

tion APR.4 (). Define the portfolio sequence (g,) with investments «;, = e, and

2
gy = —i,0n. This static portfolio has zero cost, i.e., C(g,) = 0, while E[qn]g:eoﬁu = 1 and
Vign|Fo] < €igmax(Zein)llen]| 2. Moreover, we have V [g,|Fo] = F [(qn — E [qn] Fo))? ].7-"0] >
B [(g0 = E [aalFo))? 1o, 60 < 0] P lan < 01F] = Plan < 0/0] . Hence, we get: P g, > 01F] > 1
V gn|Fo] > 1 —€igmax(Xe,1,n) llen]| 2. Thus, by using €igmax(2e,1,n) = o(n) from Assumption APR.4 (i)
and ||le,,|| =2 = O(1/n) from Equation (18), we get P [, > 0|Fo] — 1, P-a.s.. By using the Law of Iterated
Expectation and the Lebesgue dominated convergence theorem, P [g, > 0] — 1. Hence, portfolio (g,,) is an
asymptotic arbitrage opportunity. Since asymptotic arbitrage portfolios are ruled out by Assumption APR.5,

it follows that we must have /[a(*y) — b(7) vso]?dy = 0, that is, a(y) = b(7)'v, for v = vy, and almost all

v € [0, 1]. Such vector v is unique by Assumption APR.2, and Proposition 1 follows.

Let us now establish the link between the no-arbitrage conditions and asset pricing restrictions in CR on
the one hand, and the asset pricing restriction (3) in the other hand. Let 7* C I be the set of countable col-
lections of assets (+y;) such that P [Conditions (i) and (ii) hold for any static portfolio sequence (p,,) in P|] = 1,
where Conditions (i) and (ii) are: (i) If V' [p,|Fo] — 0 and C(p,) — 0, then E [p,|Fo] — 0; (i) If
V [pn|Fo] — 0, C(pn) — 1 and E [p,|Fo] — 6, then 6 > 0. Condition (i) means that, if the conditional
variability and cost vanish, so does the conditional expected return. Condition (ii) means that, if the con-
ditional variability vanishes and the cost is positive, the conditional expected return is non-negative. They

correspond to Conditions A.1 (i) and (ii) in CR written conditionally on g and for a given countable col-
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lection of assets (y;). Hence, the set 7* is the set permitting no asymptotic arbitrage opportunities in the

sense of CR almost surely (see also Chamberlain (1983)).

oo
Proposition APR: Under Assumptions APR.1-APR.4, either ur ( ian Z[a(%) —b(y)'v)? < oo) =
veRA £
i=1

ur(J*) =1, or up ( inf Z a(yi) — b(y)'v)? < > = ur(J*) = 0. The former case occurs if, and
only if, the asset pricing resmctlon (3) holds.

The fact that pp < ian g [a(vi) — b(v:) V]2 < oo) is either = 1, or = 0, is a consequence of the
veRA £
=1

o0
Kolmogorov zero-one law (e.g., Billingsley (1995)). Indeed, ian Z[a(%) — () v]? < ¢ if, and only
vERK £
=1

o
if, ian la(7i) — b(7;)'V]? < oo, for any n € N. Thus, the zero-one law applies since the event
veERA =
[e.e] = [ee]
inf_ [a(7i) — b(7;)'v]? < oo belongs to the tail sigma-field 7 = ﬂ o(vi,i=mn,n+1,...), and the
veRA £
i=1 n=1
variables -y; are i.i.d. under measure p.

Proof of Proposition APR The proof involves four steps.

STEP 1: If pur (

step is proved by contradlctlon Suppose that the asset pricing restriction (3) does not hold, and thus

/[a(v) —b(y) Voo)?dy > 0. Then, we get ur < inf Z a(yi) — b(y)'v)* < oo) = 0, by the conver-

gence in (18).

inf Z a(v;) — b(v) ] < oo) > 0, then the asset pricing restriction (3) holds. This
vEREK

STEP 2: If the asset pricing restriction (3) holds, then ur ( inf Z a(7i) — b(i) } > = 1. Indeed,

vEREK

o0

T (Z[a(%) - b(%)’l/]2 = 0) = 1, if the asset pricing restriction (3) holds for some vector v € R¥.
i=1

STEP 3: If up(J*) > 0, then the asset pricing restriction (3) holds. By following the same arguments as in

CR on p. 1295-1296, we have p* > iy, 501 pin and $21 ) > €igmax(Se,10) ' [In — Bn(B,Byn) ' By, for
any (v;) in J*. Thus, we get: p*eigmax(Ze,1,0) > pthy, (I — Bu(BLBn) ' B) pn = /\neaﬂi& [itn — B || =

n
min ||A,, — B,v|*> = min E [a(vi) — b(v;)'v])?, for any n € N, P-a.s.. Hence, we deduce
veRK veERK —

n

.1 1 .
min — Z[a(’yl) - b(r)/i),VF < pQEelgmax(Es,l,n)a 19)

veERK T P
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for any n, P-a.s., and for any sequence (;) in J*. Moreover, p < oo, P-a.s., by the same arguments as in

CR, Corollary 1, and by using that the condition in CR, footnote 6, is implied by our Assumption APR .4 (ii).

Then, by the convergence in (18), the LHS of Inequality (19) converges to / [a(y) — b(7) veo)?dry, for pup-

almost every sequence (y;) in J*. From Assumption APR 4 (i), the RHS is o(1), P-a.s., for pp-almost every

sequence (7;) in I'. Since pr (J*) > 0, it follows that /[a(fy) —b(y) voo)?dy = 0, ie., a(y) = b(v)'v, for

V = Uy and almost all y € [0, 1].

STEP 4: If the asset pricing restriction (3) holds, then pp(J*) = 1. If (3) holds, it follows that e,, = 0 and

pn = Bn(BLB,) L B!y, for all n, for ur-almost all sequences (vy;). Then, we get E[p,|Fo] = RoC(pn)

+o, By (B!, By, /n) ' B!, i, /n. Moreover, we have: V [p,| Fo] = (B, an) V1| Fol (Ban) + oz;LZ&Lnan >
eiguin(VL1|F0]) | B

converges to a positive definite matrix and B, 11,, /n is bounded, for yp-almost any sequence (vy; ), Conditions

2
, where €igmin(V[f1|Fo]) > 0, P-a.s. (Assumption APR.4 (iii)). Since B}, B, /n

(i) and (ii) in the definition of set 7 * follow, for up-almost any sequence (; ), that is, up(J™*) = 1.

A.2.2 Proof of Proposition 2

a) Consistency of . From Equation (5) and the asset pricing restriction (3), we have:
b —v= QY ibic, (B - i) 20)
b n < 107Cy, 7 i) -
K3

The consistency of © follows from the next Lemma, which is proved in Section A.2.2 c) below. The notation
I, = Op 1og(an, ) means that I, 7/a, r is bounded in probability by some power of the logarithmic term

log(T) as n, T — oc.

Lemma 1 Under Assumptions A.l b), SC.1-SC.2, C.l, C4 and C.5, we  have:
. 5 _ .. 1 .
(i) sup 1?“62 - /BZH = Op,log (T 7]/2>; (ii) Sup w; = 0(1), (iii) E 5 ’wz - U)7,| = Op(l);
1 7 .
(]

(iv) Qy — Qp = 0p(1), when n, T — oo such that n = O (T7) for 5 > 0.

“ 1
b) Consistency of A\. By Assumption C.la), we have T Z ft —E[ft]]=0,(1), and thus
t

HX—AH <o —v|+ =0, (1).

73S El
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TiT A_
\Z/’TQ%%Y;‘,T and 1,7 < xor. Moreover,

K+1
. . L \2
||Q;1”2 =Tr (Q;f) = Z )\,ﬁ <(K+1)CN (Qm> , where the )\ ; are the eigenvalues of matrix
k=1
Qm and we use €igmazr (Qm) > 1, which implies 12‘“@;1” < Cxir. Thus, sup 1?‘\\31 — Bill =
7

¢) Proof of Lemma 1: (i) We use f3; — f3; =

Op.log <T1/2 sup HY;TH> from Assumption C.5. Now let 67 := T~"/2(log T)(1+7)/(2C2)  where 1, Cy >
7

0 are as in Assumption C.1 and 4 > 0 is such that n = O(T7). We have:

P [T—w sup [[Y;.r|| > 5T] < P [TV2Yirl > br| = iz [P (T72Yirl > bl )|

T ZIt l‘tEt

from Assumption C.1 c). Part (i) follows. By using w; = v, L7 >1and €igmin(Sii) > M~ eigmin(Qy)

<n sup P
v€10,1]

> 5T] <n (ClT exp{ 025TT77} + C’35T exp{ C4T7’}) 0(1),

from Assumption A.1 b), part (ii) follows. Part (iii) is proved in the supplementary materials by us-
. 1 .
ing Assumptions C.1, C.4 and C.5. Finally, part (iv) follows from Qp, — Qp = — Z(ﬁ)zblb; — w;b;bl)
n =
1 , . o Z
+ﬁ Z w;bib; — Qp, by using parts (i)-(iii) and the LLN.
i

A.2.3 Proof of Proposition 3

a) Asymptotic normality of ©. From Equation (20) and by using B, — B =

TiT A1
: Y,  we get:
\/T zite,T g
A~ A,]_l ~ P / /\711 . ~ ~ !/

v—v o= @ Ezwibi (51'—5@') a+Q, ﬁzwi (bi_bi> (5i—5i> Cy

11 A 1 .41 N ;oA /oA
= F ! fzwmcpb ’,TQm;cﬁTQb1nzijwnzTEngm,Tsz,TQx}cy. 1)

Let I := Z w; T 7b;Y; TQx ;Cv- Then, from Equation (21) and the definition of B,,, we get:

— (. 1. - e A A
nT <V_TBV_V> = lell—i_\ﬁleE? sz 1T<Q0MY1T ,TQx,%CV_Ti,%QLzl'SiiQx,zl'cﬁ)

= Q'L+ —=Q; By, (22)

ﬁ
Let us first show that Q;ll 1 is asymptotically normal. We use the next Lemma, which is proved below in

Subsection A.2.3 ¢).
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Lemma 2 Under Assumptions A.l, A.3, SC.1-SC.2 and C.1, C.3-C.5, we  have
1 _
L = NG E w;Tib; Y, TQ:C ¢y + op(1), when n, T — oo such thatn = O (T7) for 7 > 0.
n
A

From Lemmas 1 (iv) and 2, and using vec [ABC] = [C' ® A] vec [B] (MN Theorem 2, p. 35), we have:

Q;1112Q13_1<\/152wﬂ“ )Qm ey +op(l) = ( Q ®Qb>\fzwﬂ’ Yir ®b;) + op(1).

Then, we deduce Q;ll 1= N (0,%,), by Assumptions A.2a) and C.1a) and Lemma 1 (iv).

1
Let us now show that — 15 = 0,(1). We have:

VT
1 . A / _ A
L = ﬁ Z“’iTz%TQx,zl‘ (Yi,TYz',T — Sii T) sz TirQn ( 7255 — Sii T) Qpicv
- Z W;iT; TQw i ( u) Q;icu - % ZZ: wiTi:TQ;i S’LZQ;Z (Cf/ - Cu)
= (121 - 122 — Is3)cy — Ina (cp — ¢) s (23)

N 1 / 1
0 ._ 2 _ / . .
where Sj; 1= T E Ii,tsz-,txtmt and Si; 7 = T E 1; 104 474y The various terms are bounded in the next
1
t
Lemma.

Lemma 3 Under Assumptions A.1, 4.3, SC.1-SC2, C.1-C5, () b = — sz 201 ( Vi p — Si T) o1

Vvn Vn AN vn
+Op,log (T =0 ( ) + O Jlog T , (i) Ipp = Op,log ﬁ + ? , (iii) Iz3 = Op,log T
. 1 _
(iv) Io4 = Op 10g (\/71) and (v) cp — ¢, = Op og <\/7 T , whenn, T — oo such that n = O (T"7) for

5 > 0.
From Equation (23) and L 3w gt—1 I, =0,(1) + O <\/ﬁ> F = O(T") withy < 3
rom uation an cmima € gc€ = 0O . rromn = 1 ,
N Ples \ T K

we get I = 0p(1) and the conclusion follows.

1
VT
b) Asymptotic normality of \. We have v'T (z\ >\> \f Z fe — E[fi]) + VT (v — v) . By using

1 1
VT (0 —v) =0, <\/ﬁ + \/T> = 0, (1), the conclusion follows from Assumption A.2b).

¢) Proof of Lemma 2: Write:
1 R A 1 . A A AL
N > i rbiYirQy ey + 7n > i b r (Qxi -Q; 1) Cy = 11Q; ¢y + Inacy.
i i
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Let us decompose I7; as:

1 1
Iy = % Z w;T;b; Y Z 1) w;T;b; Y N Z 1w (10 — 73) biYi/,T
- i
1 . -
—I-% Z 107 — o) mbiY, p =: I + Tz + Tus + L.

Similarly, for 712 we have:
/ A—1 N—1
Z LYo, 7 b Y g (Qm - Q; )
le bt — ) )Tsz T(Qmi—Q; ) =: I121 + I122.

The conclusion follows by proving that terms I112, 1113, 1114, 121 and I122 are op(1).

Proof that 1112 = 0,(1). We use the next Lemma.

Lemma 4 Under Assumptions SC.1-SC.2, C.1b), d) and C.4 a), ¢): P[1Y = 0] = O(T_T’), for any b > 0.

In Lemma 4, the unconditional probability P [1} = 0] is independent of 7 since the indices (7;) are i.i.d. By

C
using the bound ||I112|| < N Z(l — 1X)||Y; 7| from Assumptions C.4 b) and c) and Lemma 1 (ii), the
n “

7
bound sup E|||Y; r|||zr, I1,{7i}] < C from Assumptions A.1 a) and b), and Lemma 4, it follows I112 =
i

Op(\/ﬁT*l_’), for any b > 0. Since n = O (T7), with 5 > 0, we get I115 = op(1).

C
2
Pl’OOfthatIHg = Op(l). We have &/ [”Illi’yH |a7z, II’ {’71}] < niT Z Z 1§<1;§|Ti,T — Ti||Tj7T — Tj||0¢j7t|

i, t

from Assumption A.1 a). By Cauchy-Schwarz inequality and Assumption A.1 ¢), we get E [||I113 12| {vi}] <
1/2 . 1
CM sup,¢co) £ [1X|7ir — 7l = 7] /2, By using 7,7 —7; = ~TiTTiT Z (Iiy — E[li¢|vi]) and
t

1
1 < xar. weget sup E[1)|mir — 7|y =1] < Cxap sup E TZ (Le(y) = E[L(7)])
~€[0,1] v€[0,1] t

from Assumption C.5 and the next Lemma.

) 4
Lemma 5 Under Assumption C.1d): sup E T Z (I(y) — E[Li(y)])] | =O(T™°), for some ¢ > 0.

7€[0,1] t
Then, 1113 = Op(l).
Proof that I114 = 0,(1). From ;' — v, ! = —vi_2 (0 — vi) + 07 Yo7 2 (0 — v;)?, we get:

Iy = _T Z 1 %02 ( vi) T rbiYir + —= Z X0, 072 (9 — v;)? 7Y = Iniar + Tiao.
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Let us first consider I7147. We have:
bi—vi = TirchQpt (SM - Sii) Qqicoy +27ir(co, — ) Q1 SiiQy i coy
+7i7(Co, — CV)/Q;}SiiQ;,zl'(cﬂl — ) + 27,76, ( ;1 - Q;l) SiiQ;jCy
+7i.16, (Q;i - Q;1> Sii (Q;i - Q;l) e+ (rir — 1), Q5 1 SiQy ey, (24)
The contribution of the first two terms to 1471 is:
Ly = —le Tcle“ (Au—Sn) szculby
hine = ——&= Z X0, 2120 (e, — ) Q1 Sii@y oy biY .
We first show 111412 = op(1). For this purpose, it is enough to show that c;; — ¢, = Op(T~°), for some
¢ >0, and —= Z o2 (QnhSuQst) bi¥in =0y (Gadr). for any kL = 1,..., K + 1. The
first statement follows from the proof of Proposition 2 but with known weights equal to 1. To prove the

second statement, we use bounds 1¥7; 7 < x2 7 and 12<||Q;}|| < Cx1,r and Assumption A.1 c). Let us

now prove that [11411 = op(l). For this purpose, it is enough to show that
N= Z 1o r2 (Qud (S = Si) Q2 bi¥ir = 0,(1), 25)

zT/

VT

~ 1 1
§ : 2 / E : A2 2 /
Sii — Su' = — Iiﬂf (&‘itxtxt — Sii) + — Im (e’:‘it — Eit) Tty
t t
2 3
Ti, T Ti, T 2Ti,T Aq j
Wair — WsirQy;Yir

JT 1,,T+\/— T

1 1
. 2 _ 2 . ._ 2
where Wy ; 7 := T g Lisxinie, iy = €5 — Oiig, Woir i= T E L 1Cits Git = 0uigxi — Sis
¢ ¢

1Yl T, We get:

forany k,[. By using &; ; = €; 1 — ) (Bl — 51‘) =€t —

LOWMa, YirY!rQLL, (6)

|

1 A 1 ) .
Wsir == ﬁ Z Ii,tsi’tmf, Qg(:g = T Z Ii’tmf and x; is treated as a scalar to ease notation. Then:
t

t

71 . y— A— —
No= ﬁnTzlf“i Qe Wi Qg b + Z QL i Wai Q)
i
2 - )~ 4 A
—X/ETZK‘ v;’T, 4TQ W3,i,TQx,Z1'§/z Q) 1bY le v T " (wz)QxinT TQ 25 Yir
i

=: Ji1 + Ji2 + Jiz + Jia.
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Let us consider J;1. We have:

E [JII‘ZUZ, II’ {'71 \/7 Z Z _2 3 bzl’?l‘sE [81271551;,5’3717 '71] = O>
7

from Assumption A.3. Moreover, from Assumption C.4:

C A
V [Julzr, Ir, {v}] < ﬁz Z 1§<1§<TSTTJSTQ HIE

‘ x4
4,5 t1,t2,t3,te

’ :;,} Hz\cov (nivtlgiatQ’ Mjts€5ita|TT5 Vis ’Yj) E

By using 12‘||Q;1H < Cxir, 12(7'1"1“ < x2,7, the Law of Iterated Expectations and Assumptions C.3 c)
and C.5, we get E'[J11] = 0 and V[Jy1] = o(1). Thus Jj; = op(1). By similar arguments and using
Assumptions A.1 ¢) and C.3 e), we get Ji2 = 0p(1), Jig = 0,(1) and Ji4 = 0,(1). Hence the bound in
Equation (25) follows, and I11411 = 0p(1). Paralleling the detailed arguments provided above, we can show
that all other remaining terms making /114 are also op(1).

Proof that 1121 = 0,(1). From:
.\ .\ ~ (1 A . .\ . .\
Qui —Qr' =—0Q,; <T > Lywah — Qx) Q' = —7mirQ,  WirQ," +Q, ;WrQ,", 27
(2
t

1 1
where W, 1 := T Z L (i — Q) and Wy = T Z(zt:cg — @), we can write:
t t

1 _ A A
Loy = <—\/ﬁ21§<vi 1TZ-Q,sz‘Y;/,TQ IWZT-l-iZl@ v; ' by, TQ 1WT> Q'
i
= (Lo + @212) Q7

Let us consider term /1217. From Assumption C.4, 1?“@;% | < Cxirand lfTi,T < X2,7, We have:

2 CX%,TX;T
E | LonlPPlzr, I, {vi}] < — Z Zt: |oijt
i,j

‘W"

7l

1
Then, from Cauchy-Schwarz inequality, we get E [||I1211]|*|{v:}] < CxirXo0— E E[o7; i, ik
) ’ n )

1,7
] , where supE [||W1T|| |’yz] < Sup E th 95t55:e - Qx)
~elo

from Assumptions C.1 b) and C.4 a). Then, from Assumptlons A.lc) and C.5 it follows E[||I1211]]?] = o(1)

4

sup E [[|W, =0(T™)

and thus 1211 = o0,(1). Similarly we can show I1212 = 0,,(1), and then I121 = 0p(1).

Proof that 1122 = 0,(1). The statement follows by combining arguments similar as for /114 and I;2;.
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A.2.4 Proof of Proposition 4

From Proposition 3, we have to show that 3, — ¥, = 0, (1). By &, = (4,Q;'® Qb_l) Sy (Qzte, @ Qb_l)
_ . . . . -1 T~
and ¥, = (cﬁ,Q;l ® Qb_1> Sy, (Q;lclg ® Qb_l), where S, = — Z Wi T IT5T Sij ® b;b;, and the con-
n

— Tij,T
/[/7«]
sistency of Q and Q, the statement follows if S, — S, = op(1). The leading terms in S, — S, are given
1 TiTj (& 1 - = i
by I3 := E szw]#j (SZJ — SU) (%9 blb; and I, := ﬁ ZwiijiTj(Tij,lT — Tijl)Sij & bzb;, while the
,J i

other ones can be shown to be 0,(1) by arguments similar to the proofs of Propositions 2 and 3.
Proof of I3 = op(1). By using that 7; < M, 7;; > 1, w; < M and ||b;|| < M, I3 = o0,(1) follows
. 1 5
if we show: - Z ‘ Sij — Sij
0.

that extend results in Bickel and Levina (2008) from the i.i.d. case to the time series case including random

= 0, (1) . For this purpose, we introduce the following Lemmas 6 and 7

individual effects.

Lemma 6 Let o, := max‘ Sij — Sijl| » and Wy (§) := max P H S’ij - Sl = 5], for & > 0. Under
,] 2¥)
: 1 & o= 5,.~a o 3, 1—q 2 _
Assumptions SC.1, SC.2, A.4, E Sij — Sij|| = Op (Ynrn’ 6™+ 0k " + YWy (1 —0) k) ),
n “—
17]

foranyv € (0,1).

1
Lemma7 Under Assumptions SC.1, SC.2, C.1, C.4 and C.5, if k — M\/% with M large, then

1
n2W,r (1 —v)k) = O(1), for any v € (0,1), and Y1 = O, <\/ ﬁ) when n, T — oo such that
n =0 (T7) fory > 0.

In Lemma 6, the probability P H ﬁij — Sij

> f} is the same for all pairs (i, j) with ¢ = j, and for all pairs

with i = j, since this probability is marginal w.r.t. the individual random effects. From Lemmas 6 and 7, it

1 logn (1=0)/ 5 . SN 1—gq
il - — — g ~ -4
follows " gj ‘ O, (( ) n op (1), since n = O(T7) with ¥ < n 55

TN
Proof of Iy = op(1). From w; < M, 7, < M and b; < M, we have E[||L4]|[{7i}] <

_ _ 1 . . .. _ _
C'sup EHTUlT — T i, ’mﬁ Z 1Sl By using the inequalities sup EHT”:;« - Tijl\%, 5]
[2¥) ij 2%}

< %«,Sflell[?),q E |; Z(L&(’Y)L&('Yl) - E[It(’Y)It('YIN

t
c) and C.1 d) we get E[||14]]] = o(1), which implies 14 = op(1).

i, ;). from Assumptions A.1

] and ||.S;[| < Ef|oijl
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A.2.5 Proof of Proposition 5§

By definition of Qe., we get the following result:
Lemma 8 Under Hgy and Assumptions APR.I-APR.5, SC.1-SC.2, A.1-A.3 and C.I-C.5, we have
1 A 2 1 1 _
= Zl:wl [c;j (51‘ — ﬂzﬂ + Op,iog <nT + T2> when n, T — oo such thatn = O (T7) for 5 > 0.
_ . 1 . 2
From Lemma 4 and n = O(T7) for 0 < 7 < 2, it follows &y = —= > ; [cgﬁ (51- - 5)} n
V2
-, chSQ }—i—o()Busin \/T(BA'—B->:~Q_1.Y t
i, T 2, R0y 5 C D - by g i i Ti, Ty ; i, T, WE 8E
gnT = f Zwl T; TC i <Y Y TZT%S“> Q;}Cf’ + Op (1)
= sz T; TC 71' Y Y Sn T) Q_ Z wz Tc Qm )i < Z_%Szz - Sii,T) Q;ﬂl‘cﬁ
+op (1) =: c(Ia1 — Iz2 — In3)co + 0p(1),

where Is;, o2 and I3 are defined in (23). By Lemma 3 (i)-(iii), and the consistency of 7, we have

. 1 N N \/ﬁ _

Enr = 7 Z wit? QL (YirYir — Sur) QF Les + Opiog (T) +op, (1). Moreover, fromn = O(T7)
(2

with ¥ < 2, the remainder term Oy o4 (v/1/T) is 0,(1). Then, by using ¢tr [A’B] = vec[A] vec B], and

vec [YY’] = (Y ®Y) for a vector Y, we get

N \/1% ZZ: w;TEtr [Q;lcﬁclﬁQ;1 (YirY{r — Sii,T)] + 0, (1)
= (’UGC |:Q 101/ }) sz 7,T®Y;T —vec [SZZ,T]) +0p (1)

By using Assumption A.5, and by consistency of 7 and Q.. we get énT = N (0,%¢), where
Se = (vee [Q7 v, Q7)) Q (vee [Q7 e ¢, Q5 1]). By using MN Theorem 3 Chapter 2, we have

vee [Q3 e, d, Q7] (S ® Sij)vee [Qte,d, QY] = tr [SiQ5 end, Q31 S5Q5 e, Q7]
= (4Q7'85Q7")”, (28)
and
vee [Q1 e, Q3] (S ® Sig) Wicsvee [Q5'ed, Q7Y = (€,Q.'55Q5')”. (29
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Then, from the definition of 52 in Assumption A.5 and Equations (28) and (29), we deduce
' (C’VQ;ISUQQIC,,)Q. Finally, ¥ = Y¢ + o,(1) follows from

2

T
Y¢=2as.- lim —Zwlw]

2

1 . 1 N
- D 18 = Sill = Op(l) and — D 185 = Sil* = 0p(1).
i

2%
A.2.6 Proof of Proposition 6

a) Asymptotic normality of . By definition of & and under H;, we have
V= Voo = Qill > dibic, B = Qill > i, (Bz - @') + @711 > dibie; (30)
A-1 L s (A ! A-11 - A !
= @ sz‘bi (@‘ - Bz‘) Croe T @5 ZwiEz (5¢ - ﬁi) <5i - ﬁi) Cume
(2 (2
~ 41 R ~ 41 [n
+Q, lﬁ ;wibiei + @y 15 zi:wz‘ (bi - bi) €.

Equation (30) is the analogue of Equation (20), and the consistency of  for v, follows as in the proof of

Proposition 2 and by using E [w;b;e;] = 0. Thus, we get:

1 -
\/ﬁ (ﬁ — TBVOO — VOO>

= Q szm’b Qv + leEz waHT(QI,Y;T Qv — T @y S Qe

+Qb f Z wlb e; + Qb f Z 'UJz b i€ + Qb \/— Z w’LT’L Tez i TQ 1E2

=:I51 + 152 + Is3 + Is4 + I5s.

1
From Assumption SC.2 and E [w;bje;] = 0, we get NG Zwib,-ei = N (0, E [w7e;b;b}]) by the CLT.
n =
1
Thus, Is3 = N (0,Q; 'E [w?eib;b;] Q;'). Then, the asymptotic distribution of # follows if terms I,
Isy, Isy and Is5 are oy (1). From similar arguments as for term [ in the proof of Proposition 3, we have
1 . A
% ZwiTinbiYi”TQm;cyw = 0p(1) and \F Zwm T€; 1TQ 1E2 Op(1). Thus I5; = op,(1) and
Is5 = op(1). From similar arguments as for term I, in the proof of Proposition 3, we have I5o = 0,(1).

Moreover, term I54 = 0, (1) from similar arguments as for /12 and I114.

. “ 1
b) Asymptotic normality of \. We have VT ()\ — )\oo> =VT (0 —vs) + ﬁ Z (ft —
t
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T 1
using 7 > 1and VT (0 — v) = O, (\/ — 4+ \/T) = 0, (1), the conclusion follows.
n

¢) Consistency of the test. By definition of Qe, we get the following result:

A 1 N 2
Lemma 9 Under 1 and Assumptions SC.1, SC.2, A.1-A.3, C.1-C.5, we have Qe = — 3 1 [cﬁ (ﬁi - 5)]
n

v
4

1 ) 11 1 )
— e; + O — 4 —=+ — |, wh , T h thatn = O (T7 v > 0.
+nzi:wlel + Op.1og <n + \/ﬁ+ \/C/T3> when n, T — oo such that n (T7) for v >

By similar arguments as in the proof of Proposition 5 and using 7y < 2, we get:

- 1 A A 1 T
= % Z wiTiQC;D " 1 (Yi,TYZ,T — Sii,T) Q. Lep + T% Z wief + Op.iog <\/ﬁ + ﬁ) + 0, (1)
K3 (2

= T+v/nE [wi (ai - b;yoo)ﬂ +0,(T).

Under #,, we have E {wi (ai — bguoo)z} > 0, since w; > 0 and (a; — bive)?

S¢ = ¢ + 0, (1). Thus, ;60 = T/ <E£1/2E [wi (a; — b;.yoo)ﬂ +op (1)) .

> 0, P-a.s. Moreover,

Appendix 3: Conditional factor model

A.3.1 Proof of Proposition 7

Proposition 7 is proved along similar lines as Proposition 1. Hence we only highlight the slight differences.
We can work at ¢ = 1 because of stationarity, and use that a;(7), b1(7), for v € [0, 1], are Fp-measurable.
Then, the proof by contradiction uses the strong LLN applied conditionally on F{ and Assumption APR.7
as in the proof of Proposition 1. A result similar to Proposition APR also holds true with straightforward

modifications to accommodate the conditional case.

A.3.2 Derivation of Equations (13) and (14)

From Equation (12) and by using vec[ABC| = [C' ® A] vec[B] (MN Theorem 2, p. 35), we get
Zi \Bifi =vec[Z{_Bif;] = [/{ ® Z{_] vec |Bj] ,and Z{, \Cif; = [f{ ® Zi; 1] vec [C}] , which gives
Zi 1Bl fi + Zz{,t—lcz{ft = ml2,i,t/321i'
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Let us now consider the first two terms in the RHS of Equation (12).
a) By definition of matrix X in Section 3.1, we have
ZaBIA=F) 2y = 70 [BUA—F)+ (A~ F) B] Z 4
- %vech [X:)' vech [B] (A — F) + (A — F)' B;] .
By using the Moore-Penrose inverse of the duplication matrix D,,, we get

vech [Bj (A — F) + (A — F)' B;] = D;} [vec [Bj (A — F)] 4+ vec [(A — F)' By ].

Finally, by the properties of the vec operator and the commutation matrix W), i, we obtain

%D;f [vec [Bi (A — F)] +vec[(A— F) B;]] = %D; [(A—F) ®@I,+ I, ® (A= F) W, k| vec [B] .

b) By the properties of the ¢r and vec operators, we have
Z;t_lC’; A-F)Z;y = tr [Zt_lngt_ng (A — F)] = vec [Z,;7t_1Z£_1]/vec [CZ' (A — F)]
= (Z1-1® Zig—1) [(A = F) @ 1] vec [C]] .
By combining a) and b), we get Z;_ B} (A — F) Z;_1 + Zz{,tqcz{ (A=F)Zy_1 = $/1,i,tﬁl,i and 31, =
V3.

A.3.3 Derivation of Equation (15)

!/

We use 31; = <<;D; [vec [B] (A — F)] +vec [(A — F)’ BJ]) , (vec [C] (A — F)] )/) from Section

A.3.2. a) From the properties of the vec operator, we get
vec [Bj (A — F)] +vec [(A — F) B;j] = (I, ® B}) vec[A — F| + (B} ® I,,) vec [A' — F'] .

Since vec [A — F] = W, gvec[A — F'], we can factorize v = vec [A" — F'] to obtain

1
%D; [vee [Bi (A = F)] +vec [(A = F)' Bi]] = 5Dy [(Ip ® B)) Wy i + Bi @ I] v.

By properties of commutation and duplication matrices (MN p. 54-58), we have (Ip ® B{) Wy k =
1
W, (B ® 1)) and D;Wp = D;, then iD; (I, ® B)) Wy ik + B{® I,,| = D; (Bj @ I).

b) From the properties of the vec operator, we get

vec [Cf (A — F)| = (I, ® Cj) vec[A — F) = (I, ® C}) Wy gvec [N — F'] = Wpq (Ci @ I)) v.
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A.3.4 Derivation of Equation (16)

!/
We use vec [ﬂéz] = (vec {D} (B} ® L)Y] vec [{Wyq (Cl® Ip)}’]'> :
a) By MN Theorem 2 p. 35 and Exercise 1 p. 56, and by writing I, = I ® I, we obtain

vec [D;r (B; ® Ip)] = (IpK ® D;) vec [B; ® Ip]
= (IpK ® D;) Ik ® [(Wp ® Ip) (Ip ® vec [Ipm} vec [B;]
= {Ix® [(I, ® D) (W, ® I)) (I, ® vec[L,])] } vec [Bj] .
Moreover, vec [{Djf (B} ® 1,)}'] = Wypi1)2prvec (D (B @ 1,)].
b) Similarly, vec [Wpq (C;® 1,)] = {Ix ® [(Ip ® Wpq) Wpe ® I) (Ig @ vec [I])]} vee [C]] and

vec [{qu (Cz/ ® Ip)}/] = Whpepkvec [szq (Cz, ® Ip)]-

By combining a) and b) the conclusion follows.
A.3.5 Proof of Proposition 8

-1 . . .
a) Consistency of 7. By definition of I, we have: U — v = QE;— g 3% (51,2’ — Bg,ﬂ/). From Equa-
n &>
(2

tion (16) and MN Theorem 2 p. 35, we get (5,0 = vec[V/ ;] = (Ig, ® V) vec[Bh,] = (Ig, @ V') Jufo.
Moreover, by using matrices E; and Eo, we obtain (,5’11 — /5’511/) = [E] — (Ig, ® V') JLE}] B; = C{,Bz =
C, (BZ — Bi> , from Equation (15). It follows that

v = QS By (Bi- ). G

By comparing with Equation (20) and by using the same arguments as in the proof of Proposition 2 applied
to Bgﬂ- instead of b;, the result follows.

b) Consistency of A. By definition of A, we deduce Hvec [A’ — AN ]

‘ <|g—-v|+ Hvec [F’—F’}

‘.By

1
parta), |7 — v|| = o, (1). By the LLN and Assumptions C.1a), C.4a) and C.6, we have T Z Zy 1721 =0, (1)
t

1 .
and 7 ZutZLl = 0p (1). Then, by Slustky theorem, we get that Hvec [F' - F’]
t

’ = 0, (1). The result

follows.
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A.3.6 Proof of Proposition 9
a) Asymptotic normality of 7. From Equation (31) and by using VT (BZ — ﬂi> = Ti,TQ;jYiy, we get

o Aq 1 YN A Alp 1 . Al

nl' (v —v) = Qﬁ;% ZTi,Tﬁé,iwiCLQI}K‘,T = QB;% Z Tz‘,Tﬁé,iwiC;Qx;ﬁ,T

i i
~ 1 . I A .~
+Q531% ZTi,T (53,i - 53,¢) wiCLQm,%Yi,T =: Q531[61 + Iso.
i

Term Ig; is the analogue of term [; in the proof of Proposition 3. To analyse g2, we use the following

lemma.
Lemma 10 Let A be a m x n matrix and b be an x 1 vector. Then, Ab = (vec[I,)' ® L) vec [vec[A] V'] .

. / .
By Lemma 10, Equation (16) and VTvec [(Bgﬂ- — 6371-) ] = Ti,TJaEéQ;ZI-Y;,T, we have

Is = Qﬁg FZ i (vec [I4,]) ® Igep) vee [J EQQ IYzTY/TQ 1C,,7i)z}

- Qﬁs FZTZTJbvec [EQQ IYQ,TYi/,TQ;,%CuUA}i} = B + — \/» 11637

1 A A 1A1a A .
where Ig3 := NG ZTZ%TJbvec {Eg (Q%}Y;,TYZ-”TQL}CV — Tij% x}SiiijC,;) wz}. We get:
i

1 A
ﬁQﬁ;I&, (32)

which is the analogue of Equation (22) in the proof of Proposition 3. Let us now derive the asymptotic

1 - N
VnT (ﬁ — TB,, — 1/> = Qggllﬁl +

behaviour of the terms in the RHS of (32). By MN Theorem 2 p. 35, we have

1 A
I = % ZTZT [( '/TQ;D ® (ﬁéluﬁl)} vec [C})]. Similarly as in Lemma 2, we have
Is1 = f Zn [ TQI r (Bézwl)} vec [Cy)] + op(1). Then, by the properties of the vec operator,
A 1 .
we get QES Igy = <vec ()] @ QE;) N Zm}ec [(Y;’,TQ;}) ® (Bé,wz)] + 0,(1). Moreover, by using
i

the equality vec [(Y/TQE) ® (ﬁélwz)} = (Q;%KT) ® vec [Bélwl} (see MN Theorem 10 p. 55), we get

. . 1 .
Qg;fm = <vec [C’,’,]/ ® QE;) N Z Ti {(Q;inT) ® 1)371‘] + 0p(1). Then QE;IGI = N (0,%,) follows
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from Assumption B.2 a). Let us now consider Ig3. By similar arguments as in the proof of Proposition 3

1 .
(control of term I), ﬁI&g = 0y, (1). The conclusion follows.

b) Asymptotic normality of vec ([\’). We have v/Tvec [A’ — A’} = /Twvec [F’ - F’] +VT (0 — v) . By
-1

. 1 1
using  VTwvec [F'—F’] = |Ig ® (TZZt_lZ£1> ﬁZut@Zt_l and VT (0—v)=
t t

1 1
Oy < + > = 0y, (1), the conclusion follows from Assumption B.2b).

vn o VT
A.3.7 Proof of Proposition 10

By similar arguments as in the proof of Proposition 5, we have:

R e
= Z Ttr [C' IYZ TY/TQ 1091174 + Op.iog (an + 7}2> :

By using that 7; ptr [C’;Q;}SYMQ;}CV@Z} = 1)d;, Lemma 4 in the conditional case and n = O(T"7) with

¥ < 2, we get:
A 1 . o . )
EnT = ﬁ Z TZTtT' [C:;ij (E,TE{T — Tl’%S“) Q%%Cﬁwz} + Op(l)
i
1 - J—
= ﬁ ZTftr {C{/in (Y%,TY/,T - Sii,T) le-pri} +0p(1).
i

Now, by using tr(ABCD) = vec(D') (C" ® A)vec(B) (MN Theorem 3, p. 35) and vec(ABC) = (C' &
A)vee(B) for conformable matrices, we have:
tr [C4Q:} (Vur¥ir = Siar) Q2 Cow] = vecl] () @ ) vee [Q5} (Ver Vi — Surr) Q5]
= vecfuil (G @ C}) (@z} © Q) vee [V ¥ — Siua]
= vecwi] (Ch® C}) (@7} @ Q;1) (Yir @ Yir — veelSiil)
= vee[Ch o Oy {[(Q0} © Q1) (Vir © Yig — vee[Si))| @ vecfuwi]}

Thus, we get &, = vec [Ch @ C})’ \/15 o7 KQ:E ;i ®Q l) (Yir @ Yir — vec [Sii,T])] ® veclw;]. From

Assumption B.4, we get £,7 = N(0, S¢), where S¢ = vec [C], ® CL]’QU@C [C, ® C,]. Now, by using

64



that tr(ABCD) = vec(D) (A @ C")vec(B’) we have:

vec [Cl, @ O] [(Sq.i; ® Sg.i7) ® veclwilveclw;]] vee [Cl, @ C]
= i [(Sg.ij ® Sq.i;) (Cy @ Cy) veclwjlveclws]' (C), @ Cy)]
= vecwi) [(CLS0.4,Cy) ® (CS0.4;Cy)] veelw;] = tr [(CS0.4Cy) w; (CLSo1iC) wi]
= 1 |(CLQz185Q75C ) wy (CLRTESHQTIC ) wi)

and  similarly we have wec[C] ® C’l’,]l [(S0,i; ® Sq.,ij)Wa @ vec[w;veclw;]'] vec [C), @ C}]
=tr [(C{,Q;}SUQ;’}C,J wj (CLQ;;SﬁQ;}C’,,) wi]. Thus, we get the asymptotic variance matrix
2.2
1 T T;
Re=2lm B>
i i
op(1), the conclusion follows.

tr|(CLQ71S5QAC ) wy (CLQASHQAC, ) wi |- From S = 3¢ +

Appendix 4: Check of assumptions under block dependence

In this appendix, we verify that the eigenvalue condition in Assumption APR.4 (i), and the cross-sectional/time-
series dependence and CLT conditions in Assumptions A.1-A.5, are satisfied under a block-dependence

structure in a serially i.i.d. framework. Let us assume that:

BD.1 The errors £¢() are i.i.d. over time with E[e;(7)] = 0 and E[e;()?] = 0, for all y € [0, 1]. For any
n, there exists a partition of the interval [0, 1] into .J,, < n subintervals I, ..., I 5, , such that ;(-y) and

e(7') are independent if -y and 4 belong to different subintervals, and .J,, — 0o as n — oo.

Jn
BD.2 The blocks are such that n Z B? = n/? Z B3 = o(1), where B,, = / dG(7).
Im

m=1
BD.3 The factors (f;) and the indicators (I;(7y)), v € [0, 1], are i.i.d. over time, mutually independent, and
independent of the errors (g4(7)), v € [0, 1].
BD.4 There exists a constant M such that ||f;|| < M, P-as. Moreover, sup E[|:(7)]%] < oo,
v€[0,1]

sup [|B(7)|| < ooand inf E[I(y)] > 0.
vel0,1] v€[0,1]
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The block-dependence structure as in Assumption BD.1 is satisfied for instance when there are unobserved
industry-specific factors independent among industries and over time, as in Ang, Liu, Schwartz (2010). In
empirical applications, blocks can match industrial sectors. Then, the number .J,, of blocks amounts to a
couple of dozens, and the number of assets n amounts to a couple of thousands. There are approximately
nBy, assets in block m, when n is large. In the asymptotic analysis, Assumption BD.2 on block sizes
and block number requires that the largest block size shrinks with n and that there are not too many large
blocks, i.e., the partition in independent blocks is sufficiently fine grained asymptotically. Within blocks,

covariances do not need to vanish asymptotically.

Lemma 11 Let Assumptions BD.1-4 on block dependence and Assumptions SC.1-SC.2 on random sampling
hold. Then, Assumptions APR.4 (i), A.1, A.2, A.3, A4 (withany q € (0,1) and 6 € (1/2,1)) and A.5 are

satisfied.

The proof of Lemma 11 uses a result on almost sure convergence in Stout (1974), a large deviation theorem
based on the Hoeffding’s inequality in Bosq (1998), and CLT's for martingale difference arrays in Davidson
(1994) and White (2001).

Instead of a block structure, we can also assume that the covariance matrix is full, but with off-diagonal

elements vanishing asymptotically. In that setting, we can carry out similar checks.
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